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We give a simple term calculus for the multiplicative exponential fragment of Classical
Linear Logic, by extending Barber and Plotkin’s dual-context system for the
intuitionistic case. The calculus has the non-linear and linear implications as the basic
constructs, and this design choice allows a technically manageable axiomatization
without commuting conversions. Despite this simplicity, the calculus is shown to be
sound and complete for category-theoretic models given by #-autonomous categories
with linear exponential comonads.

1. Introduction

We propose a simply typed linear lambda calculus called Dual Classical Linear Logic
(DCLL) for the multiplicative exponential fragment of Classical Linear Logic (Girard
1987) (often called MELL in the literature). It can be regarded as an extension of the
Dual Intuitionistic Linear Logic (DILL) of Barber and Plotkin (Barber 1997; Barber
and Plotkin 1997), which is a system for the multiplicative exponential fragment of
Intuitionistic Linear Logic (IMELL).

The main feature of DCLL is its simplicity and expressiveness: just three logical con-
nectives (intuitionistic implication —, linear implication — and the bottom type L) and
six axioms for the equational theory on terms (proofs) which are just the familiar Gy
axioms of the lambda calculus (each for — and —) plus two axioms saying that the
type (0 —o 1) —o L is canonically isomorphic to ¢. In particular we can avoid axioms
for commuting conversions (equalities for identifying terms representing the same proof
modulo trivial proof permutations), which have always been troublesome on term calculi
for Linear Logic. Other logical connectives and their proof expressions of MELL are eas-
ily derived in DCLL; for instance the exponential ! is given by lo = (0 — 1) — L. All
the desired equalities between terms, including the commuting conversions, are provable
from the simple axioms of DCLL.

Thus DCLL can be used as a compact linear syntax for reasoning about MELL, to
compliment the drawbacks of conventional proof nets-based presentations which are often
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tiresome to formulate and deal with. For instance, it is much easier to describe and analyze
the translations between type systems if we use term calculi like DCLL instead of graph-
based systems. Also techniques of logical relations, e.g. (Hasegawa 1999; Streicher 1999;
Hyland and Schalk 2003) seem to work more smoothly on term-based systems. As future
work, we plan to study the compilations of call-by-value programming languages into
linearly typed intermediate languages (Berdine et al. 2001; Berdine et al. 2002; Hasegawa
2002a) using DCLL as a target calculus. In fact, our choice of the logical connectives has
been motivated by this research direction — see the discussion in Sec. 7.

Despite its simplicity, it is shown that DCLL is sound and complete for categorical
models of MELL given by *-autonomous categories with symmetric monoidal comonads
satisfying some coherence conditions (called linear exponential comonads (Hyland and
Schalk 2003)). It turns out that our simple axioms are sufficient for giving such a cat-
egorical structure on the term model. Although this may not be of big surprise, there
seem not many systems for Linear Logic supported by this sort of semantic completeness
at the level of proofs, and we think that this completeness result gives a justification on
our design of DCLL.

This paper is organized as follows. We introduce the system DCLL in Sec. 2, with some
basic results which will be used in the later sections. Sec. 3 gives a comparison of DCLL
with its precursor DILL. Sec. 4 then states the completeness result of DCLL with respect
to the categorical models of MELL. In Sec. 5 the extension with additives is discussed.
Sec. 6 is devoted to a variant of DCLL based on the Ap-calculus, called pDCLL. We
conclude the paper by giving some discussions at Sec. 7. Appendix A gives a summary of
DILL. Appendix B describes an alternative axiomatization of DCLL with no base type.

This is a revised and expanded version of the work presented at the Computer Science
Logic (CSL’02) conference (Hasegawa 2002b).

2. DCLL
2.1. The system DCLL

In this paper, we employ a “dual-context”’ formulation of the linear lambda calculus as
developped in (Barber and Plotkin 1997) (similar systems are proposed e.g. in (Wadler
1993; Blute et al. 1997) — see (Barber 1997) for more comprehensive survey). In this
formulation of the linear lambda calculus, a typing judgement takes the form I' ; A+
M : 7 in which T represents an intuitionistic (or additive) context whereas A is a linear
(multiplicative) context. We assume that all variables in I" and A are distinct. While the
variables in I" can be used in the term M as many times as we like, those in A must be used
exactly once. A typing judgement 1 : 01,...,Zm i Om ; Y1 :T1,-+- Yn : Tn = M : 0 can
be considered as the proof of the sequent !oy,...,!o.,71,...,7 F o, or the proposition
01 ®..®o, M ®...Q T, —o 0.

As mentioned in the introduction, the system features both intuitionistic (non-linear)

t As noted in (Barber and Plotkin 1997) the word “dual” of DILL (and DCLL) comes from this dual-
context typing, and has nothing to do with the duality of Classical Linear Logic.
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arrow type — and linear arrow type —. We use Az?.M and M e N for the non-linear
lambda abstraction and application respectively, while Az?.M and M N for the linear
ones. For expressing the duality of Classical Linear Logic, there also is a special combi-
nator C, which serves as the isomorphism from (¢ — 1) — L to o (which, however, can
be eliminated when we have no base type — see the discussion at the end of this section).
For those familar with the theory of functional programming languages with first-class
control primitives, C can be understood as a linear analogue of Felleisen’s C-operator
(Felleisen et al. 1987).}

Types and Terms

o = blo—o|o—oo]| L
M = z|X°M|MeM | M|MM]|C,
where b ranges over a set of base types. We may omit the type subscripts for ease of
presentation.
Typing
Int-A - (Lin-
Fl,x:U,Fg;(ZJI—x:a(n x) F;x:al—x:o(LmAX)
x:o1; AFM: o9 (1) I'; AFM:01 — oo F;(ZH—N:Jl( )
— —
I'; AF Azt .M : 01 — 09 I' AbMeN : 09
I'; A,x:o0FM:oo I';s A\FM:01—o09 I'; AoFN:0oy
(— 1) (— E)

I'; AF Xz M : 01 —o 09 I'; AifAsF M N : o0y

(©)

I; 0FCo:((0—oLl)—ol)—o0c

where () is the empty context, and A;#A, is a merge of Ay and Ay (Barber 1997; Barber
and Plotkin 1997). Thus, A1§As represents one of possible merges of A and As as finite
lists. More explicitly, we can define the relation “A is a merge of A and As” inductively
as follows (Barber 1997):

— A is a merge of ) and A

— A is a merge of A and 0

— if A is a merge of Ay and Ay, then x : 0, A is a merge of x : 0, Ay and As

— if A is a merge of Ay and Ag, then x : 0, A is a merge of A; and z : 0, As

We assume that, when we introduce A1fAs, there is no variable occurring both in A;
and in Ay. We note that any typing judgement has a unique derivation (hence a typing
judgement can be identified with its derivation).

 In fact, in a recent work by Fithrmann and Thielecke (Fihrmann and Thielecke 2004), it is observed
that Felleisen’s C can also be axiomatized as the canonical isomorphism from the values of type
(0 — 0) — 0 to the computations of ¢ in the typed call-by-value seting.
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Axioms
(8-) (Ax.M)eN =  M]|N/z]
(n=) Ar.Mex = M (x ¢ FV(M))
(5.)  (wM)N — MIN/4)
(N—) M. M x = M
(Cy) L(C, M) = ML (L:og— 1)
(Ca) Co (Nt kM) = M

where M[N/z] denotes the capture-free substitution. Note that there is no side condition
x & FV(M) for the axiom (n_,) (and similarly for (Cs)), as linearity prevents x from
occuring in M. The equality judgement I' ; AF M =N :oforT'; AF M : o and
I'; AF N : o is defined as usual.

We note that the axiom (C;) is equivalent to Ak °+.k (C, M) = M; thus the last
two axioms say that C, is the inverse of Az Mk L.kz : 0 —o (0 — 1) — 1. As a
consequence, we obtain the “naturality” of C for free:

Lemma 2.1. The following equation is provable in DCLL:
Lo (Co MDDty — C. (WM™t M (M k(L)) : 7
(J—OJ_)—OJELLL):UZT—OJ_)—OJ_

Co C,

Proof.

G

L(CM) 2 C(\kk(L(CM))E COk.Oak (L)) (CM)) 2 C kM (Aak (Lz))).

U

2.2. Some basic results on DCLL
In DCLL, the following equations are provable:

Lemma 2.2.

1 Cp = mE=b=Lm\at.g)

2 Cor = Amle=m) o)=L Ago C(NE™L.m (A f7™7 .k (fex)))
3 Coor = Amllen) L)L Ago C (N L.m (A f7T .k (f 2)))

Proof.
1 Cim=ztz)(CLm)=m(zt.2).
2 Cormex=C, (Aek(Cosrmen)) =Cr (Ak.(Afk(fex)) (Comsrm)) =
Cr Meem (A fk(fex))).
3 Coorma=Cr(Aek(Coorma)) =Cr (Ae.(AfE(f2)) (Comorm)) =
Cr Meem (A fE(fx))).
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By induction we can show
Proposition 2.1. For 0 = 01 =1 ...0, =, L (where =, is either — or —o)
C[,—M*l N1~-~*nNn :M()\fo.f*l Nl*nNn) L

is provable in DCLL, where M : (0 — L) — L, N; : 04, and %; is a non-linear application
if =, is —, or a linear application if =; is —o.

Here is an interesting implication of these results. If we do not have base types, all DCLL
terms can be expressed as just (non-linear and linear) lambda terms, without using the
combinator C; we can define C’s as lambda terms by the equations of Lem. 2.2 or Prop.
2.1. Note that, if we do so, then the axiom (Cz) follow just from the Sn-axioms for —
and —o. Therefore it is possible to axiomatize DCLL with no base type as a quotient of
the {—, —o}-calculus on the single base type L obtained by adding the axiom (C;) for
these defined C’s. In fact all of them are derivable from the following single instance and
the On-axioms for — and —o:

LA M\fo™ . fa))=ML

where L : (60 — 1) —o L and M : ((0 —0 1) — 1) — L. So it suffices to have the
standard n-axioms and this equation; Appendix B describes the resulting system.

Remark 2.1. The last equation, if one replaces 1 by I, in fact amounts to the infamous
(in)equality known as “triple unit problem”, which asks if two canonical endomorphisms
on ((A —o I) —o I) —o I are the same in a symmetric monoidal closed category (Murawski
and Ong 1999; Kelly and Mac Lane 1971).

3. DILL in DCLL

The primitive constructs of DILL (summarized in Appendix A) can be defined in DCLL
as follows:

I = 1l —ol

01 X o9 = (Ul—OUQ—OJ_)—OJ_

lo = (6—-1)—L

* = Atz

let * be M!in N7 = G (MTLM (kEN))

Mt @ N2 = Ml EMN

let 2t ® y2 be M?1®°2 in N = C, (A" L. M Az \y2.k N))
IM° = M7 theM

let !2% be M'? in N7 = C (ML M (A2°.k N))

We can also introduce connectives ? and %, by 70 = (60 — 1) — L and 01 %09 =
(07 — L) —o (09 — L) —o L (or (67 — L) —o o9, if we prefer less symmetric but
shorter encoding). However, giving the term expressions associated to these connectives
seems less obvious — there seems to be no agreed syntax for them in the literature.
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Below we shall see that this encoding is sound, for both the typing and equational
theory.

3.1. Type soundness
Lemma 3.1. The derivation rules of typing judgements in DILL are derivable in DCLL.

Proof. We shall spell out the cases of introduction and elimination rules for !
r; 0-M:
L0 Mo,
r; 0-'M:lo

I'; At M:lo F,x:U;Ag}—N:T(E)
I'; AifAsFlet !z be Min N:7 v

which are derivable in DCLL as follows.

I'sh:io—1lFhio— L Lin-Ax I'; 0F-M: 0o
T';h:o— LFhoM: L —E
T; 0FIM=XM""thoeM:(0c - 1) o L=lo !
F,w:o;k:T—OJ_Fk:T—OJ_Lin_AX yz:0; Ao N:7T
Tyz:0; Ag,k:T—oLFEN: L -
'y AiEM:lo=(c—Ll)—l T;A,k:7T—oLlFXz7.kN:0—L —1
T; Al k:r—oLF MMz kN): L —E
I';0FCy: ((THDJ_)A)J_)—OTC T AtfAs FAE™ M (A2 .k N) : (t—o L) —o L !
T; AfAs b let 1% be M in N = C, (Ak™ L. M (Az” .k N)) : —r
The rules for I and ® are derived similarly. ]

3.2. A reduced axiomatization of DILL

Before showing the equational soundness of the encoding, we shall give an alternative
simple axiomatization of DILL where the n-axioms other than n_, and all commuting
conversions are replaced by just three simple equations.

Proposition 3.1. The equational theory of DILL can be axiomatized by the following
set of axioms.

(Br) let « be *x inM = M

(Bg) letz®@ybe M@Nin L = L[M/x,N/y]

(5.) (e M)N = MIN/a]

(6 let !z be IM in N = N[M/x]

(N—) AxeMz = M

(comy) let x be MinLx = LM

(comg) letz@ybeMinL(z®y) = LM

(comy) let lx be M in L(lz) = LM (x ¢ FV (L))
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Proof. The n-axioms for I, ® and ! follow from the (com)-axioms and (3_,) just by
letting L’s be the identities. Commuting conversions are derived as follows:

Cllet = be M in N]
(Aul.C[let * be win N|) M

let *+ be M in Cllet x be % in N
let * be M in C[N]

Cllet 27 ® y°2 be M in N]

(Aw1®72 Clet 2°' ® y°2 be w in N|) M
let 2/9' ® y'72 be M in (AMw1®2.C[let 27! ® y72 be w in N]) (z' @ /)
let 2'7* @ 4’72 be M in C|let z°* ® y?2 be 2’ ® ¢’ in N|

let z ®y be M in C[N]

Cllet 1z be M in N]

(M'7.C[let 'z be v in N]) M

let 2’7 be M in (\v'?.Cllet 127 be v i
let /7 be M in Cllet !z be 2’ in N]
let !z be M in C[N]

let * be M in (Aul.C[let * be u in NJ)=x

n N)) (1)

Remark 3.1. The (com)-axioms are equations ensuring the following canonical isomor-

phisms respectively: [ —o 7 ~ 7, (01 ® 03) —o

3.3. Equational soundness

T~gp o009 —oTandloc —oT~0—T.

Theorem 3.1. All equations derivable in DILL are derivable in DCLL via the encoding.

Proof. We shall check the each axiom of the reduced axiomatization given above. The

[J-axioms are easy:

let *x be x in NV

let x ® y be M1 @ My in N

let lz be !M in N

(Ak.(Az.z) (k N))
(Me.k N)

M.k My Ma) (AazAy.k N))
Me.(Az.Ay.k N) My My)
Ak.k N[My/x, Ma/y])

1/x, Ma/y]

A (/\h h@M) (Az.k N))

C
C
N
C
C
C

(
(
(
N|
(
(
(
[
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The 1n_, axiom is included in the axioms of DCLL. There remain three com-axioms:

let * be M in LI=7 x

Ak M (k (L (Az.x))))

Ak (Ah.M (h (Az.x))) (Au.k (Lu)))

C;r (Ah.M (h (Az.x)))) (Lem.2.1)
Ay.(AhM (h (Ax.z))) (Af.fy)) (Prop.2.1)
Xy M (M. f y) (Aa.z))

Xy M (\-) )

= L(\y.My)

= LM

let 271 ® 72 be M in L71®727°7 (z ®@ 1)
Cr (MM (Azy.k (L (An.nzxy))))
Cr (Ak.(AR.M (Axy.h (Annzy))) Auk (Lu)))

L (Coy00, (AR.M (Azy.h (Annzy)))) (Lem.2.1)
L (Az.(Ah.M (Axy.h (Annzy))) (Af.f 2)) (Prop.2.1)
L(he.M (zy.(M.f 2) (nn o))
L(
L(

Il

@
509
——

Az.M (Azy.(An.nzy) z))
Az.M (Azy.zxy))
L(M\z.M z)

LM

let 'z be M in L' 7 (lz)

= C; (Ae.M (Az.k (L (Ah.hex))))
Cr (Ak.(Am.M (Az.m (Ah.hex))) (Au.k (Lu)))

L (Ciy (Am.M (Az.m (Ah.hez)))) (Lem.2.1)
L (\y.(Am.M (Az.m (Ah.hex))) (Af.fy)) (Prop.2.1)
L(\y.M (Azx.(Af.fy) (Ah.hex)))
L
L

Ay.M (Az.(Ah.hez)y))
Ay M (Az.yx))
L(\y.My)
= LM

4. Completeness for Categorical Models

An important implication of Thm. 3.1, together with the result in (Barber and Plotkin
1997) (completeness via the term model construction), is that the term model of DCLL
forms a model of DILL, i.e., a symmetric monoidal closed category equipped with a
symmetric monoidal comonad satisfying certain coherence conditions (see e.g. (Seely
1989; Bierman 1995)) which we shall call a “linear exponential comonad”, following
(Hyland and Schalk 2003).

Definition 4.1 (linear exponential comonad). A symmetric monoidal comonad
I'=(!e,0,ma g, mr) on a symmetric monoidal category C is called a linear exponential
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comonad when the category of its coalgebras is a category of commutative comonoids —
that is:

— there are specified monoidal natural transformations e4q :!A — [ and d4 :!A —
1A®!A which form a commutative comonoid (!4, e4,d4) in C and also are coalgebra
morphisms from (14,04) to (I, mr) and (!A®!A, mia14 0 (54 ®04)) respectively, and

— any coalgebra morphism from (14,d4) to (!B, dp) is also a comonoid morphism from
(A,ea,da) to (!B,ep,dp).

Remark 4.1. In (Barber and Plotkin 1997) a model of DILL is described as a symmet-
ric monoidal adjunction between a cartesian closed category and a symmetric monoidal
closed category (Benton’s LNL model (Benton 1995)). It is known that such an “ad-
junction model” gives rise to a linear exponential comonad on the symmetric monoidal
closed category part. Conversely, a symmetric monoidal closed category with a linear
exponential comonad has at least one symmetric monoidal adjunction from a cartesian
closed category so that it induces the linear exponential comonad (such an adjunction
is not unique in general, though). Therefore, for our purpose (the completeness result as
stated here), it does not matter which class of structures we choose as models. (However,
we must be careful when we talk about the morphisms between models, e.g. to use the
term model of DILL (or DCLL) as a classifying category of such structures. In partic-
ular, although we have the completeness result below, the term model of DCLL is not
isomorphic to the free x-autonomous category with a linear exponential comonad — it
is only equivalent to such a free structure via suitable structure-preserving equivalence.)

Moreover, the symmetric monoidal closed category given by the term model of DCLL
is a x-autonomous category (Barr 1979; Barr 1991) if we take L as the dualizing object.
Recall that a x-autonomous category can be characterized as a symmetric monoidal closed
category with an object L such that the canonical morphism from o to (o0 — L) —o L is
an isomorphism — in the term model of DCLL, the inverse is given by the combinator
Cs.

On the other hand, all the axioms of DCLL are sound with respect to interpretations
in such categorical models, where a typing judgement

T1: 01,y Ty O 3 Y1 STy ey Yn T E M 10

is inductively interpreted as a morphism [z; : o1,... ; y1 : 71,... F M : o] from
o] ® ... ®om] @[11] ®...® [ra] to [o] in the x-autonomous category with the linear
exponential comonad !. Thus we have:

Theorem 4.1 (categorical completeness). The equational theory of DCLL is sound
and complete for categorical models given by *-autonomous categories with linear expo-
nential comonads: I' ; A+ M = N : ¢ is provable if and only if [I' ; A+ M : o] =
[T'; AF N : o] holds for every such models.



Masahito Hasegawa 10

5. Additives

It is fairly routine to enrich DCLL with additives. We add the cartesian product & and

its unit T, and terms

's AFM:0 T'; AFN:T
' AF(M,N):0&T

T';s AFM:o&T
I';s Absndy - M : 7

—— (T1 I
F;AF():T( ) (&1)
;s AbFM:o&T
I'; Abfsto, M:o

and the standard axioms

(& Er)

(& Eg)

M () (M:T)
fst (M, N) = M
snd (M, N) = N
(fst M,snd M) = M

Again we do not need any additional axiom for commuting conversions. Furthermore, it
is possible to eliminate the C combinators for additives as we can prove (using Lem. 2.1
for the latter case)

Lemma 5.1.

1 CT _ )\m(TwJ_)wJ_.O

2 CU&T =
Am((a&r)wl)wL'

(Co ANETLm (A2747 K (fstyr 2))), Cr (AT Lm (A27% 7.k (snd,  2))))

As a consequence, if we do not have base types, it is possible to axiomatize DCLL with
additives as a quotient of a typed lambda calculus (with —, —, T, &) on a single base
type L, in the same way as described at the end of Sec. 2.

The coproduct @ and its unit 0 are given by o1 @ 02 = ((07 — L) & (02 — 1)) — L
and 0 = T —o L as usual. The associated term constructs are

;s A-M:0 (0E)
I'; AkFabort, M =C, Mkt M ()): 0
I'; AFM:o (@ 1,)
I'; Atbinl,, M = )\k("_"l)&("_"l).fstgﬁlj_ol kM :.:o®T r
;s AEN:7T
(©1r)

I'; Akinrg, N=Xele~D&~Lsnd, |, . kN:o@T

s AiFLio®dr T Agye:obM:0 T Agy:7TEN:O
I'; AifAg k- case L of inlz? — M ||inry” — N =
Co (AKO=+ L (N2 k M, \y" .k N)) : 6

They satisfy the standard axioms for coproducts as well as commuting conversion axioms.

(DE)
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A category-theoretic model of DCLL extended with additives can be given as a *-
autonomous category with a linear exponential comonad and finite products. The sound-
ness and completeness results in the last section easily extend for this setting.

6. Formulation based on the A\u-calculus

Instead of the combinator C for the double-negation elimination, we could use the syntax
of the Ap-calculus (Parigot 1992) for expressing the duality, as done in (Koh and Ong
1999) for the multiplicative fragment (MLL). Below we present such a system pDCLL
which is routinely seen to be equivalent to DCLL. While the Ap-calculus style formulation
requires to introduce yet another typing context, a potential benefit of the Au-calculus
approach is that it may give a confluent and normalizing reduction system (up to certain
equivalence class of terms, as in (Koh and Ong 1999)); also it allows natural treatment
of the connective % (by introducing the binary p-bindings). See also (Bierman 1999) for
relevant results.

6.1. The system uDCLL

Types and Terms

o = b‘o’—>U|O’—OU‘J_
M = z|Az° M| MeM | M | MM | [a]M | pa®.M
Typing
(Int-Ax) (Lin-Ax)

IN,z:0,ly; 0Fz:0| % F;z:0kbx:0]|0

;s AFM:01— 09| X

Dyx:oy; AFM:og | X F; OFN:oyp |0

I E
I‘;AI—;\x”l.Mzol—>02|E(_)) T; AFMoN:o; |3 (—F)
F;A1FM20'14002|21
I; Ajz:orFM:og | X I'; Ao N:op | 3
(—I) (—E)
I'; AF Xt M :01 —o09 | X I AifAsE MN oy | 3183
' AFM:0 | X ;s AFM:1l|a:0,%8
(LT) (LE)
F; Ab[a]M: L |{a:c}E I's AFpa®M:o | X
Axioms
(Az.M)eN = M][N/x]
Az.Mex = M (x ¢ FV(M))
(M.M)N = M[N/x]
.M x =
L(,U,OLU.M) = M[L(f)/[a](_)] (L 10 —o J_)

e[| M
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where M [£(7) /(5] is obtained by replacing the (unique) subterm of the form [a]N by
L N in the capture-free way.

Lemma 6.1. The following equations are provable in uDCLL.
— L(pa®.M) = ,uﬂT.M[[ﬁ]L(*)/[a](_)] where L:o —o 1

— [o/](40?.M) = M[a'/a]

— pat M = M[) /)]

— 7T M = X pfT M )

M = g B M [P ]

6.2. DCLL vs. uDCLL
We first note that the combinator C, is easily represented in uDCLL by
Co = MDDt 0% m A\ [o)z) : ((0 — L) — 1) —o 0.

Let us write M° for the induced translation of a DCLL-term M in pgDCLL by this
encoding.

Lemma 6.2. If T'; A+ M : o is derivable in DCLL, I' ; A+ M°: o | 0 is derivable in
uDCLL.

Proposition 6.1. If I'; A+ M = N : ¢ is provable in DCLL, T'; A+ M°=N°:0 |0
is provable in uDCLL.

Conversely, there is a translation (—)® from yDCLL to DCLL given by

(la]M)* = [o]M®
(a”.M)* = Co (M M*[F) /1))

and so on; for this (—)® we have

Lemma 6.3. T ; A-M:0 | ay:01,...,ay : 0y is derivable in uDCLL, T ; Ak, :
on—o L, ko — LE MM /00, " /5] o is derivable in DCLL.
In particular, if ' ; A+ M : o | 0 is derivable in uDCLL, T ; A+ M?* : ¢ is derivable in
DCLL.

Proposition 6.2. IfT"; A+ M = N : 0 | (is provable in uDCLL,T'; AF- M*=N*:o¢
is provable in DCLL.

Proposition 6.3. For ' ; A+ M : 0 wehave ' ; A+ M = M°® : o in DCLL. For
F's AbFM:o|0dwehave ' ; AFM = M*°:0 |0 in uDCLL.

Thus we conclude that DCLL is identical to the single conclusion-fragment of pDCLL as
a typed equational theory.

6.3. Categorical semantics
The interpretation of a typing judgement of the form

T 01,y T SOy 3 Y1 i Ty ey Yn T E M io | g 101, ap : Oy
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is given as an arrow from ![o1]®. .. ®![on]@[11]®...@[1.] to [o] B [01] 7 ... B [0k], by
routinely extending and modifying the case of DCLL. The soundness and completeness
of uDCLL with respect to the same class of categorical models immediately follow.

7. Discussions
7.1. DCLL as a typed intermediate language

The design of DCLL is heavily inspired from our experience (and still on-going project)
on the study of compiling (mostly call-by-value typed) programming languages into lin-
early typed (idealized) intermediate languages (Hasegawa 2002a), which has been briefly
mentioned in the introduction.

In (Berdine et al. 2001; Berdine et al. 2002) the {—, —o}-fragment of DILL (with
recursive types) is used as the target language of call-by-value CPS transformations. In
(Hasegawa 2002a) we extend the idea of ibid. to general monadic transformations into
a fragment of DILL. The essential idea of these work is that, in programming practice,
certain computational effects like continuations are often used linearly, and such good
(or stylish) usage of computational effects should be explicitly captured by certain linear
typing discipline on the compiled codes. In these studies the “linearly-used continuation
monad” ((—) — @) —o 6 plays the key role® :— for continuations, and —o for the linearity
of their passing. Dually, the construction ((—) — 6) — 6 plays a similar role for the
call-by-name CPS transformation (Hasegawa 2004). The choice of connectives of DCLL
then comes to us naturally; — and —o come first, and we regard the exponential ! as the
special case of the linearly-used continuation monad by letting § be L:log ~ (lo — 1) —o
l~(c—1)— 1.

It is also interesting to re-examine the previous work on applying Classical Linear
Logic to programming languages with control features (Filinski 1992; Nishizaki 1993)
using DCLL; in particular Filinski’s work seems to share several ideas with the design of
DCLL — the use of a control operator for expressing the duality is explicitly found in
his work.

7.2. Is 17 better than “—7?

A possible criticism on DCLL is on its indirect treatment of the exponentials, which have
been regarded as the central feature of Linear Logic by many people (though there are
some exceptions, e.g. (Wadler 1990; Plotkin 1993; Hodas and Miller 1994; Maietti et al.
2000)). We used to consider ! as a primitive and — as a derived connective via Girard’s
formula ¢ — 7 =!o —o 7, but not conversely, i.e., loc = (¢ — L) — L as we do in DCLL.

However, even in Intuitionistic Linear Logic, we have the full completeness of the {—
, —o}-fragment in the {!, —o}-fragment, in the following sense. Let (—)° be the embedding

§ This is not a monad on the term model of DILL; it is a monad on a suitable subcategory of the
category of !-coalgebras.
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from the former into the latter via Girard’s translation:

b° = b
(01 —02)° = o) —o03
(01 = 02)° = loj —o 03
»° =z
(A\z7.M)° = Xa° .M°
(M?1—02 N1y = M© N°
(Az?.M)° = My let 127" be y in M°
(Mo17929 No1)° = M°(IN°)

It is not hard to see that (—)° is type-sound (preserves typing), and also equationally
sound and complete (two terms in the source calculus are equal if and only if their
translations are equal in the target). But we can say more (Hasegawa 2002a):

Theorem 7.1. Suppose that I'° ; A° + N : ¢° is derivable in the {!, —o}-fragment. Then
there exists I' ; A+ M : o derivable in the {—, —o}-fragment such that I'° ; A° F M° =
N : ¢° holds.

This can be shown by mildly extending the proof of full completeness of Girard’s transla-
tion from the simply typed lambda calculus into the {!, —}-fragment of DILL (Hasegawa
2000). This observation tells us that — is no less delicate than ! at the level of proofs
(terms), while {—, —o} enjoys much simpler term structures and nice properties like
confluence and strong normalization. And, in Classical Linear Logic, as we have demon-
strated in this paper, {—, —o, L} is literally isomorphic to {!,—o, L} — then it is not
unnatural to use the technically simpler presentation.

Moreover, as mentioned above, DCLL do have natural advantages in programming
language theory. From such an application-oriented view, we think that the simplicity of
DCLL is undeniably attractive. See also (Maietti et al. 2000) for relevant discussions on
the {—, —,®, I, &, T }-fragment and its fibration-based models (which can be adopted
for DCLL without problem).

7.3. Coherence of the double negation

Another possible source of criticism on DCLL would be the way we deal with the duality,
which again is the essential feature of Classical Linear Logic. Many systems for Classical
Linear Logic, especially those of proof nets, identify the type o1t (= (0 — 1) — 1)
with o by definition. On the other hand, in DCLL (and some other term-based systems
like (Bierman 1999) and net-based one (Blute et al. 1996)) they are just isomorphic,
and we explicitly have terms for the isomorphisms. The essential reason of this non-
identification in DCLL is that we intend it to have x-autonomous categories with linear
exponential comonads as models, rather than those with strict involution (i.e. (—)*+ is

the identity functor and the canonical isomorphism o — o1 is an identity arrow), as
we think that having a strict involution is not a natural assumption on semantic models.

Fortunately, in a recent work (Cockett et al. 2003), it is shown that any *-autonomous
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category is equivalent to a x-autonomous category with strict involution, and that any
free x-autonomous category is strictly equivalent to a free x-autonomous category with
strict involution; and the results remain true under the presence of linear exponential
comonads and finite products too. These coherence results indicate that whether making
the double negation strict or not does not cause any technical difference; it is safe to
transfer the results on up-to-isomorphism systems to up-to-equality systems, and vice
versa.

Thus this criticism on DCLL is, at least technically, not very essential; the choice of
making the double negation strict is just a matter of convenience and taste.

7.4. Faithful categorical models

In this paper we have demonstrated that DCLL is sound and complete with respect to
the standard categorical models of Linear Logic (#-autonomous categories with addi-
tional structure). However, it is via the encoding of constructs like tensor products which
are not included in DCLL as primitive constructs. It is an interesting task to identify
the categorical structure which is more “faithful” to DCLL, i.e., which can accommodate
the interpretation of linear and non-linear implications without requiring a monoidal
structure and a linear exponential comonad. A most promising direction would be the
one based on multicategories (Lambek 1989), and perhaps polycategories (Szabo 1975)
for uDCLL. The story looks fairly clean as long as we work on the multiplicative frag-
ment — see Hyland’s analysis on *-autonomous categories and *-polycategories (Hyland
2002) —, but explaining the dual-context feature seems to call for some subtle technical
developments.

7.5. Second-order linear logic of implications

We conclude this paper by observing an attractive relationship between DCLL and a
second-order linear lambda calculus: they are strikingly similar (at least syntactically),
but also show some interesting differences.

In (Plotkin 1993) Plotkin introduced the second-order {—, —o}-calculus (enriched with
fixed-point operators) in which other connectives of DILL including ! are definable in the
similar way as we do in DCLL, for example lo as VX.(6 — X) — X. In fact it suffices
to have an axiom (in addition to the standard fn-axioms)

o7 (MR (3 a)) = M L

(which just says o is canonically isomorphic to VX.(6 —o X) — X) to give the structure
of models of DILL to the term model of this calculus — the story is completely analogous
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to the case of DCLL; the encoding of types and terms are given as follows.

1 = VXX —oX

01 ® 09 = VX.(0p o002 —oX)—oX
lo = VX.(c - X)—oX

* = AX/\J,‘XJJ

let * be M’ in N7 = MTN

Mt @ N°2 = AXMeO X LM N
let 291 @ Y72 be M°1®92 in N™ = M7 (Ax%t.\y°2.N)

M = AXM™X.heM

let 127 be M'? in NT = M7 (Ax°.N)

By the very similar argument as in Sec. 3 (though the proof is more lengthy), we have

Theorem 7.2. Any equation derivable in DILL is derivable in the second-order {—, —o}-
calculus (with the axiom described above) via this encoding.

However, note that we cannot have the connectives 1, ? and ?, since the presence of any
of them would enable us to interpret Classical Linear Logic, while there are models of
this calculus which are not model of Classical Linear Logic (e.g. domain theoretic models
(Plotkin 1993) and also the model based on an operational semantics by Bierman, Pitts
and Russo (Bierman et al. 2000)). In particular, we do not have VX.(0 — X) — X ~7¢
(in contrast to (o0 — 1) — L ~7¢ in DCLL). In fact, under a suitable parametricity
assumption (Plotkin 1993; Bierman et al. 2000) we have VX.(0 — X) — X ~ 0.

Despite the syntactic similarity of the encodings of DILL, we think that these obser-
vations suggest that the relationship between the semantic structure of Classical Linear
Logic and that of Second-Order Intuitionistic Linear Logic is far from obvious; the full
story seems yet to be developped.

Appendix A. Dual Intuitionistic Linear Logic

Types and Terms

o = b|l|o®o|oc—oo0o|lo
M = z| «|let «x beMinM|M®M |letz’ @z be M in M |
Az®. M | MM | M | let 127 be M in M
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Typing

(Int-Ax) (Lin-Ax)

I';z:0bx:0

'y AiEM:1I T'; AosFN:o
I'; AjfAs et « be Min N : o

IN,z:0,Ty; 0Fz:0

(I7) (IE)

L;0F%:1
F;All—MZO'1®O'2

T';AEM:oq F;AQ}—N:UQ(@)) I'; Ag,x:01,y:00F N7 (

' AiffAsF M ® N : 01 ® 09 I'; AjfAs Flet 29 ®y°2 be M in N : 7

®E)

I'sAz:o1 - M:og
Ty AR Xzt M : 01 — 09

I';AiEM:op—o09 I'; Ao N oy
F;AlﬁAgl_MNZO'Q

(—E)

(=)

F;@}—M:U(') '; AvFM:lo F,x:J;AQI—N:T('E)
T';0FM o™ I'; AifAsFletlzbe M in N:7 v
Axioms
let x be x inM = M let x be Minx = M
letz®@ybe MONin L = L[M/x,N/y] letz@ybeMinzy = M
(A.M)N = M|[N/x] Mz = M
let lx be IM in N = N[M/z] let lx be Minle = M
Cllet * be M in N] = let * be M in C[N]
Clletz®@ybe Min N] = letx®ybeM in C[N]|
Cllet !z be M in N] = let !z be M in C[N]

where C[—] is a linear context (no ! binds [—]).

Appendix B. Formulation without C

As noted in Sec. 2, we can formalize DCLL using just lambda terms and five axioms, if
there is no base type.

Types and Terms
o = o0—o0|o—oo| L M = z|AXx°M|MeM | M| MM

Typing

(Int-Ax) (Lin-Ax)

Il,z:0,Ty; 0Fz:0 I';z:obz:0

Iz:01; AFM: o9 (1) I'; AFM:o1 — 09 F;@FN:Ul(
—
I'; AF Az M : 01 — 09 I'; AFMeN : o9

HE)

I'; Ax:og B M: oo
I'; AFXx% .M : 01 — 09

I'; A\FM:01 o005 I'; AoFN:0oy
F;AlﬂAQ}_MNZO'Q

(= D) (— E)
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Axioms
(Az.M)eN = M[N/z|
Ax.Mex = M (@ & FV(M))
(A\z.M) N = M[N/z]
Ax.M = M
LAz M (Afo~+.fz)) = ML ( 5\:4: ;(((j(: j Ej 1) — L )
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