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wÜæ�YRZabnW�f�d'`�f�Zad"[m`Sd"UXd('åU�`ÝYRÕiZSÙXY Ô ocUR�

j�YRWeY<��b�t�YRWa\"b�@¨YRZSY
w�twvihR`Sh

WSUX�r`eUXl Ô ZSU&�R{i{ Ì



õ���ï�� ø/ú öùó �

öùó�� öY� ñ�ó ÿ úûïôú øZ� ÿ ñ � ó ü��_ï ü�� 	 îðöùó
� � ïýÿ ú ø � � ó

Uq(sl2)

-ìÞ Y)onÕf= Ô ZSU�Ö¦d�YR^1`SbnÖ¦d"U
Uq(g)

UmWa`�d"^"U Û"Ù�f�hiZSl�Y)`ebchi^ Û"U o�ÞßYRocÕf= Ô ZaUÚUX^1yRUXonhR�ré
��YR^1`SU�Û/Þãd"^"U�YRonÕf= Ô ZSU Û"U�-qbnUåWSUml�b é_WSbcl��'onU

g
�Pæìd"bcWSÖ¦d"U$`Shid'`,YRonÕD= Ô ZaU$Ö¦d�YR^�é

`ebcÖ¦d"U
Uq(g)

UXW¾`�UX^"ÕRUX^"Û"ZaÙXUØ��Y)ZwWSUmWgWShid"W�é�YRocÕf= Ô ZSUXW bnWShRl�hiZa�"\"UmW9w
Uq(sl2)

sÉonU
[�Y)W

g = sl2
UmWa`kf�hi^"Û�Y)l�Um^¦`eYRo��'íÝhid'Wk[mhil�l�Um^"[XUmZShi^"W�Û'hi^"[���YRZVWShR^$Ù�`ed"Û"U)�

� Ê � Êr¡ �X¢ � ��0}�Ò- �
ë�b£''hR^"W d"^,[mhiZS�"W

K
Û"UÝ[�YRZSYR[m`SÙXZSbcWa`SbnÖ¦d"UÝYRZ Ô bâ`eZSYRbnZaUR�X-ìÞßYRonÕf= Ô ZSU

sl2(K)
[XonYRW¾é

WSbcÖ¦d"U�UXWa`ko Þ YRocÕf= Ô ZSUwÛ"U?-qbnUgWad"Z
K
Um^"ÕiUX^'Û"ZSÙmU���Y)Z�onUXWVÙmonÙXl�UX^1`SW

e =

(
0 1

0 0

)

, f =

(
0 0

1 0

)

, h =

(
1 0

0 −1

)

,

Û�YR^'Wìo�ÞãUXWS�"YR[XUVÛ"UmWPl�Y)`SZSbn[mUXW
2×2

ww[¤}0~�[XbcUX^1`eW Û�Y)^"W
K
�X-qUXd"ZaWP[mZSh�[L\"Um`SW WShi^1`

Û"hi^'^"ÙXWk��YRZ
\ Ì � Ì � Ì `

[h, e] = 2e , [h, f ] = −2f , [e, f ] = h.
prhi^
HR�!¥§¦¤qXQ&sisAv�¨Ds��ª©3«X«'HDv�u¬s

U(sl2(K)) = U(sl2)
UmWa`gonY

K
é_YRonÕf= Ô ZSU�Um^"ÕiUX^�é

Û"ZaÙXU>��Y)Zk`SZShibcWÝW¾vrl Ô hiocUXW
e
s
f
s
h
Y�yiUm[o\ Ì � Ì � Ì ` �uhid"ZÝZSUmoáY)`Sbnhi^"WVÛ"U&Û"Ùmà�^'bc`ebchi^/s

hf
[x, y]

WXÞãbn^1`eUmZS�"Zc=m`eU�[XhRl�l�U
xy − yx

�Z-qUmW�ZaUX�"ZaÙXWSUm^1`LY)`Sbnhi^"W�Û"UÜÛ"bcl�Um^"WSbchi^
à�^"bcUgÛ"U

U(sl2)
Wahi^1` Ô bnUm^å[mhil��"ZSbcWSUXWms�[Xhil�l�Uwo�ÞßY)`S`SUXW¾`eUgonU

® »!¼�·'Ây¯R¹ À±°M²¬°
²¬° �#³ ´�µe«X«�©}Ie©Uv'I
K ¶ s·tSHRQaH§tAu¬¸�Q MnIAu M�¹¤µ�s?v�µr�O�ªsXE\ Ì `iº sLI

U(sl2)
�_�»© ¶ µ��ªsLI�I�MO�n«u�ªsLIx\ ¶ ©Uv�u��ªsLI�IesAµ�� I�Ie©Uµ¦I��_�»© ¶ µ��ªsLIgIe©Uv�u 0

sAu
sAµ<¼i�_�»½��»s ` Ie©Uv�uP�ªsLI[«uQ&© ¶ µrMduOIwIA¾J�»¸Au Q M�¹¤µ�sLI Sn(K2) ¶ s K2 ¿ n ≥ 0

E



À ÁIÂ �cÃ�Ä�d�W�#ÅRÆQÇ
��ÃA�WÈ��d��É3�����W��ÊRÉ����L�ÌË �c��ÍR����W��Î3ÏQ�cÉ3�W�!Î3Ï¤� Uq(sl2)

\�� `ÑÐ ©Uµ§u
U(sl2)

�_�»© ¶ µ��ªs ¶ s ¶ MO�»sAv'I�M�©UvÓÒjv�M�s>sLIAuuIes��ØMO��I�MO�n«u�ªs ¿ t�ÔÄsLIAuÒ��ÕR� ¶ MOQ&sIe©J�Ø�»s ¶ MOQ&s3tAu¬s ¶ s��»© ¶ µr�ªsLI I�MO�n«u�ªsLIXE
-qU>�"ZahrÛ"d'bc`w`SUX^"WahiZSbcUXo©Û"UØÛ'UXd('

U(sl2)
é_l�hrÛ"d'onUXW

M
Um`
N
UXW¾`�l>d"^"b�Û/Þßd'^"U

Wa`SZSd"[�`ed"ZaU�Û'U
U(sl2)

é_l�hrÛ"d'onU Û'Ùmà�^"bcU���YRZ
x · (u⊗ v) = (xu)⊗ v + u⊗ (xv)�uhid"Z

u ∈M
s
v ∈ N

U�`
x = e

s
f
s
h
�

ë�b£''hR^"WÝd'^�ÙXocÙXl�UX^1`
q
Û"U

K
vg©Uv]v�µr�ÖsAuÓvg©UvÑQaH§t�Mdvgs ¶ s��RÔ µ(v�Mdu¬¸��g-ìÞnHR�!¥§¦¤qXQ&ssAv�¨Ds��ª©3«X«'HDv�u¬s]¹¤µ'HDv�u M�¹¤µ�s

Uq(sl2)
Û"U

sl2
UmWa`$oáY

K
é�YRocÕf= Ô ZSU Um^"ÕiUX^'Û"ZSÙmUû��YRZ

Ö¦d�Y)`SZSU�Wav�l Ô hionUmW
e
s
f
s
t
s
t−1 Y}yRUX[�onUmW�ZSUXonY)`ebchi^"W¤Û'U�Û'Ùmà�^"bâ`ebchi^

t t−1 = t−1t = 1,

tet−1 = q2e,

tft−1 = q−2f,

[e, f ] =
t− t−1

q − q−1
.

�ì^ ��hiWSYR^1`
t = qh

Um`VUX^�fÒYRbcWeYR^1`�`SUX^"Û"ZaU
q
yiUmZSW

1
sr^"hid"WVZSU�`eZahid'yihR^"WVo�ÞßYRonÕf= Ô ZSU

UX^1yRUXonhR�"��YR^1`eU�[XonYRWSWabnÖ¦d"U
U(sl2)

\�yRhibnZ���Y)ÕiU� Ì ��hid'Z�onUgWSUm^"Wk�"ZSÙm[XbnW ` �
× Ài¹ ¹ ÀØ°
²¬°M²�Ù ��³ Ú��xsc¼iMnIAu¬sØµ(vÛµ§v�M�¹¤µ�sFK�©J�»©J�»©JQ¬«�K�MnI��»s ¶ s K �¾HR�!¥§¦¤qXQ&sLI
∆ = ∆− ¶ s Uq(sl2) ¶ HDv'I Uq(sl2)⊗ Uq(sl2) ¿ HA«X«�s��ª¸&[mh)é_�'ZSh�Û"d"bc` ¿ u¬s���¹¤µ�s

e 7→ e⊗ t−1 + 1⊗ e,
\ Ì � Ì � � `

f 7→ f ⊗ 1 + t⊗ f,
\ Ì � Ì � Ï `

t±1 7→ t±1 ⊗ t±1.
\ Ì � Ì �! `
Úet�MÉ�âH&�hµr�ÌuÒMÜ«u�´M�tSHDu M�©Uv ¶ HDv'I Uq(sl2)⊗Uq(sl2) sLIAu ¶ ©Uv�vg¸3s4«'HRQ (a1⊗a2)◦ (b1⊗
b2) = (a1b1)⊗ (a2b2)

E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ ]_oq^'hid"W�fÒYRd'`V�"Zahid'yRUXZkÖ�d'U

∆(t)∆(t−1) = ∆(t−1)∆(t) = 1,

∆(t)∆(e)∆(t−1) = ∆(q2e),

∆(t)∆(f)∆(t−1) = ∆(q−2f),

[∆(e),∆(f)] = ∆
(
(t− t−1)/(q − q−1)

)
.

�wÙmZSbâà�hi^"W�oáY�Û"UmZS^"b�=XZaU�ÙmÕ1YRonbâ`eÙ)�}íÝhid'W�Y�yihR^"W
∆(e)∆(f) = ef⊗t−1+et⊗t−1f+

f⊗e+t⊗ef
ÛÉÞßd"^'U¤��YRZ¾`�sJUm`

∆(f)∆(e) = fe⊗t−1+te⊗ft−1+f⊗e+t⊗fe



ÅcÆ�ÅLÞ�È�ß¤É¤�Ä�W��ÊRÉ à
Û/ÞßYRd'`SZSU���YRZ¾`���áwZ

te = q2et
Um`
t−1f = q2ft−1 s�Û/Þãhf

[∆(e),∆(f)] = [e, f ]⊗ t−1 + t⊗ [e, f ]

= (q − q−1)−1((t− t−1)⊗ t−1 + t⊗ (t− t−1))

= (q − q−1)−1(t⊗ t− t−1 ⊗ t−1)

= ∆([e, f ]).-qUXWkYRd'`SZSUmWÝY)WSWSUmZa`Sbnhi^"WVWaU�yRÙXZSbâà�UX^1`VfÒYR[mbnonUml�Um^1`��
®g·'Â�·'¯_¯�°�²_Â�À�°
²¬°
²ãâ �4³ º s0«uQ&© ¶ µrMduzuTsAv'Ie©JQ M�s�� ¶ s Uq(sl2) �_�»© ¶ µ��ªsLIäsLIAuÝ�hµ§v�M
¶ Ô µ§vgswIAu Qkµ�tAuãµ�Q&s ¶ s Uq(sl2) �_�»© ¶ µ��ªså¥RQcæ§t3s�HDµ1t3©J�ª«uQ&© ¶ µrMdu ∆

E
æ�hRd"Z�Û"UXd§'

Uq(sl2)
éêl�h�Û"d"ocUXW

M1

U�`
M2

s"o�ÞßYR[�`ebnhR^�Û"U
a ∈ Uq(sl2)

UmWa`ÝYRbc^"WSb
Û"Ù�à�^"bnU���Y)Z

a(x1 ⊗ x2) =
∑

i(a
(i)
1 x1)⊗ (a

(i)
2 x2)

��hRd"Z
xν ∈Mν

s
WSb

∆(a) =
∑

i a
(i)
1 ⊗ a

(i)
2

�
ç Ài¹û°�ÂX½1¿�Àè°
²¬°M²�é �4³ Î bnUm^�Ö¦d"U>[mU>WShibâ` ocU�[XYRW �uhid"ZÝonUmWwYRocÕf= Ô ZaUXWkUX^1yiUmonhi��é
��YR^1`SUXW>[moáYRWaWSbnÖ¦d"UmWXs�onU,�'ZSh�Û"d"bc`�`eUm^"WShRZSbnUmo�Û'UÚl�h�Û"d"ocUXW�WSd"Z

Uq(sl2)
^ÉÞßUmWa`Ø��Y)W

UX^�ÕRÙX^"ÙmZeYRo�Wav�l�Ù�`eZabnÖ¦d"UR�I�ì^åUApÉU�`�sro�ÞßYR�"�"ocbn[�YJ`ebnhR^
M ⊗N −→ N ⊗M

Û"Ù�à�^"bnU
��YRZ

m⊗ n 7→ n⊗m
^/ÞãUXW¾` �"YRW

Uq(sl2)
é_ocbn^"ÙXYRbnZaUR�

ç Ài¹û°�ÂX½1¿�Àè°
²¬°M²�ê �4³ ]_oPUk'rbnWa`SU,Um^þfÒYRbâ`�Wab|' [L\"hRb|' Û"bcWa`ebc^"[m`SW�Û'U�[mh)é_�"ZahrÛ'd"bc`
Û�YR^'WkonY>onbâ`S`eÙmZeY)`Sd"ZSU)s7wÜWeY�yihRbnZ
∆0 : e 7→ e⊗ t−1/2 + t1/2 ⊗ e, f 7→ f ⊗ t−1/2 + t1/2 ⊗ f, t 7→ t⊗ t,

∆+ : e 7→ e⊗ 1 + t⊗ e, f 7→ f ⊗ t−1 + 1⊗ f, t 7→ t⊗ t,Um`
∆−

sRY)bn^"Wab�Ö¦d"U�onUmW�`eZahibnW�[mh)é_�"ZahrÛ'd"bc`SW�h Ô `eUX^¦d"W�UX^>ZaUXl��"oáYDëXYR^1`
a⊗b

�"YRZ
b⊗aÛ�YR^'W�ocUXWPÛ"Ùmà�^'bc`ebchi^"WPÛ"U

∆0

s
∆+

s
∆−

��V d"[md"^ÚÛ"UmW�[L\"hRb|'�^/ÞãUXWa`�[�Y)^"hi^"bcÖ�d'U#ìrbconW
WShR^¦`¤[XUX�uUX^'Û�YR^1`k�"ZSUmWSÖ¦d"UgÙXÖ¦d"bây)YRonUm^¦`SW�\�yRhibnZíw&[XUg�"Zahi�uhiW¤oáY�ZSUml,YRZaÖ¦d"U Ï � �r� � ` �
íÝh)`eZSUØ[L\'hib|'ÑÛ'U

∆−
[XhRl�l�UØ[Xh)éê�"ZSh�Û"d"bâ`�Y���hRd"Z�Y�yRY)^¦`eYRÕiUÜÛ"U Ô bcUX^ WSUÜ[XhRlÜé

�uhiZa`SUXZVY�yiUm[�ocUXW Ô YRWaUXWV[XZabnWa`eYRonocbn^"UmW¤Ö¦d"U�^"hid"WkYRoconhi^'W¤bn^1`eZahrÛ'd"bnZaUR�
î Â�·)Áq·"±J²�¶�²S·"¸ï°
²¬°M²Tð �4³ ´�©JM�sAv�u

M1
¿ M2

¿ M3

uÒQ&©JMnI
Uq(sl2)

�_�»© ¶ µ��ªsLIXE�ñ �ª©JQeI�RÔ HA«X«u�´M�tSHDuÒM�©Uv
(M1 ⊗M2) ⊗M3 −→ M1 ⊗ (M2 ⊗M3)

¹¤µrMzÕ
(u ⊗ v) ⊗ wHJILIe©et�M�s

u ⊗ (v ⊗ w)
sLIAu9µ§v MnIe©J�»©JQ�«�K�MnI��»s ¶ s Uq(sl2) �_�»© ¶ µr�ªsLIXEòñ Mdv'I�M ¿ �ªs«uQ&© ¶ µrMduòu¬sAv'Ie©JQ�M�s�� ¶ s Uq(sl2) �_�»© ¶ µ��ªsLI·sLIAu¨HJILIe©et�MÒHDu M ómE

× U�ZSÙmWSd"oâ`LY)`VÛ"Ùm[Xhid'onU�Û"d



ô ÁIÂ �cÃ�Ä�d�W�#ÅRÆQÇ
��ÃA�WÈ��d��É3�����W��ÊRÉ����L�ÌË �c��ÍR����W��Î3ÏQ�cÉ3�W�!Î3Ï¤� Uq(sl2)

× Ài¹ ¹ ÀØ°
²¬°M²�õ ��³ º s9t3©J�ª«uQ&© ¶ µrMduL¨D¸�Q M Òís (∆⊗1)◦∆ = (1⊗∆)◦∆
\3¸�¥1HR�´Mdu¬¸

sAv,u�HDv�u[¹¤µÖÔ HA«X«u�´M�tSHDu M�©Uv'I ¶ s Uq(sl2) ¶ HDv'I Uq(sl2)⊗ Uq(sl2)⊗ Uq(sl2) ` E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ �ì^ÚUApÉU�`�sronUXW�ÙXocÙXl�UX^1`eW

(∆⊗ 1)∆e = (∆⊗ 1)(e⊗ t−1 +

1⊗ e) = (e⊗ t−1 + 1⊗ e)⊗ t−1 + (1⊗ 1)⊗ e
U�`

(1⊗∆)∆e = (1⊗∆)(e⊗

t−1 + 1 ⊗ e) = e ⊗ (t−1 ⊗ t−1) + 1 ⊗ (e ⊗ t−1 + 1 ⊗ e)
Wahi^1`&ÙmÕ1YRd('��4-qUXW

ÙXÕiYRonbâ`eÙXW¨��hid'Z
f
U�`
t
WaU�Û"Ùml�hR^¦`SZSUm^¦`kÛ"UgfÒYDëmhi^åYR^�YRochiÕid"U)�

� Ù�à�^"bnWaWShi^'W$d"^ l�hRZS�"\"bcWSl�U Û"U
K
é�YRocÕf= Ô ZSUXW

ε : Uq(sl2) −→ K
sVYR�"�uUXocÙ

t3©J�¬µ§v�MduT¸Rs©��YRZ
ε(t±1) = 1

Um`
ε(e) = ε(f) = 0

�Ö-qU�[XhiZa�"W
K

UXWa`�YRochiZSW�d"^
Uq(sl2)

é_l�hrÛ'd"onUw�uhid"Z�o Þ Y)[m`ebchi^
a · 1 = ε(a)

�
î Â�·)Áq·"±J²�¶�²S·"¸ï°
²¬°M²ãö �4³ ´�M

M
sLIAu÷µ§v

Uq(sl2)
�_�»© ¶ µr�ªs ¿ �ªsLI&HA«X«u�´M�tSHDu M�©Uv'I

K ⊗M −→∼ M, 1⊗ u 7→ u,

M ⊗K−→∼ M, u⊗ 1 7→ u,

Ie©Uv�u ¶ sLI�MnIe©J�»©JQ�«�K�MnI��»sLI ¶ s Uq(sl2) �_�»© ¶ µr�ªsLIXE
× ÞãUXWa`kd"^'U�[mhi^"WSÙmÖ¦d"UX^"[mU&Û"dåZSÙmWSd"oâ`LY)`Vbcl�l�ÙXÛ'báY)`�WSd"bây)YR^1`ùø

× Ài¹ ¹ ÀØ°
²¬°M²¬ú ��³ ûù©Uµ1I�HD¨D©Uv'I
(ε ⊗ 1) ◦ ∆ = (1 ⊗ ε) ◦ ∆ = 1

sAv�u�HDv�u
¹¤µÖÔÄsAv ¶ ©J�»©JQ¬«�K�MnI��»sLI ¶ s Uq(sl2) E
ç Ài¹û°�ÂX½1¿�Àè°
²¬°M²¬°�ü ��³ -qUXWkYR�'�"onbc[�Y)`Sbnhi^"W

∆
Um`
ε
l&d"^"bnWaWSUm^¦`

Uq(sl2)
ÛÉÞßd"^'U

Wa`SZSd"[�`ed"ZaU Û"Uk[XhJé_Õf= Ô ZSU)�(�ì^�fÒYRbc`Xs1o�ÞßYRonÕf= Ô ZSU�Ö¦d�Y)^¦`SbnÖ¦d"U
Uq(sl2)

UXWa`�d"^"U>HR�!¥§¦¤qXQ&s
¶ s9ý?©3«yó �

� ÊcÆqÊiþ � 0}�Ò*¦�J+ q $  �  �(�-u�
��*�+
-qUXW�ÙXÖ¦d"bcy)YRocUX^1`eW�Û"UXW,UX^1`ebcUXZSWmsPfÒY)[m`ehRZSbnUmonocUXWÜUm`,[¤}0~�[XbnUm^1`eW Ô bc^"hil�báYRd§' YR�ré

��YRZSYRbnWaWSUm^¦` ^"Y)`ed"ZaUXoconUXl�UX^1` ochiZSWÚÛ'U o ÞßÙ�`ed"Û'UFÛ"d l�hi^"Û'U
q
é_YR^�YRochiÕid"U)�Ó-qUXW

q
�

sAv�uÒM�s�QLI
WShi^1`ÑÛ"Ù�à�^"bcW ��YRZ
[n] = (qn − q−n)/(q − q−1)

\
n ∈ Z

` s ocUXW
q
�

ómH§tAu¬©JQ�M�s��O�ªsLIÚ��YRZ
[n]! = [1] · · · [n]

\
n ∈ N

` U�`ÜonUXW
q
�RtRÿ�� t�M�sAv�uOIbqXMdvg©J�ØMÒHDµD¼

��YRZ [
n

k

]

=
[n]!

[k]! [n− k]!

\
0 ≤ k ≤ n

` �
íÝhR`Shi^"WwÖ¦d"U [
n

k

] UmWa`�d"^F�uhiocv�^��Rl�U
Û"U?-�YRd"ZaUX^1`kUX^

q
w�[}0~�[mbnUm^¦`SWVUX^1`ebcUXZSWm�



ÅcÆ ���§É3�W�����W� q � ��ÉQ�c��ÊcÍRÏ¤��� �
ç Ài¹û°�ÂX½1¿�Àè°
²�ÙZ²¬° �4³ × UXZa`eYRbn^'W�Y)d'`eUmd"ZSW��"ZaUX^"^"Um^1`

(qn − 1)/(q − 1)
�uhid"Z

Û"Ù�à�^"bc`Sbnhi^,Û"U
[n]
�"íÝhR`SZSUg[XhR^¦yRUX^1`ebchi^åY>��hRd"ZVY�yRY)^¦`eYRÕiUwÛÉÞ m�`eZSU�bc^¦y)YRZabáYR^1`SU ��YRZ

q 7→ q−1 �
× UXWVÙmonÙXl�UX^1`SWkWSY)`ebcWaf�hi^1`VonY

î Â�·)Áq·"±J²�¶�²S·"¸ï°
²�ÙZ²�Ù �4³ \ Ì ` Ý·sAµ<¼b¸��ª¸��»sAv�u�I
x
sAu
y ¶ HDv'Inµ(vgs K �¾HR�!¥§¦¤qXQ&s

sAuzuTs�� I»¹¤µ�s
yx = q2xy

¨D¸�Q M ÒísAv�u
ybxa = q2abxayb

HRMdv'I�M>¹¤µ�s��âH?óQ©JQ �hµr�ªs ¶ µqXMdv
	J�»s
q
�¾HDvuHR�ª©R¥Dµ�s

(x + y)n =
n∑

k=0

[
n

k

]

qk(n−k)xkyn−k =
n∑

k=0

[
n

k

]

q−k(n−k)yn−kxk.

\�� `�� ©Uµ�Q�uT©Uµ§u
x ¶ HDv'I0µ(vgs K �¾HR�!¥§¦¤qXQ&s ¿ vg©Uµ1I�HD¨D©Uv'I

∏n−1
ν=0(1 + q1−n+2νx):= (1 + q1−nx)(1 + q3−nx) · · · (1 + qn−1x)

=
∑n

k=0

[
n

k

]

xk

«�©Uµ�Q
n ∈ N

E��÷v»«'HRQkuÒM�tAµr�´M�s�Q
\ Ì � �r� Ì ` n∑

k=0

(−1)kqmk
[
n

k

]

= 0

«�©Uµ�Q?u¬©Uµ§u>sAv�uÒM�s�Q
m
uTs���¹¤µ�s

|m| ≤ n− 1
sAu
m ≡ n− 1 mod 2

E
\ Ï `�� ©Uµ�QGuT©Uµ1IäsAv�uÒM�s�QLI

m ¿ n ¿ k ¿ ©Uv H [n][m] + [k][n + m + k] = [n +

k][m + k]
E

�ì^�ZaUXl�YRZSÖ¦d�Y)^¦`!Ö¦d"U
(1⊗e)(e⊗t−1) = q2(e⊗t−1)(1⊗e)

Um`
(f⊗1)(t⊗f) =

q2(t⊗ f)(f ⊗ 1)
s"^'hid"WkUX^åÛ"ÙXÛ"d'bnWShR^"WVonU

®g·'Â�·'¯_¯�°�²_Â�À�°
²�ÙL²ãâ �4³ º s·t3©J�ª«uQ&© ¶ µrMduò¨D¸�Q M Òís

∆(en) =
n∑

k=0

[
n

k

]

q−k(n−k)ek ⊗ en−kt−k,

∆(fn) =
n∑

k=0

[
n

k

]

q−k(n−k)fn−ktk ⊗ f k.

-qUXW·«
µ�MnILIXHDvgt3sLI ¶ Md¨}MnIe¸3sLIåÛ"U e U�` f WShi^1`�Û"Ùmà"^"bnUmW���Y)Z
e(n) = en/[n]!

U�`
f (n) = fn/[n]!

sq��Y)Z�[mhi^1yiUm^¦`Sbnhi^ûÛ"UØyRY)onUXd'Z
1
\ÒZaUXWa�/��^�d'ononU ` WSb o�ÞãUX^1`SbnUXZ

n
UXW¾`
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��ÃA�WÈ��d��É3�����W��ÊRÉ����L�ÌË �c��ÍR����W��Î3ÏQ�cÉ3�W�!Î3Ï¤� Uq(sl2)

SXÙmZShÑ\ÒZaUXWa�/�/Wa`SZSbc[m`eUml�Um^1`g^"ÙXÕiY)`ebâf ` �g-qUXWwf�hRZSl>d"ocUXWwÛ'dF[XhiZahiononYRbnZaU��"ZaÙX[mÙXÛ"Um^¦`�WaU
ZSÙmÙX[mZSbcyRUX^1` YRonhiZaW

∆(e(n)) =

n∑

k=0

q−k(n−k)e(k) ⊗ e(n−k)t−k,
\ Ì � �r� � `

∆(f (n)) =
n∑

k=0

q−k(n−k)f (n−k)tk ⊗ f (k).
\ Ì � �r� Ï `

íÝh)`ehi^"W
{x} = (x − x−1)/(q − q−1)

U�` {
x

k

}

=
{x}{q−1x} · · · {q1−kx}

[k]!

�
�ì^$�"YRZa`Sbn[Xd'onbnUmZ

{qn} = [n]
U�` {

qn

k

}

=

[
n

k

] �
áw^Ñd'`ebconbnWaU>WShRd'yiUm^¦`&oáYÚf�hiZal>d"onUäøq�uhid"Z

x
s
y
Û�YR^"W�d"^"U�YRocÕf= Ô ZaUØUm`

a
Û�Y)^"W

WShR^$[mUX^1`eZaU�`SUXonW�Ö¦d"U
xy = ayx

s�hR^$Y

f(x)y = yf(ax)
U�`
xf(y) = f(ay)x

��hRd"Z¤`ehidr`V��hioâv�^��il�U
f
�

æ�Y)ZkUk'rUXl��"onU {
qnt

k

}

e(m) = e(m)

{
qn+2mt

k

} �

î Â�·)Áq·"±J²�¶�²S·"¸ï°
²�ÙZ²�é �4³ ûù©Uµ1I&HD¨D©Uv'I

e(m)f (n) =
∑

k≥0

f (n−k)e(m−k)

{
qm−nt

k

}

=
∑

k≥0

{
qn−mt

k

}

f (n−k)e(m−k)

=
∑

k≥0

f (n−k)

{
q2k−m−nt

k

}

e(m−k).

\ Ì � �r�! `

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ �#p�UX[�`ed"hi^'WÝd"^'U�ZaÙX[Xd'ZSZSUm^"[XU�WSd"Z
m
��æ!hid"Z

m = 1
s�o�ÞãÙXÕ1YJé

onbâ`eÙ
ef (n) = f (n)e + f (n−1){q1−nt}

UX^1`eZSY��á^"U
[n+ 1]ef (n+1) = ef · f (n) = (fe+ {t})f (n)

= f(f (n)e + f (n−1){q1−nt}) + f (n){q−2nt}

= [n + 1]f (n+1)e + f (n)
(
[n]{q1−nt}+ {q−2nt}

)

= [n + 1]f (n+1)e + [n+ 1]f (n){q−nt},



ÅcÆ ���§É3�W�����W� q � ��ÉQ�c��ÊcÍRÏ¤��� �
Um`�oáY�f�hiZal>d"onUìUmWa`�yiÙXZabcà�ÙmUR�Rprd"�"�uhiWahi^"W¾éêoáY�y�ZeYRbcUL�ad"WaÖ¦d/Þ Y)d>ZeYR^'Õ

m
�UV ochiZSW�o�Þãhi�uÙ�é

ZeYJ`eUXd'Z
[m + 1]e(m+1)f (n) = e · e(m)f (n) UXW¾` ÙmÕ1YRoLw

e
∑

k≥0

f (n−k)e(m−k)

{
qm−nt

k

}

=
∑

k≥0

(
f (n−k)e + f (n−k−1){q1−n+kt}

)
e(m−k)

{
qm−nt

k

}

=
∑

k≥0

(

f (n−k)e(m−k+1)[m− k + 1]

{
qm−nt

k

}

+f (n−k−1)e(m−k){q1−n+2m−kt}

{
qm−nt

k

})

=
∑

k≥0

f (n−k)e(m−k+1)

(

[m− k + 1]

{
qm−nt

k

}

+ δk≥1{q
2−n+2m−kt}

{
qm−nt

k − 1

})

.

-�U�ZaÙXWSd'oc`LYJ`VUXWS[mhil��'`eÙ�Û"Ùm[Xhid"ocU�Û"U�o�ÞãÙXÕ1YRocbc`SÙ

[m− k + 1]

{
qm−nt

k

}

+ δk≥1{q
2−n+2m−kt}

{
qm−nt

k − 1

}

= [m+ 1]

{
qm+1−nt

k

}

.

® »!¼�·'Ây¯R¹ À±°M²�ÙL²�êÅÄ�� -u� � .i "��� $ " �����q%!-�� $ N ��0�0 È �g³ º Ô HR�!¥§¦¤qXQ&s
Uq(sl2)

¨D¸��
Q M Òís

Uq(sl2) = K[f ] ·K[e] ·K[t, t−1] = K[f ] ·K[t, t−1] ·K[e]

= K[e] ·K[f ] ·K[t, t−1] = · · ·

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ � ÙXZabcà�hi^'W ��YRZ$UA'rUXl��"onUûÖ�d'U
Uq(sl2) = K[f ] · K[e] ·

K[t, t−1]
��íÝh)`ehi^"W

V
ocU�WaUX[XhR^"Û l�Uml Ô ZaUR�!]_o�UmWa`>Ù�y�bnÛ"Um^¦`>Ö�d'U

V ⊂ Uq(sl2)
�

prb©^'hid"W��"ZShRd'yihi^'W�Ö¦d"U
eV
s
fV

s
t±1V ⊂ V

sqYRochiZSW
Uq(sl2)V ⊂ V

Um`
V
UXW¾`

d"^
Uq(sl2)

é_l�h�Û"d"onU)sìÛ/Þãhf
Uq(sl2) ⊂ V

�íágZ�bnokUXW¾`Ú[moáYRbcZ�Ö¦d"U
fV ⊂ V

Um`
t±1V ⊂ V

ì��"d"bcWSÖ¦d"U
ef (n) = f (n)e + f (n−1){q1−nt}

s�^"hid"WkY�yihi^'WÝÙmÕ1YRonUml�Um^1`
eV ⊂ V

�
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��ÃA�WÈ��d��É3�����W��ÊRÉ����L�ÌË �c��ÍR����W��Î3ÏQ�cÉ3�W�!Î3Ï¤� Uq(sl2)

� Ê ) Ê�� -q����(�*�+���*F�!� % * � +���- � ¢ � ��* +Q��� Uq(sl2)prd"�'��hiWahi^"W�onU&[XhiZa�"W
K

HR�!¥§¸¤qXQ M�¹¤µ�s��»sAv�unt��ª©}I»sAu ¶ sbtSHRQaH§tAuT¸�Q MnIAuÒM�¹¤µ�s ¶ M �9¸��Q&sAv�uTs ¶ s 2
\OyihibcZ,oáY ZSUml,YRZaÖ¦d"U Ì �! "� C ` �¨prhibâ`

M
d"^

Uq(sl2)
é_l�h�Û"d"onU Û"U�Û"bâé

l�UX^"Wabnhi^ à�^'bnUR�ÓVÝà�^ Û/ÞãÙm`Sd"Û"bnUmZ
M
s¤d'`SbnonbcWShi^'WÚoáYûW¾`eZSY)`eÙmÕibnUFÛ"UÑè�� × YRZ¾`LYR^ ø

Û"Ùm[Xhil���hRWSUXZVWaUXonhR^$o Þ YR[�`ebchi^�Û"U
t
�"d"bcWV[Xhi^"WabnÛ"ÙmZSUmZÝÛ"UmWkyRUX[�`eUXd'ZSW Û'U��"ocd"WV\�YRd'`

�uhibnÛ"W?\ÒYR^"^¦d"ocÙXWV��YRZ
e
` �

æ�hRd"Zw`ehidr`
a ∈ K

sq^"hR`Shi^"W
M〈a〉 = {u ∈ M ; (t − a)nu = 0

��hRd"Z
n �

0}
o�ÞdsLI¬«'H§t3s9«uQ&©3«uQ3s·¥§¸Avg¸�QaHR�´MnIe¸���hRd"Z�onY y)YRocUXd"Z��"Zahi�"ZSU

a
��-qU�l�h�Û"d"ocU

M
WSU

Û"Ùm[Xhil���hRWSU�YRonhRZSW¤Um^
M =

⊕

a∈K\{0}M〈a〉
�

× Ài¹ ¹ ÀØ°
²ãâL²¬° ��³ º sLI sLI¬«'H§t3sLI «uQ&©3«uQ&sLI]¥§¸Avg¸�QaHR�´MnIe¸LIØ¨D¸�Q M ÒísAv�u
eM〈a〉 ⊂

M〈q2a〉
sAu
fM〈a〉 ⊂ M〈q−2a〉

E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ -ìÞãÙXÕ1Y)onbc`SÙ

et = q−2te
bnl��"ocbnÖ¦d"U

e(t−a)n = (q−2t−a)ne
�

� hi^'[¨�uhid"Zq`ehidr`
u ∈M〈a〉

^"hid"W�Y�yihi^"W���hRd"Z
n
YRWaWSU¤S�ÕiZeY)^"Û

0 = e(t−a)nu =

(q−2t− a)neu
s'Û/ÞßhD

(t− q2a)neu = 0
s�[RÞãUXW¾`aéTw�é_Û"bcZSU

eu ∈M〈q2a〉
�

TkYR�"�uUXonhR^"W�Ö�d'U
q
UXW¾`>WSd'�"��hRWSÙÚ^"hR^ûZeY)[Xbn^'U�Û"U�o�Þãd"^"bâ`eÙR�Z�Ýhi^"[,ocUXW

qn
Wahi^1`

Û"bcWa`ebc^"[m`SW�Û"UXd§'�wÜÛ'UXd('��
®g·'Â�·'¯_¯�°�²_Â�À�°
²ãâ�²�Ù Ä � � (��ì-�0}* � .i*å(�-q.i �(�*���* e *¦0 f ÈÐ ©Uµ§uj¨Ds3tAuTsAµ�Q

u ∈M
IXHDu MnIWómHRMdu÷Õ

enu = fnu = 0
«�©Uµ�Q

n
HJILIes��9¥RQaHDv ¶ E

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ -qU¤Wa��Um[m`SZSU
S:={a ; M〈a〉 6= 0}

Û"U
t
UmWa`©à�^'b�sJÛ"hi^"[¤�uhid"Z

`ehRd'`
a ∈ S

^"hid"W�Y�yihi^'W
qna /∈ S

U�`
M〈qna〉 = 0

��hid'Z
n � 0

�/]_o©Û'ÙX[XhRd"onU
Û"d onUml�l�U,�'ZSÙX[mÙXÛ"Um^1`,Ö¦d"UÚ`Shid'`

u ∈ M〈a〉
yiÙXZabcà�U

enu = 0
�uhid"Z

n � 0
�

-ìÞ Y)WSWSUmZa`Sbnhi^ �uhid"Z
f
WSU�Û"ÙXl�hi^1`SZSU�Û"U�lrmml�U)�

prd"�'��hiWahi^"W
M 6= 0

ì"bco/UA'rbnW¾`eU�YRochiZSW
a ∈ K \ {0}

`eUXoqÖ¦d"U
M〈a〉 6= 0

��æ!hid"Z
u ∈ M〈a〉

^"hi^ ^�d'o�sqWShRbc`
n
onUÜ�"ond'W�ÕRZeYR^"Û UX^1`SbnUXZ�`eUmoìÖ¦d"U

enu 6= 0
��æ�hiWahi^"W

v = enu
ì"[XU�yiUm[m`SUXd"Zk^"hi^å^¦d"o/yiÙmZSbcà"U

ev = 0
U�`
v ∈M〈q2na〉

�
� ¼S³g¸�²�¶�²S·"¸ °M²ãâ�²ãâ ��³ xk^�yiUm[m`SUXd"Z

u ∈M
UXW¾` ¶ sZ«u�Ìµ1I�K'HDµ§u§«�©JM ¶ I�WXÞãbno1Uk'rbnWa`SU

a ∈ K \ {0}
`eUmoqÖ¦d"U

u ∈M〈a〉
U�`
eu = 0

�
V bc^"WSb s�`Shid'`

Uq(sl2)
é_l�h�Û"d"onUÝ^"hi^�^¦d"o/Û'UgÛ"bnl�UX^"Wabnhi^Úà"^"bnUw�uhiWaWR=XÛ'U�d'^ yRUX[ é

`eUmd"ZV^"hi^ ^¦d"o�Û"U��"ond'W�\�YRd'`k�uhibnÛ"Wm�
TkYR�"�uUXonhR^"W¤Ö¦d"U�oáY>[�Y)ZeYR[�`eÙXZabnW¾`ebnÖ¦d"U�Û"U

K
UXW¾` Wad"�"�uhiWSÙmU�^"hR^$ÙmÕ1YRonU9w

2
�



ÅRÆ � �ÓÊk�Ï�����g�A�L����Ö��É�d��ÊRÉ÷ß¤É¤�����dÏA� Uq(sl2) !
î Â�·)Áq·"±J²�¶�²S·"¸ï°
²ãâL²�é �4³ ´�©JMdu

u ∈ M〈a〉
µ(vØ¨Ds3tAu¬sAµrQ?vg©Uv]v�µr� ¶ s>«u�Ìµ¦I�K'HDµ§u«�©JM ¶ IXE � Q&sAvg©Uv'I�µ§v±sAv�u M�s�Q ` u¬s���¹¤µ�s f `u 6= 0

sAu
f `+1u = 0

E
\ Ì `iº ÔÄ¸��ª¸��»sAv�u

a
sLIAu[¸�¥1HR�ZÕ

±q`
E

\�� `iº s?¨Ds3tAu¬sAµ�Q
u
¨D¸�Q M Òís

tu = au
E

\ Ï `iº sLI
f (n)u

\
0 ≤ n ≤ `

` óQ©JQ �»sAv�uLµ§vgs
K
��qLHJIes ¶ s Uq(sl2)u ¿ t�ÔÄsLIAuÒ��ÕR� ¶ MOQ&s

Uq(sl2)u =
⊕`

n=0Kf
(n)u "÷¶ s[«u�Ìµ1I�MO� I?¨D¸�Q M ÒísAv�u

\ Ì � Ï � Ì ` tf (n)u = ±q`−2nf (n)u,

ff (n)u = [n+ 1]f (n+1)u,

ef (n)u = ±[`− n+ 1]f (n−1)u.

\� `iº så�»© ¶ µ��ªs Uq(sl2)u sLIAu�I�MO�n«u�ªs�\êIesLI�IesAµr� I�Ie©Uµ1I��_�»© ¶ µr�ªsLI,Ie©Uv�u 0
sAu

�Ìµ�MO�_�»½��»s ` E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ \ Ì ` -ìÞßÙmonÙml�Um^¦`

ef (`+1)u
UmWa`�^�d'oPU�`���YRZ�YRbnoconUmd"ZSWwÙmÕ1YRo

w
(f (`+1)e + {q`t}f (`))u

�gágZ
eu = 0

s�Û/Þãhf
{q`t}f (`)u = 0

�gVÝbn^"Wab
((q`t)2 −

1)f (`)u = 0
��æìd"bcWSÖ¦d"U

f (`)u ∈ M〈q−2`a〉
UmWa`Ý^"hi^å^�d'o�s�hi^åh Ô `SbnUX^1`

(q−`a)2 =

1
ì�YRd�à�^"YRo

a = ±q`
�

\�� ` íÝhid"W&Y�yihi^"W
0 = e(`+1)f (`+1)u =

∑`+1
k=0

{
t

k

}

f (`+1−k)e(`+1−k)u
s!Û/ÞßhD

{
t

`+ 1

}

u = 0
�7� hi^"[

(t2 − 1)((q−1t)2 − 1) · · · ((q−`t)2 − 1)u = 0.

æìd"bnWaÖ¦d"U
a = ±q`

s�onUÜ�"ZahrÛ'd"bc` (
t2 − 1

)(
(q−1t)2 − 1

)
· · ·

(
(q1−`t)2 − 1

) UXW¾`
bn^1yRUXZSWab Ô ocU¤WSd'Z

M〈a〉
�D� hi^"[

((q−`t)2−1)u = 0
sR[RÞãUXW¾`aé¬wJé_Û"bcZSU

(t+a)(t−a)u =

0
�7-!YØ[XYRZeYR[�`eÙmZSbnW¾`ebcÖ�d'U�Û'U

K
^/ÞãÙm`LY)^¦`k��Y)W

2
s"^"hid"WVUm^$Û"ÙmÛ"d"bcWShi^"W

tu = au
�

\ Ï ` -�UmW
f (n)u ∈ M〈q−2na〉

\
0 ≤ n ≤ `

` Ùm`eYR^1`Ñonbc^"Ù�YRbcZSUml�Um^¦`�bn^"Û'Ù�é
�uUX^"Û�Y)^¦`SWXsVbnoÝ^"hid"WåWSd(~�`åÛ"UÑÛ"Ùml�hR^¦`SZSUmZ±\ Ì � Ï � Ì ` �>-�Y �"ZSUml�b�=XZaUFÙXÕ1YRocbc`SÙ Û"Ù�é
[XhRd"onUØÛ"U

tf (n)u = q−2nf (n)tu = ±q`−2nf (n)u
s/U�`�oáYÚÛ"Umd('rbª=Xl�UÜÛ"U

ff (n) =

[n+ 1]f (n+1) ��� ^rà�^
ef (n)u = (f (n)e+ f (n−1){q1−nt})u

= f (n−1){q1−nt}u = {q1−na}f (n−1)u

= ±[`− n+ 1]f (n−1)u.
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��ÃA�WÈ��d��É3�����W��ÊRÉ����L�ÌË �c��ÍR����W��Î3ÏQ�cÉ3�W�!Î3Ï¤� Uq(sl2)

\� ` prhibc`
W

d'^�WShRd"W¾éêl�h�Û"d"ocUg^"hi^�^¦d"o!Û"U
Uq(sl2)u

��æìd"bcWSÖ¦d"U
W

UXW¾`wbc^¦y)YJé
ZSbnYR^1`���YRZ

t
s'bno/Uk''bcWa`SUgd"^$Um^1`ebnUmZ

k ≤ `
`SUXo/Ö¦d"U

f (k)u ∈ W
�IVÝonhiZaW

e(k)f (k)u ={
t

k

}

u =

{
a

k

}

u
YR�"��Y)Za`ebcUX^1`Gw

W
�jáwZ

q
^/ÞßUmWa`���YRWØZSYR[Xbc^"UÚÛ"U d"^'bc`eÙ)s�Û"hR^"[

{
a

k

}

6= 0
s"Û/Þãhf

u ∈ W
Um`
W = Uq(sl2)u

�

� Ù�à�^"bnWaWShi^'Ww��hRd"ZÝ`Shid'`ÝUX^1`ebcUXZ
`
d"^�UXWS�"YR[XU&yRUX[�`ehiZabnUXo

V ±
` =

⊕`
k=0Ku

(`)±
kÛ"U�Û"bcl�Um^"WSbchi^

`+ 1
��áw^ yiÙXZabcà�UgfÒYR[mbnocUXl�UX^1`�Ö¦d"U�o�ÞßYR[m`Sbnhi^

tu
(`)±
k = ±q`−2ku

(`)±
k ,

fu
(`)±
k = [k + 1]u

(`)±
k+1 ,

eu
(`)±
k = ±[`− k + 1]u

(`)±
k−1 ,

��hid'Z
0 ≤ k ≤ `

s\ Ì � Ï � � `

Ö¦d"bgZSUm�"ZSh�Û"d"bâ`Ø\ Ì � Ï � Ì ` s¤ond"bÝ[Xhi^rfW=XZSUÑd"^'U W¾`eZad"[m`Sd"ZSUÑÛ"U
Uq(sl2)

é_l�hrÛ"d'onUR�P]_[Xb
u

(`)±
k

UXW¾`Ý^¦d"oZwØl�hibn^'W�Ö�d'U
0 ≤ k ≤ `

��-qUgyiUX[�`eUmd"Z
u

(`)±
k

UXW¾`Ýh Ô `eUm^�dOwØ��YRZa`SbnZ
Û"U

u
(`)±
0

��YRZVYR�'�"onbc[�Y)`Sbnhi^ÚÛ'U�o ÞßhR��ÙmZeY)`SUXd"Z
f (k) s�[RÞãUXW¾`aé¬wJé_Û"bcZSU

f (k)u
(`)±
0 = u

(`)±
k .

î Â�·)Áq·"±J²�¶�²S·"¸ï°
²ãâL²�ê �4³ º ÔÄsLI¬«'H§t3s
V ±
`

sLIAuòµ(v
Uq(sl2)

�_�»© ¶ µ��ªsgI�MO�n«u�ªsXE
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ -qU¤yRUX[m`SUXd"Z

u
(`)±
0

UmWa` Û"U��"ocd"Wì\�YRdr`ì��hRbnÛ"W©Û"YR^"W
V ±
`

sRÛ/ÞßhD
onUgZaÙXWad"oc`eY)`VÛ/ÞßYR�"ZR=mWVoáYØ�"ZShR��hiWabc`Sbnhi^Ú�'ZSÙX[mÙXÛ"Um^1`eUR�
î Â�·)Áq·"±J²�¶�²S·"¸ï°
²ãâL²Tð �4³ Ð ©Uµ§u

Uq(sl2)
�_�»© ¶ µ��ªs,I�MO�n«u�ªs ¶ s ¶ MO�»sAv'I�M�©UväÒjv�M�ssLIAuPMnIe©J�»©JQ¬«�K�s�Õ,�RÔ µ(v ¶ sLI V ±

`

E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ xk^ `SUXoìl�hrÛ'd"onU

M
YRÛ"l�Um`�d'^ yRUX[m`SUXd"Z

u
Û"UÜ�"ocd"W�\�YRd'`

�uhibnÛ"WmsrÛ'hi^"[g[XhR^¦`SbnUm^¦`Vd'^�Û"UXW
V ±
`

�7-�Y>WSbcl��"ocbn[mbc`eÙVÛ"U
M

bcl��'onbnÖ¦d"UÝYRochiZSW
M =

V ±
`

�
® »!¼�·'Ây¯R¹ À±°M²ãâ�²�õ �#³ Ð ©Uµ(u

Uq(sl2)
�_�»© ¶ µr�ªs ¶ s ¶ MO�»sAv'I�M�©UvÑÒjv�M�sèsLIAu»µ§vgsIe©J�Ø�»s ¶ MOQ&s3tAu¬s ¶ s V ±

`

E
VÝà"^åÛ'U�Û"Ùml�hR^¦`SZSUmZ�[XU�ZSÙmWSd"oâ`LY)`Xs�^"hid"WkY�yihi^'W Ô UXWahibn^åÛ"d

× Ài¹ ¹ ÀØ°
²ãâL²ãö ��³ ´�©JM�sAv�u
M

µ§v
Uq(sl2)

�_�»© ¶ µr�ªs ¶ s ¶ MO�»sAv'I�M�©Uv]Òjv�M�s±sAu
a = ±qn

\
n ≥ 0

` E÷ñ �ª©JQeI,�ªsLI ©3«�¸�QSHDu¬sAµ�QLI
en

sAu
fn

Mdv ¶ µ�MnIesAv�u ¶ sLI,MnIe©J�»©JQ �«�K�MnI��»sLI
K
�_�´Mdvg¸SHRMOQ&sLI

en : M〈a−1〉−→∼ M〈a〉
sAu
fn : M〈a〉−→∼ M〈a−1〉

E



ÅRÆ � �ÓÊk�Ï�����g�A�L����Ö��É�d��ÊRÉ÷ß¤É¤�����dÏA� Uq(sl2)
#&#

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ �#p�UX[�`ed"hi^'WÚd"^"U$ZSÙX[md"ZSZaUX^"[mUFWSd"Z
dim(M)

�÷-qU�ZaÙXWSd'oc`LYJ`
UXW¾`©[moáYRbcZq��YRZ�Uk''YRl�Um^&Û"bcZSUm[m`�onhiZaWSÖ¦d"U

M = V ±
`

�Rp�d"�"�uhiWShi^'W�onUPl�hrÛ"d'onU
M 6= 0Ö¦d"UXoc[Xhi^'Ö�d'UR�"]_ou[Xhi^1`SbnUX^1`�d'^�WShid"W�é

Uq(sl2)
é_l�hrÛ'd"onU

M ′ Wabnl��"onU)��æ�hiWahi^"W M ′′ =

M/M ′ ���wYR^'WÝocUgÛ"báYRÕRZeYRl�U [mhil�l&d'`LY)`Sbcf�Wad"bcy)YR^1`
0 // M ′〈a〉 //

fno
��

M〈a〉 //

fn
��

M ′′〈a〉 //

fno
��

0

0 // M ′〈a−1〉 // M〈a−1〉 // M ′′〈a−1〉 // 0onUmWÜWSd"bâ`eUXW�\"hiZabªSmhi^1`LYRocUXWØWShR^¦`�UA''YR[�`eUmW,Um`�onUmWÜ�"ZSUml�b�=XZSU U�`�`SZShibcWSb�=Xl�UbH�=X[L\"UmW
yiUmZa`Sbn[�Y)onUXW WShi^1`gÛ"UmWgbnWahil�hRZS�"\"bcWSl�UXWkÛ/ÞßYR�"ZR=mWwo�Þã\1v���hR`S\7=XWaUØÛ"U>ZaÙX[Xd'ZSZSUm^"[XU)�Z-�Y
WSUm[Xhi^'Û"UnH�=m[L\"UwyiUmZa`ebc[�YRocUÝUmWa`¨d"^ÚbnWahil�hiZS�"\'bnWSl�UVÕiZ&�)[XUwY)d,onUml�l�UVÛ"dÚWaUXZS�uUX^1`Xs
Um`�Y)bn^"Wab

fn : M〈a〉−→∼ M〈a−1〉
�g-ìÞßbcWShil�hiZS�'\"bnWal�U���hid'Z

en
WSUØÛ'ÙXl�hi^1`eZSUØÛ'U

fÒYDëmhi^åYR^�YRochiÕid"U)�
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv ¶ µ�uOK�¸3©JQ&¦��»s('1E*)¦E,+��4³ prhibâ`

M
d'^

Uq(sl2)
é_l�hrÛ'd"onU�Û"U Û"bâé

l�UX^"Wabnhi^ûà"^"bnU)�#�#pÉUm[m`Sd"hi^"WØd"^'U�ZSÙX[md"ZSZaUX^"[mU WSd"Z
dim(M)

�Ö-qU,`S\"ÙXhiZc=Xl�UÚUXW¾`
y�ZeYRb!WSb

M = 0
�Éprd"�"�uhiWShR^"WwÛ"hi^'[

M 6= 0
Ö¦d"Umon[XhR^"Ö¦d"UR��]_o�[XhR^¦`SbnUm^¦`wd"^ WShRd"W¾é

Uq(sl2)
é_l�hrÛ'd"onU

M ′ `SUXo/Ö¦d"U�oáY>Wad"bc`SU

0 −→M ′
ϕ

−→M
ψ

−→M ′′ −→ 0WShRbc`�UA''YR[�`eUÜUm`
M ′′ Wabnl��"onU)�gV bc^"WSb M ′′ ' V ±

`

UmWa`�UX^"ÕRUX^"Û"ZaÙ��"YRZgd"^ÑyiUX[�`eUmd"Z
u

(`)±
0 ∈ M ′′〈a〉

Y�yRUX[
a = ±q`

�qprhibâ`gYRochiZSW
u ∈ M〈a〉

`SUXo�Ö�d'U
ψ(u) = u

(`)±
0

�
-qUgfÒYRbc`�Ö¦d"U

eψ(u) = 0
bcl��'onbnÖ¦d"U

eu ∈M ′
±q2+`

�
áwZ�^"hid"WkY�yihR^"W

M ′
〈
±q−(2+`)

〉

e2+`
∼ //

e1+` ''OOOOOOOOOOO
M ′

〈
±q2+`

〉

M ′
〈
±q`

〉
e

88qqqqqqqqqq

Û"hi^'[þbcowUA'rbnW¾`eU
u′ ∈ M ′〈a〉

`eUmogÖ¦d"U
eu = eu′

�[V bc^"WSb
e(u − u′) = 0

U�`
ψ(u − u′) = u

(`)±
0

�Ó-qU yiUX[�`eUmd"Z
v = u − u′

UXW¾` Û"UF�"ocd"WÚ\�YRdr`���hRbnÛ"Wms�U�`
Uq(sl2)v −→ M ′′ UXW¾` d"^$bnWahil�hRZS�"\"bcWSl�UwÛ/ÞßYR�"Zc=XWkoáYØ�"ZShR��hiWabc`Sbnhi^ Ì � Ï �! [ì�Û/ÞßhDd"^$bnWShRl�hiZa�"\"bcWSl�U

M ' M ′ ⊕ V ±
`

U�` onY�[mhi^"[mond"Wabnhi^åÛ/ÞßYR�"ZR=mW o Þß\1v���h)`e\7=mWSU&Û'U
ZSÙm[Xd"ZaZSUm^"[XU)�
æ�Y)ZÝ[mhi^"WSÙmÖ¦d"UX^1`�sÉd"^

Uq(sl2)
é_l�hrÛ'd"onU

M
Û"U&Û"bcl�Um^"WSbchi^�à�^"bcU�WmÞßÙm[XZSbâ`

M =

M+ ⊕M−

s�hD
M+

\�ZSUXWa�/�
M−

` UXW¾`kd"^"U�WShil�l�UgÛ"bnZaUX[m`SU�Û"U
V +
`

\ÒZSUmWS�/�
V −
`

` �



#AÀ ÁIÂ �cÃ�Ä�d�W�#ÅRÆQÇ
��ÃA�WÈ��d��É3�����W��ÊRÉ����L�ÌË �c��ÍR����W��Î3ÏQ�cÉ3�W�!Î3Ï¤� Uq(sl2)

� Ê 2 Ê �� 0}�¦���J I���Ò( �O0}�å��*r+ Uq(sl2) $3% -q�4�!(�*r+� ¼S³g¸�²�¶�²S·"¸ °M²�é#²¬° ��³ xk^
Uq(sl2)

é_l�h�Û"d"onU
M
UmWa`PMdv�u¬¸�¥RQSHXqX�ªsìWXÞãbnoiUmWa`�WShil�l�U

Û"bcZSUX[�`eU�Û"U�l�hrÛ"d'onUXW¨bnWShRl�hiZa�"\"UmWVYRd('
V +
`

�
�&ÞßYR�"Zc=XWkonUg`e\"ÙmhiZR=ml�U Ì � Ï � Í s�onUgl�h�Û"d"onU

M
UXW¾` bc^¦`SÙXÕiZSY Ô ocUgWSb�Um`kWSUmd"onUml�Um^1`

WSb
M =

⊕

n∈Z Mn

Y�yiUm[
Mn:={u ∈ M ; tu = qnu}

s"U�`k��hid'Z¤`ehid'`
u ∈M

onY
Û"bcl�Um^"WSbchi^�Û"U

Uq(sl2)u
UmWa`wà�^'bnUR�M-qU>WShRd"W¾éêUXWS�"YR[XU

Mn

UXW¾`�YR�"�uUXocÙosLI¬«'H§t3s ¶ s«�©JM ¶ I n �æìd"bnWaÖ¦d"U
V −
` ' V +

` ⊗ V −
0

s�`ehidr`
Uq(sl2)

é_l�hrÛ'd"onU
M

Û"U�Û"bnl�UX^"Wabnhi^ à�^"bcU
WXÞãÙX[mZSbâ`

M = M+ ⊕ (M− ⊗ V −
0 )

Y}yRUX[
M±

bn^1`eÙmÕiZeY Ô onUXWms Um`Úo ÞßhR^ UXW¾`ÚÛ"hi^'[
ZeY)l�Um^"ÙGwåo ÞßÙ�`ed"Û'U�Û'UXW�l�h�Û"d"ocUXWwbc^¦`SÙXÕiZSY Ô ocUXWX�Z�ÝÙXWShRZSl�YRbnWms/^"hid"W�^"hR`SUXZahi^"W

V`onUgl�h�Û"d"onU
V +
`

Um`
u

(`)
k

WSUXWVÕiÙm^"ÙXZSY)`eUmd"ZSW
u

(`)+
k

Û"Ùmà"^"bnWVUX^±\ Ì � Ï � � ` �
� hi^'^"hi^"WVd"^å[XZabc`&=mZSUgÛ/Þãbn^1`SÙXÕiZSY Ô bnocbc`SÙ �uhid"Z�onUmW

Uq(sl2)
éêl�h�Û"d"ocUXWm�

× Ài¹ ¹ ÀØ°
²�éÖ²�Ù ��³ ´�©JMdu
M

µ§v
Uq(sl2)

�_�»© ¶ µ��ªs ¶ s ¶ ¸3t3©J�n«�©}I�MduÒM�©Uv sAv sLI��
«'H§t3sLI ¶ sj«�©JM ¶ I M = ⊕nMn

E�´�M7«�©UµrQzuT©Uµ§u
u ∈M

MO�Lsc¼iMnIAu¬snµ(v,sAv�uÒM�s�Q
m > 0u¬s���¹¤µ�s

emu = fmu = 0 ¿ HR�ª©JQLI M sLIAu�Mdv�u¬¸�¥RQaHXqX�ªsXE
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ ]_ouUXW¾`�WSd(~�WSYR^1`VÛ"Uw�"Zahid'yRUXZ¤Ö¦d"U

Uq(sl2)u
UXW¾`¤Û"UwÛ'bnl�UX^ré

WSbchi^�à�^"bcUg��hid'Z¤`ehid'`
u ∈M

�
áwZVonUwyRUX[m`SUXd"Z

e(m+k)f (k)u =

k∑

ν=0

{
q−mt

ν

}

f (k−ν)e(m+k−ν)u

UXW¾`k^�d'o�s"Û"hR^"[�onUgl�hrÛ"d'onU

Uq(sl2)u =
∑

0≤j, k

Ke(j)f (k)u

=
∑

0≤j, 0≤k<m

Ke(j)f (k)u

=
∑

0≤j<m+k, 0≤k<m

Ke(j)f (k)u

UXW¾`kÛ"U�Û"bnl�UX^"Wabnhi^Úà"^"bnU)�
æ�hRd"Z�`ehid'`Vl�h�Û"d"onUgbc^1`eÙXÕRZeY Ô ocU

M
Û'U�Û"bcl�Um^"WSbchi^Úà�^"bcURs�ocU»tSHRQSH§tAu¬¦�Q&s�Û"U

MUXW¾`
χ(M)(z) =

∑

n∈Z dim(Mn)z
n ∈ Z[z, z−1]

� × U,��hioâv�^��il�U�Û"U»-�YRd"ZSUm^1`
yiÙmZSbâà�U

χ(M)(z) = χ(M)(z−1)
Û/ÞßYR�"Zc=XWVo�ÞãbnWahil�hRZS�"\"bcWSl�U

fn : Mn−→∼ M−n
�



ÅRÆ -/.ªÉ3�WÈ�Í����c��!���Ä�WÈZ���� Uq(sl2) � �ÖÊk�Ï����� # à
áw^�Y

χ(V`)(z) = z` + z`−2 + · · ·+ z−` = (z`+1− z−(`+1))/(z− z−1)
�I-qUmW

χ(V`)
Wahi^1`ÝÛ'hi^"[�onbc^"Ù�YRbcZSUml�Um^¦`¤bn^"Û"Ùm��Um^"Û�YR^1`SWX�

î Â�·)Áq·"±J²�¶�²S·"¸ï°
²�éÖ²ãâ �4³ ´�©JM�sAv�u
M ¿ M ′ ¶ sAµ<¼ Uq(sl2) �_�»© ¶ µ��ªsLIwMdv�u¬¸�¥RQaHXqX�ªsLIXE\ Ì ` ´�M

χ(M) = χ(M ′) ¿ HR�ª©JQeI M sAu
M ′ Ie©Uv�uPMnIe©J�»©JQ�«�K�sLIXE

\�� `iº shtSHRQaH§tAu¬¦�Q&s ¶ s M ⊗M ′ ¨D¸�Q M Òís χ(M ⊗M ′) = χ(M) · χ(M ′)
E

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ -qU �"ZaUXl�bnUXZ&��hibc^1`ÜUXWa`�bcl�l�ÙXÛ"bnY)`��4-qU�WSUm[Xhi^"Û �"ZSh}y�bnUm^1`
Û"d fÒYRbc`¤Ö�d'U

(M ⊗M ′)n =
⊕

m+m′=nMm ⊗M
′
m′

�
®g·'Â�·'¯_¯�°�²_Â�À�°
²�é#²�é Ä #&(�*§��+�.J% $10 -��J�� � È ��³ ûù©Uµ1I&HD¨D©Uv'I

\ Ì �  "� Ì `
V` ⊗ V`′ '

⊕

|`−`′|≤i≤`+`′

i≡`+`′ mod 2

Vi '

min(`,`′)
⊕

j=0

V`+`′−2j .

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ × Um[XbìÛ"Ùm[Xhid'onUÜÛ"UÜo�ÞãÙXÕ1Y)onbc`SÙ&Û"UmW�[�YRZSYR[m`R=XZSUmW�Û"UXW�l�h�Û"d"ocUXW
UX^åÖ¦d"UXW¾`ebchi^/�
æ�hRd"Z¨`ehRd'`

Uq(sl2)
é_l�hrÛ"d'onU

M
s"o�ÞßYR�"�'onbn[XY)`ebchi^

HomUq(sl2)(V`,M)⊗ V` −→

M
Û"Ùmà�^'bnU���YRZ

ϕ⊗ v 7→ ϕ(v)
UXW¾`

Uq(sl2)
éêonbc^"Ù�YRbcZSU)�

î Â�·)Áq·"±J²�¶�²S·"¸ï°
²�éÖ²�ê �4³ � ©Uµ�Q·u¬©Uµ(u
Uq(sl2)

�_�»© ¶ µ��ªs>Mdv�u¬¸�¥RQaHXqX�ªs M ¿ �RÔ HA«X«u�´MO�tSHDuÒM�©Uv
\ Ì �  "� � ` ⊕

`

HomUq(sl2)(V`,M)⊗ V` −→M

sLIAuòµ(vFMnIe©J�»©JQ�«�K�MnI��»s ¶ s Uq(sl2) �_�»© ¶ µ��ªsLIXE
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ p�b

M
UmWa`!d"^"U WShRl�l�U©Û"bcZSUX[�`eU

⊕jMj

Û"U
Uq(sl2)

éêl�h�Û"d"ocUXW
Mj

Um`ìWab"oáYÝf�hRZSl>d"ocU9\ Ì �! "� � ` UXW¾`©y�ZeYRbcU¤��hRd"Z�`ehRd'`
Mj

siYRochiZSW�UXoconU¨UmWa`©y�ZSYRbnU¤�uhid"Z
M

ì1^"hid"WP�uhid'yihR^"W�Û'hi^"[Vd"^"bcÖ�d'UXl�UX^1`¨[mhi^"WabnÛ"ÙmZSUXZ ocUk[XYRW
M = V`0

��-�UVocUXl�l�U
Û"UÚpr[L\¦d"Z>bnl��"ocbnÖ¦d"U

HomUq(sl2)(V`, V`0) = K
WSb
` = `0

U�`
{0}

WSbc^"hi^/s!Û/Þãhf
⊕

` HomUq(sl2)(V`,M)⊗ V` = K ⊗ V`0 ' V`0 = M
�

ç Ài¹û°�ÂX½1¿�Àè°
²�éÖ²Tð �4³ - ÞãUXWa��YR[mU yRUX[�`ehiZabnUXo
HomUq(sl2)(V`,M)

UXW¾`�bnWShRl�hiZa�"\"U
��YRZ�o�ÞßYR�"�"ocbn[�YJ`ebnhR^

ϕ 7→ ϕ(u
(`)
0 )

wgo ÞßUmWS��YR[mU�Û"UXW
u ∈M`

`eUmonW©Ö¦d"U
eu = 0

� × ÞßUmWa`
d"^"U�[mhi^"WSÙmÖ¦d"UX^"[mU>bnl�l�ÙXÛ"bnY)`eUkÛ"U�oáYØ�"Zahi��hRWSbc`Sbnhi^ Ì � Ï �  "�



#3ô ÁIÂ �cÃ�Ä�d�W�#ÅRÆQÇ
��ÃA�WÈ��d��É3�����W��ÊRÉ����L�ÌË �c��ÍR����W��Î3ÏQ�cÉ3�W�!Î3Ï¤� Uq(sl2)

�&ÞßYR�"Zc=XWgoáY��"ZShi�uhiWabc`ebchi^ Ì �! "� �rsÉ^'hid"WgY�yihR^"W�d"^ÑbnWShRl�hiZa�"\"bcWSl�U
V` ⊗ Vm '

⊕

pE
p
`,m ⊗ Vp

hf
Ep
`,m = HomUq(sl2)(Vp, V` ⊗ Vm)

UXW¾`VÛ"U�Û"bnl�UX^'WSbnhR^�{Øhid Ì
Û/ÞßYR�"Zc=XWVonUw[mhiZShRonoáY)bnZSU Ì �! "�  '�7-qUXW

Ep
`,m

Wahi^1` Y)�"��UmonÙmWxtRÿ���t�M�sAv�uOI ¶ s32¤H§tSHJK hRdIA¾J�iqA©J�ªsLI54J�76 �
× hi^"WabnÛ"ÙmZShi^'W¨`eZahibnW

Uq(sl2)
éêl�h�Û"d"ocUXW

V`
s
Vm

s
Vn

U�`�[�Y)on[Xd'onhi^"W�onUmd"Z¨�"ZahrÛ'd"bc`
`eUm^"WShRZSbnUmoqÛ"U�Û"UXd§'�fÒYDëXhR^"WVÛ"b�p�ÙXZaUX^1`eUmWX�
�&Þãd"^"U���YRZ¾`

(V` ⊗ Vm)⊗ Vn '
( ⊕

p

Ep
`,m ⊗ Vp

)
⊗ Vn '

⊕

p, k

(
Ep
`,m ⊗ E

k
p,n

)
⊗ Vk.

�&ÞßYRd'`SZSU���YRZ¾`
V` ⊗ (Vm ⊗ Vn) ' V` ⊗

(⊕

r

Er
m,n ⊗ Vr

)
'

⊕

r, k

(
Ek
`,r ⊗ E

r
m,n

)
⊗ Vk.

�&Þãhfåd"^$bcWShil�hiZa�"\"bnWal�UÝ[�YR^'hi^"bnÖ¦d"U
\ Ì �  "� Ï ` ⊕

p

Ep
`,m ⊗ E

k
p,n−→
∼

⊕

r

Ek
`,r ⊗ E

r
m,n

��hid'ZV`Shid"W
`
s
m
s
n
s
k
�

áw^åY�YRd'WSWSbqÛ'UXWkbnWShRl�hiZa�"\"bcWSl�UXW¨[XYR^"hi^'bnÖ¦d"UXW
En

0,n
∼= En

n,0
∼= K.

ç Ài¹û°�ÂX½1¿�Àè°
²�éÖ²�õ �4³ � ^ûUA''YRl�bn^�YR^1`�onU�[�YRW
` = m = n = k = 1

s�^"hid"W
[XhR^"Wa`eY)`ehi^'W�Ö¦d"UÝo�ÞãbnWShRl�hiZa�"\"bcWSl�U�\ Ì �! "� Ï ` Û"ÙX�uUX^'ÛÚÛ"U

q
�f� ÙXZSbâà�hi^"WPÖ¦d"U o Þ Y)�"�"onb é

[�YJ`ebnhR^ bn^"Û'd"bc`SU>��YRZG\ Ì �! "� Ï ` Û"U
E0

1,1 ⊗ E
1
0,1
∼= E0

1,1

Û�YR^'W
E1

1,0 ⊗ E
0
1,1
∼= E0

1,1UXW¾`kÛ"hi^"^"ÙmU��"YRZ�oáY>l>d'oc`ebc�"onbc[�Y)`Sbnhi^���YRZ
−1/(q + q−1)

�
-qU¤[XhRZShiocoáYRbcZSU Ì �  '�  gbcl��"ocbnÖ¦d"U

V1⊗V1 ' V2⊕V0
�iíkhR`ehR^"W

θ
o�ÞãbnWahil�hRZS�"\"bcWSl�U

(V1⊗V1)⊗V1
∼
−→
θ
V1⊗(V1⊗V1)

�D6!hid'` Û/ÞßY Ô hiZSÛ
(V1⊗V1)⊗V1 ' (V2⊕V0)⊗

V1 ' (V2⊗ V1)⊕ (V0⊗V1)
ϕ
←↩ V0⊗ V1 ' V1

ìr�"YRZ¤YRbconocUXd"ZaW
V1⊗ (V1⊗V1) '

V1 ⊗ (V2 ⊕ V0) ' (V1 ⊗ V2)⊕ (V1 ⊗ V0)
ψ

−→ V1 ⊗ V0 ' V1

�uprhRbc`
ζ : V1 −→

V1

oáYF[mhil��uhiWabc`ebchi^
V1

ϕ
−→ (V1 ⊗ V1) ⊗ V1

θ
−→ V1 ⊗ (V1 ⊗ V1)

ψ
−→ V1

�
�&ÞßYR�"Zc=XW¨ocUÝocUXl�l�UVÛ"Uwpr[L\¦d"ZXsr[XUÝl�hiZa�"\"bcWSl�U

ζ
UXWa`¨oáY�l>d"oâ`ebn�'onbn[XY)`ebchi^>��Y)Z�d"^'U

[XhR^"Wa`eYR^1`eU
a ∈ K

s¦Ö¦d"Uk^"hid"WPYRoconhi^"Wìl�YRbc^¦`SUX^�Y)^¦` Û'Ùm`eUmZSl�bn^"UmZX�¦TkYR�"�uUXochi^"W Ö¦d"U
V1 = 〈u0, u1〉

Y�yiUm[
tu0 = qu0

s
tu1 = q−1u1

s
u1 = fu0

s
u0 = eu1

�Éæìd"bnWaÖ�d'U
onU�yiUm[m`SUXd"Z

u0 ⊗ u0 ∈ V1 ⊗ V1

UXWa` Û"U&�'ond"Wk\�YRd'` ��hRbnÛ"Wms�\�[RÞãUXW¾`aéTw�é_Û"bcZSU�YR^"^¦d"onÙ
��YRZ

e
` s�onUg�"ZahrÛ'd"bc`¤`SUX^"WahiZSbcUXo

V1 ⊗ V1
[Xhi^1`SbnUX^1`konUgl�h�Û"d"onU

〈u0 ⊗ u0, f(u0 ⊗ u0) = u1 ⊗ u0 + qu0 ⊗ u1, f
(2)(u0 ⊗ u0) = u1 ⊗ u1〉 ' V2.



ÅRÆ -/.ªÉ3�WÈ�Í����c��!���Ä�WÈZ���� Uq(sl2) � �ÖÊk�Ï����� # �
-qUwyiUm[m`eUmd"Z

w = u0 ⊗ u1 − qu1 ⊗ u0 ∈ V1 ⊗ V1
UmWa`kÛ"U��"ocd"W�\�YRd'`V�uhibcÛ"W�^¦d"o��

� hi^'[
V1 ⊗ V1

[Xhi^1`ebcUX^1`�d"^ÑWShid'W¾é_l�h�Û"d"onU
Kw

bcWShil�hiZa�"\"Uhw
V0

�Záw^ûY YRbc^"WSb
[XhR^"Wa`SZSd"bâ`¤d"^ bnWahil�hiZS�"\'bnWSl�U

V2⊕ V1 ' V1⊗ V1
� × hi^"WSbcÛ"ÙXZahi^"W¤o Þßbcl,Y)ÕiUVÛ"U

u0��YRZ
ζ = ψ ◦ θ ◦ ϕ

Y)à�^åÛ"U�[�YRoc[Xd"ocUXZ
a
�76!hid'`kÛ/ÞßY Ô hiZSÛ

ϕ(u0) = w ⊗ u0 = (u0 ⊗ u1 − qu1 ⊗ u0)⊗ u0UXW¾`PUX^1yih}viÙÝ��YRZ
θ
Wad"Z onU¨yRUX[m`SUXd"Z

θ◦ϕ(u0) = u0⊗(u1⊗u0)−qu1⊗(u0⊗u0)
�

áwZ
u1 ⊗ u0 =

(
− (u0 ⊗ u1 − qu1 ⊗ u0) + q−1(u1 ⊗ u0 + qu0 ⊗ u1)

)
/(q + q−1),

Û"hi^'[ oáY�[Xhil��uhiWeYR^1`SU Û"U
u1⊗ u0

WaUXochi^
w
UXWa`
−1/(q+ q−1)

s�Um`
ψ(u0⊗ (u1⊗

u0)) = −1/(q+ q−1)u0

�'æ�YRZ¨[Xhi^1`eZaURsroáY&[mhil��uhiWSYR^1`eU Û'U
u0⊗ u0

WSUmonhi^
w
UXW¾`

^¦d"onocU�Um`
ψ(u1 ⊗ (u0 ⊗ u0)) = 0

���&Þãhfåà�^�YRocUXl�UX^1`
ζ(u0) = −1/(q + q−1)u0Um`

a = −1/(q + q−1)
�

áw^�Y�y�d��"ZaÙX[XÙmÛ"UXl�l�UX^1`!Ö�d'U�onY¤[�Y)`SÙXÕihiZabnU©Û'UXW
Uq(sl2)

éêl�h�Û"d"ocUXW�bn^1`eÙmÕiZeY Ô onUXW
UXW¾`kÙXÖ¦d"bcy)YRocUX^1`eU?wØ[XUmonocUwÛ"UXW

U(sl2)
éêl�h�Û"d"ocUXW¤Û"UgÛ'bnl�UX^"Wabnhi^Úà�^'bnUR��-ìÞãh Ô WaUXZay)YJé

`ebchi^�[XbâéêÛ"UXWaWSd"W�WShid"ocbnÕi^'UP[mUX�uUX^"Û"YR^1`ìÖ¦d/ÞßUmonocUXW!^"U¨Wahi^1`©��YRW�ÙXÖ¦d"bâyRY)onUX^1`SUXW�Um^&`LY)^¦`
Ö¦d"U�[�Y)`SÙXÕihRZSbnUmW�`eUX^'WShiZabnUXoconUmWX�
ç Ài¹û°�ÂX½1¿�Àè°
²�éÖ²ãö �4³ íÝhid"W�Y�yihi^'W&Û"Ùml�hi^1`SZSÙ�Ö�d'U

V1 ⊗ V1

WSU�Û"ÙX[mhil��uhiWaU
UX^å[XhRl��uhiWeY)^¦`SUXWVWSbcl��'onUXW¨WShid"WkoáY&f�hRZSl�U
V1 ⊗ V1 ' 〈u0 ⊗ u0, u1 ⊗ u0 + qu0 ⊗ u1, u1 ⊗ u1〉 ⊕ 〈u0 ⊗ u1 − qu1 ⊗ u0〉.æ�hRd"Z

q −→ 0
sq[mUm`S`SU�Uk'r�"ZSUmWSWSbchi^ WSU�WSbnl��"ocbcà�U�UX^

V1 ⊗ V1 ' 〈u0 ⊗ u0, u1 ⊗

u0, u1 ⊗ u1〉 ⊕ 〈u0 ⊗ u1〉
�ÉTVUX�'ZSÙXWaUX^1`ehR^"WgonU��"ZSh�Û"d"bâ`Ý`SUX^"WahiZSbcUXo!Û�YR^"W

V1 ⊗ V1��YRZ�ocUgÛ"báY)ÕiZeYRl�l�U
u0 u1

u0 ◦ −→ ◦


y

u1 ◦ ◦Û�YR^'W�onUmÖ¦d"UXoroáYÝ^'hi^ré_W¾v�l�Ù�`eZSbcU�Û'dØ�"ZSh�Û"d"bâ`�`SUX^"WahiZSbcUXo�UXWa`©YR�"��Y)ZSUX^1`SUR�f-�YÝ`S\"ÙXhRZSbnU
Û"UmW Ô YRWSUmWÝ[mZSbnW¾`LYRoconbc^"UXW���UmZSl�Um`kÛ"U�ÕiÙX^'ÙXZeY)onbnWaUXZ¤[mUm`a`eU�[Xhi^"W¾`eZad"[m`Sbnhi^/�
ç Ài¹û°�ÂX½1¿�Àè°
²�éÖ²¬ú �4³ �wYR^"WÝ[XUm`a`eU�WSUX[�`ebchi^/s�hi^ Y�WSd"�'��hiWaÙ&Ö¦d"U

K
UXW¾`gYRocÕiÙ�é

Ô ZabnÖ¦d"UXl�UX^1`Ü[monhiWm� j�YRbcW>oáY �"ocd"��YRZ¾`ØÛ"UmW�ZaÙXWad"oc`eY)`eWms©^"hR`eYRl�l�UX^1`ØonY �"ZShR��hiWabâé
`ebchi^ Ì � Ï � zØU�`ÝocUw`e\"ÙmhiZR=ml�U Ì � Ï � Í s�WShR^¦`kUm^"[XhiZaU�y�ZSYRbnW�Wahid"WkoáYØWSUmd"onU�\1v���hR`S\7=XWaU
Û"U�[�Y)ZeYR[�`eÙXZabnW¾`ebnÖ¦d"UgÛ'b�p�ÙXZSUm^1`eU�Û"U

2
�
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��ÃA�WÈ��d��É3�����W��ÊRÉ����L�ÌË �c��ÍR����W��Î3ÏQ�cÉ3�W�!Î3Ï¤� Uq(sl2)

× ÞãUXWa`©UX^>UApÉU�`ìd"^"U�[Xhi^"WaÙXÖ¦d"Um^"[XUVÛ"UmW©ZSÙmWSd"oâ`LY)`SW�[XhRZSZSUmWS�uhi^"Û�Y)^¦`SW©�uhid"Z
K⊗K

Uq(sl2)
s�hf

K
UmWa`kd"^"U�[Xo8�R`ed"ZaU�YRonÕRÙ Ô ZabnÖ¦d"UwÛ"U

K
�

ç Ài¹û°�ÂX½1¿�Àè°
²�éÖ²¬°�ü ��³ 9wd�YR^'Û
q
UXW¾`�d"^"UgZSYR[Xbc^"U Û'Uwo�Þãd"^"bâ`eÙRs�oáY�`e\"ÙmhiZSbcUwÛ"UmW

ZSUm�"ZSÙmWSUm^¦`eY)`ebchi^"W©Û'U¨Û"bcl�Um^"WSbchi^�à"^"bnU�Û"U
Uq(sl2)

UXW¾`©[XhRl��"o�=m`SUXl�UX^1`�Û'b�p�ÙXZSUm^1`eUR�
æ�Y)Z¨UA'rUml��"ocURs¦bno�Uk''bcWa`SU Û"UmW¤ZSUm�"ZSÙmWSUX^1`eY)`ebchi^"W¨^'hi^Ú[XhRl��"o�=m`SUXl�UX^1`¨ZaÙXÛ"d'[m`eb Ô onUmWX�

:<; ÀiÂ}µi²Sµ�ÀÑ°M²¬° �4³ �wÙmZSbcà"U¤S Ö¦d"Ui\ Ì � Ï � � ` l>d'^"bc`�o�ÞãUXWa��YR[XUÝyiUX[�`ehiZabnUmo
V ±
`

ÛÉÞßd"^'U
Wa`SZSd"[�`ed"ZaU�Û'U

Uq(sl2)
éêl�h�Û"d"ocUR�



õ���ï�� ø/ú öùó =

îðï ñ�ó ñ õ öùøqñÚúûï üþüûøuÿ�óôñ � óôñ

Uq(sl2) >
� ����� üûóôñ

�wYR^'W�[XU�[L\�YR�"bâ`eZaURs�^"hid"W�YRonochi^"W�bn^1`SZSh�Û"d"bnZaU Û�YR^"W!onUP[�YRW
Uq(sl2)

o�Þãh Ô �aUm`��"Zabn^ré
[Xbc��YRo�Û"U>[mUm` hid'y�ZeYRÕRURsMw,WeY�yihRbnZ ocUXW Ô YRWaUXWw[mZSbnW¾`LYRoconbc^"UXWm��� ^ f�hRZSl�YRonbcWeYR^1`VonUmd"ZSW
�"Zahi�"ZSbcÙm`SÙXWXs'^"hid"W�Û"Ù�à�^"bcZShi^"WVocUXW¤[mZSbnW¾`LYRd§'É�"íÝhid"WV[mhi^"Wa`eY)`eUmZShi^'WkUm^ ��YRZa`Sbn[md"onbcUXZ
Ö¦d"U�[XUmWÝÛ"Umd('åh Ô �aU�`eWVWSU�[mhil��uhiZ¾`eUX^1` Ô bcUX^�y�bnW¾é¬wJéêy�bcW¤Û"då�"ZSh�Û"d"bâ`�`eUX^'WShiZabnUXo �

Æ/Ê � Êr"  �+X*�+�(Ò-/.i �(Ò*�+Ø* � q = 0
× hi^"WabnÛ"ÙmZShi^'W!ocU©[XhRZS�"W

K = k(q)
s�hf

k
UXWa`!d"^�[XhRZS�"W�Um`

q
UmWa`!d"^"U bc^"Û"Ùm`SUXZal�b é

^"ÙmUR�M-�U�WShRd"W¾é_YR^"^"UXYRd
A = {f ∈ K ; f

ZSÙmÕid"onb�=XZaUgUX^
q = 0}

Û"U
K
UXWa` onh�[�YRo s

Û/Þãd"^"bcÖ�d'U�bcÛ"Ù�YRoql�YU'rbnl�YRo
qA
�
- ÞßYR�"�'onbn[XY)`ebchi^

A −→ k
Û'Ùmà�^"bcU��"YRZ

f 7→ f(0)bn^'Û"d"bc`�d"^ bnWahil�hiZS�"\'bnWSl�U
A/qA−→∼ k

�I� Ug�"ond'W
K =

⋃

n≥0 q
−nA

�7-ìÞßYR^"^"UXYRd
A
UmWa` d"^�YR^"^'U�YRdØÛ"U¤y)YRocd�Y)`Sbnhi^�Û"bnWa[XZR=�`eU#ìRUX^Ü��YRZ¾`ebn[md"onbcUXZ�`ehidr`ìWShid'W¾é

A
é_l�h�Û"d"onU

Û/Þãd"^
A
é_l�h�Û"d"onU onb Ô ZSUwUmWa`kd"^

A
éêl�h�Û"d"ocUwonb Ô ZSU)�

prhibâ`
V
d"^

K
é_UXWa��YR[mU�yRUX[m`ShiZSbcUXo �

� ¼S³g¸�²�¶�²S·"¸ ÙZ²¬°
²¬° ��³ xk^"U�qLHJIes��ª©etSHR�ªs¨UX^
q = 0

Û"U
V
UXW¾`ìd"^"U¨��YRbnZaU

(L,B)hf
L
UmWa`kd"^ WShRd"W¾é

A
éêl�h�Û"d"ocU onb Ô ZSU Û"U

V
`eUXoÉÖ�d'U

K ⊗A L = V
Um`
B
UXW¾`Ýd'^"U

Ô YRWaU�Û"d
k
é_UmWS��YR[mU�yRUX[�`ehiZabnUXo

L/qL
�

ç Ài¹û°�ÂX½1¿�À]ÙL²¬°M²�Ù �4³ æ�hid"Z�`Shid'`eU Ô YRWSU
{ui}i∈I

Û"U
V
s�onU�[Xhid"�'onU

(L,B)Y�yiUm[
L =

∑

iAui
Um`

B = {ui mod qL}i∈I
UmWa`$d"^"U Ô YRWSU onh�[�Y)onU Û"U

V
�

TVÙX[Xbc�"ZSh�Ö¦d"UXl�UX^1`XsÉ`ehidr`eU Ô Y)WSUÜonh�[�YRocU
(L,B)

Û"U
V
UmWa`�h Ô `SUX^¦d"UÜÛ"UØonY,WShiZ¾`eU)�

�ì^�fÒYRbâ`�siWahibc`
{ui}i∈I

d"^"U Ô YRWSUkÛ"U
L
�Iáw^���Umd'`PÙX[XZabnZaU

b ≡
∑

i ab,iui mod qLUm`
ui ≡

∑

b ci,bb mod qL
Y�yiUm[

ab,i
s
ci,b ∈ k

�
V onhRZSW
(ab,i)

Um`
(ci,b)

Wahi^1`gÛ"UmW
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l�Y)`eZabn[XUmWVbn^1yiUmZSWSUmWwo�Þãd"^"U�Û"U�o�ÞßYRd'`SZSUR���Ýhi^"[

vb:=
∑

i ab,iui
UXW¾`wd"^'U Ô Y)WSU&Û'U

LUm`
b ≡ vb mod qL

�
ç Ài¹û°�ÂX½1¿�À]ÙL²¬°M²ãâ �4³ prhibnUm^1`gÛ"UXd§' Ô YRWaUXW

{ui}i∈I
Um`
{vj}j∈J

Û"U
V
�gV ochiZSW

vj =
∑

i aj,iui
Y�yiUX[

aj,i ∈ K
�L�ìononUmWwWShR^¦`�ÙmÕ1YRocUXWwUm^Ñ`eYR^1`�Ö¦d"U Ô YRWaUXW�onh�[�YRocUXW

WSbÉUm`VWSUmd"onUml�Um^1`VWSb
aj,i ∈ A

U�`VWXÞãbno�UA'rbnW¾`eU�d"^"U Ô bÄ�aUX[�`ebnhR^
ϕ : J −→∼ I

`eUmononU Ö�d'U
aj,i(0) = δϕ(j),i

�
ç Ài¹û°�ÂX½1¿�À]ÙL²¬°M²�é �4³ \ Ì ` prhRbc`

{Vj}j∈J
d"^"U�fÒYRl�bconocU Û"U

K
é_UmWS��YR[mUXW yRUX[ é

`ehRZSbnUmonWgl>d'^"bnW�Û"U Ô YRWaUXW&ochr[XYRonUmW
(Lj, Bj)

�Z-�Y WShil�l�UÜÛ"bcZSUm[m`eU ⊕

j Vj
YRÛ"l�Um`

�uhid"Z Ô YRWaU�onh�[�YRocU
(
⊕

j Lj,
⊔

j Bj)
���ìonocUwUXW¾`k^"hR`eÙmU ⊕

j(Lj, Bj)
�

\�� ` prhibnUm^1`
V1

U�`
V2

Û'UXd('�UXWa��YR[mUXW�yRUX[m`ShiZSbcUXocW�Wad"Z
K
l>d"^"bcW!Û'U Ô Y)WSUXW�onh�[�YRocUXW

(L1, B1)
Um`

(L2, B2)
�y-qU �"ZSh�Û"d"bâ`q`eUX^'WShiZabnUXo

V1⊗V2

YRÛ"l�Um`
(L1⊗AL2, B1⊗B2)�uhid"Z Ô YRWaU�onh�[�YRocUR�']_[mb

B1 ⊗ B2 :={b1 ⊗ b2 ; b1 ∈ B1

Um`
b2 ∈ B2}

⊂ (L1/qL1)⊗k (L2/qL2) ' (L1 ⊗A L2)/q(L1 ⊗A L2).
× Um`a`eU Ô YRWaU�ochr[XYRonUÝUXW¾` ^"h)`eÙXU

(L1, B1)⊗ (L2, B2)
�

Æ/ÊcÆqÊr"  �+X*�+�.i�J� +m0� �( (Ò� � *�+
Ý·¦LIw��HRMdv�uTsAvuHDv�uísAuC6kµ¦I¤¹¤µÖÔ Õ��âHzÒjv ¶ sxt3s��´Md¨}Q&s·©Uv�IAµy«X«�©}Ies�¹¤µ�s K = k(q) ¿©ED
k
sLIAuòµ(v±t3©JQ�«�I ¶ s·tSHRQaH§tAu¬¸�Q MnIAu M�¹¤µ�s?v�µr�O�ªsxsAu q sLIAu÷µ§vgs�Mdv ¶ ¸Au¬s�Q��ØMdvg¸3s��TVUmyiUm^"hi^"W,YRd('

Uq(sl2)
é_l�hrÛ'd"onUmW�bc^1`eÙXÕRZeY Ô ocUXWm�÷-qUål�h�Û"d"ocU WSbnl��"ocU

V`
sPÛ'U

Ô YRWaU
{u

(`)
ν }0≤ν≤`

s�YRÛ"l�Um`V�uhid"Z Ô YRWaU�onh�[�YRocUwonUg[mhid"�"ocU
(
L(V`), B(V`)

)
:=

(∑

ν

Au(`)
ν , {u

(`)
ν mod qL(V`)}

)

.

� ¼S³g¸�²�¶�²S·"¸ ÙZ²�ÙL²¬° ��³ prhRbnUX^1`
M

d"^
Uq(sl2)

é_l�hrÛ'd"onU�bn^1`SÙXÕiZSY Ô onU�Um`
(L,B)d"^"U Ô YRWaUwonh�[�YRocUVUX^

q = 0
Û"U
M
�7�ìoconUkUXWa`¨Û"bc`SU·qLHJIes?t�Q MnIAuêHR�O�´MdvgsÝWmÞßbco�Uk''bcWa`SU d"^

bnWahil�hiZS�"\'bnWSl�U
M −→∼

⊕

ν V`ν
��YRZkonUmÖ¦d"UXo!onUmW Ô Y)WSUXWÝonh�[�YRocUXW

(L,B)
Û'U

M
Um`

⊕

ν(L(V`ν), B(V`ν))
Û"U ⊕

ν V`ν
WShibcUX^1`kUX^ Ô b��aUm[m`Sbnhi^/�

× Um`a`eUkÛ"Ùmà"^"bc`Sbnhi^ÜUXW¾`¨�uUXd�l�YR^"báY Ô onU#ì)[L\"UXZa[L\"hi^"W¨d"^"UÝYRd'`eZaUV[�YRZSYR[m`SÙXZSbcWeY)`Sbnhi^
Û"UmW Ô YRWSUmWÝ[mZSbnW¾`LYRoconbc^"UXWm�



�3Æ ��@I�c�d���FB��W���a���c������É¤��� # !
× Ài¹ ¹ ÀOÙL²�ÙZ²�Ù ��³ ´�©JM�sAv�u

M
µ(v

Uq(sl2)
�_�»© ¶ µr�ªsÝMdv�u¬¸�¥RQSHXqX�ªs�sAu u ∈Mn

µ§v
¸��ª¸��»sAv�u ¶ sÓ«�©JM ¶ I n ∈ Z

E�ñ �ª©JQeI
u
I�ÔÄ¸3t�Q Mdu ¶ sg��HDv�M�¦�Q&s0µ§v�M�¹¤µ�s Ie©Uµ1I��âH>óQ©JQ �»s

\���� �r� Ì `
u =

∑

m≥0,−n

f (m)vm
HD¨Ds3t

vm ∈Mn+2m

u¬s���¹¤µ�s
evm = 0.

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ áw^FWaUØZeYRli=X^"U>YRdF[�YRW
M = V`

s/Û�Y)^"WwonUmÖ¦d"UXo©ocU&ocUXl�l�U
UXW¾`kÙmy�bnÛ"Um^1`��
ç Ài¹û°�ÂX½1¿�À]ÙL²�ÙZ²ãâ �4³ -�hRZSWSÖ¦d"U

m < −n
skhi^ Y

m > n + 2m
Um`�YRbn^"Wab

f (m)vm = 0
�

� ¼S³g¸�²�¶�²S·"¸ ÙZ²�ÙL²�é ��³ � Ù�à�^"bcWSWShR^"WÝÛ'UXd('åUm^"Û"hil�hiZS�'\"bnWal�UmW
ẽ
s
f̃
Û'U

M
��Y)Z

ẽu =
∑

m≥1,−n f
(m−1)vm =

∑

m≥0,−n−1 f
(m)vm+1 ,

f̃u =
∑

m≥0,−n f
(m+1)vm =

∑

m≥0,−n+1 f
(m+1)vm

=
∑

m≥1,−n+2 f
(m)vm−1

\���� �r� � `

�uhid"Z¤`ehRd'`
u ∈Mn

��]_[Xb
vm

UmWa`kÛ"hi^"^'Ù��"YRZù\��r� �r� Ì ` �
× Um`a`eU [XhR^"Wa`SZSd"[�`ebnhR^ UmWa`�UX^ fÒYRbc`Øf�hi^'[m`ehRZSbnUmonocU,ø©`ehidr`Ül�hiZa�"\"bcWSl�U

Uq(sl2)
é

onbc^"Ù�Y)bnZSU
M −→ M ′ [Xhil�l>d'`SUåY}yRUX[ ẽ U�` f̃ �Pæ�YRZ�YRbnoconUXd'ZSWXs�Û�YR^"W�onU�[XYRW�Û"U

M = V`
^"hRd"WgY�yihi^'W

ẽu
(`)
ν = u

(`)
ν−1 = [` − ν + 1]−1eu

(`)
ν
Um`
f̃u

(`)
ν = u

(`)
ν+1 =

[ν + 1]−1fu
(`)
ν
�

-ìÞßbcl,Y)ÕiUØUm`�onUÜ^"h}v1Y)d
Û"U
ẽ
\ÒZaUXWa�/�

f̃
` Wahi^1`>ÙXÕiYRd('Ñw$[mUXd('þÛ"U

e
\�ZSUmWS�/�

f
` �

íÝh)`ehi^"WVÖ¦d"U
ẽ
Um`
f̃
Wahi^1`kÛ"UXd('åhR��ÙmZeY)`SUXd"ZaWkochr[XYRocUXl�UX^1`¤^"bcon�uhR`eUm^1`eWX�

® »!¼�·'Ây¯R¹ À1ÙZ²�ÙL²�ê �#³ ´�©JMdu
(L,B)

µ§vgsùqLHJIes��ª©etSHR�ªsxsAv
q = 0 ¶ Ô µ§v Uq(sl2) ��»© ¶ µ��ªs�Mdv�u¬¸�¥RQSHXqX�ªs M E7ñ �ª©JQeI

(L,B)
sLIAuLµ(vgszqLHJIesnt�Q MnIAuêHR�O�´Mdvgs�I�M�sAu/IesAµ��ªs��»sAv�u

I�M÷s��O�ªs?¨D¸�Q M Òís��ªsLI·t3©Uv ¶ MduÒM�©Uv'IwIAµ�Md¨JHDv�uTsLI��\ Ì ` ´�©JM�sAv�u
Ln = L ∩Mn

sAu
Bn = B ∩ (Ln/qLn)

E�ñ �ª©JQeI
L =

⊕

n Ln
sAu

B =
⊔

nBn
E

\�� ` ûù©Uµ1I�HD¨D©Uv'I
ẽL ⊂ L

sAu
f̃L ⊂ L

\3sAu�HRMdv'I�M
ẽ ¿ f̃ Mdv ¶ µ�MnIesAv�u ¶ sLIisAv ¶ ©J��»©JQ�«�K�MnI��»sLI ¶ s L/qL ¿ ¶ ¸LI�M|¥Dvg¸LIÓ«'HRQ��ªsLI��»½��»swIA¾J�iqA©J�ªsLI ` E\ Ï ` ûù©Uµ1I&HD¨D©Uv'I

ẽB ⊂ B t {0}
sAu
f̃B ⊂ B t {0}

E
\� ` ´�©JM�sAv�u

b ¿ b′ ∈ B " HR�ª©JQeI b′ = ẽb
I�MÓsAu IesAµ��ªs��»sAv�u©I�M

f̃ b′ = b
E

ç Ài¹û°�ÂX½1¿�À]ÙL²�ÙZ²Tð �4³ TkUml,YRZaÖ¦d"hi^"WØÖ¦d"U�ocUXWØ[XhR^"Û"bc`Sbnhi^'W \
3
` Um`�\

4
` bnl��"onb é

Ö¦d"UX^1`Ý��hRd"Z¤`ehidr`VUX^1`ebcUXZV��hRWSbc`Sbcf
n
onUmWV[Xhi^"Û'bc`ebchi^"W
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\
3
`
n
íkhid"WkY�yihi^"W

ẽnB ⊂ B t {0}
Um`
f̃nB ⊂ B t {0}

�
\
4
`
n

prhRbnUX^1`
b
s
b′ ∈ B

ì�YRonhRZSW
b′ = ẽnb

WSbqUm`kWaUXd"ocUXl�UX^1`kWSb
f̃nb′ = b

�
-qUXW�[Xhi^'Û"bc`Sbnhi^"W�Û"dÅ`e\"ÙmhiZR=ml�U$WShi^1`�[XoáY)bnZSUml�Um^1`�^'ÙX[XUmWSWSYRbnZaUXWX�¨æ�YRZ�[Xhi^1`SZSURs

Û"Ùml�hi^1`SZSUXZVocUXd"Z�WadI~�WeYR^"[mU�UmWa`kÛ"Ùmonbn[XY)`VUm`V^'ÙX[XUmWSWabc`eU��"ocd"WSbcUXd"ZaWkÙ�`LYR�uUXWm�
íÝh)`ehi^"W

Bh o ÞßUm^"WSUml Ô ocUwÛ"UXW�ÙmonÙml�Um^¦`SW�Û"Ug�"ocd"W¤\�YRdr`V��hibcÛ"W¤Û"UgonY Ô YRWaUg[XZabnW¾é`LY)ononbc^"U
B
s�[RÞãUXWa`¾éTwJéêÛ"bnZaU

Bh:={b ∈ B ; ẽb = 0}
�

æ�hRWShi^"WVÛ"UgfÒYDëmhi^åWSbnl�bnonYRbnZaU

Mh = {u ∈M ; eu = 0}.

-ìÞßUmWS��Y)[XU
Mh WaU�Û'ÙX[XhRl��uhiWSU�Um^$UmWS��YR[mUXWÝÛ"U���hibcÛ"W

Mh =
⊕

n≥0

Mh
n .

V ochiZSW
Mh

n ' HomUq(sl2)(Vn,M)
U�`

⊕

n≥0

Mh
n ⊗ Vn−→

∼ M.

× Ài¹ ¹ ÀOÙL²�ÙZ²�õ ��³ ´�µy«X«�©}Ie©Uv'I>Q&¸Aµ(v�M�sLI>�ªsLI»t3©Uv ¶ MduÒM�©Uv'I ¶ µ]u�K�¸3©JQ&¦��»s5G�EHG�EJI1E´�©JMdu
u =

∑

m≥0,−n f
(m)vm

HD¨Ds3t
vm ∈ M

h
n+2m

E4´�M
u ∈ Ln ¿ HR�ª©JQeI vm ∈ L sAu

f (k)vm ∈ L
«�©UµrQ�u¬©Uµ(u

k
E

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ æìd"bcWSÖ¦d"U
u =

∑

−n,0≤m≤r f
(m)vm

��hRd"Z©d"^
r
sRUp�UX[�`ed"hR^"W

d"^"UgZaÙX[md"ZSZaUX^"[mUgWSd"Z
r
�"æ!hid"Z

r = 0
sronU ZaÙXWad"oc`eY)`�UXW¾`V[XonYRbnZm�'p�d"�"�uhiWShi^'W�Û"hi^"[wocU

onUml�l�Uwy�ZeYRb7�ad"WaÖ�dÉÞ YRd�ZeYR^"Õ
r − 1

�
-ìÞßÙmonÙXl�UX^1`
ẽu =

∑

−n,1≤m≤r f
(m−1)vm =

∑

−n−1,0≤m≤r−1 f
(m)vm+1

UXWa`�Û�YR^'W
L
��-ìÞß\1v��uhR`e\7=mWSUÝÛ"UÝZaÙX[md"ZSZaUX^"[mU bnl��"ocbnÖ¦d"U

Ö¦d"U
vm ∈ L

��hRd"Z�`ehid'`
m > 0

��-qUXW�yRUX[m`SUXd"ZaW
f (m)vm = f̃mvm

Wahi^1` Û�Y)^"W
L
s

Û/Þãhf
u− v0 =

∑

m>0 f
(m)vm ∈ L

U�`
v0 ∈ L

�
× Ài¹ ¹ ÀOÙL²�ÙZ²ãö ��³ \ Ì `iº sLIi¸��ª¸��»sAv�u�I ¶ s>«u�Ìµ1I�K'HDµ(u4«�©JM ¶ I Bh ¶ s��âH qLHJIest�Q MnIAuêHR�O�´Mdvgs0¨D¸�Q�M ÒísAv�u

Bh ⊂ (Mh ∩ L)/(Mh ∩ qL) ⊂ L/qL
E

\�� ` ´�M
b ∈ Bh

n:=B
h∩Bn

¿ HR�ª©JQeI n ≥ 0 "#¶ sÖ«u�Ìµ¦I f̃kb ∈ B «�©Uµ�Q
0 ≤ k ≤ nsAu

f̃n+1b = 0
E

\ Ï `iº HäqLHJIes
B
sLIAuZ«'HRQkuÒMdu M�©Uv�vg¸3sxsAv

B =
⊔

n≥0, b∈Bh
n

{f̃kb ; 0 ≤ k ≤ n}
E



�3Æ ��@I�c�d���FB��W���a���c������É¤��� ÀE#
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ \ Ì ` prhibâ`

b ∈ Bh
n

�qæìZSUX^'hi^"W�d"^ÑZSUX�'ZSÙXWaUX^1`LY)^¦`
u ∈ LnÛ"U

b
�L�ì[XZabcyRhi^"W

u =
∑

m≥0,−n f
(m)vm

Y}yRUX[
vm ∈ M

h
n+2m

�/æ d'bnWSÖ¦d"U
ẽb = 0

s
onUgyRUX[m`SUXd"Z

ẽu =
∑

m≥1,−n f
(m−1)vm

Y)�"��YRZ¾`ebnUm^1`9w
qL
��V bc^"WSb

vm ∈ qL
��hid'Z

m ≥ 1
ÛÉÞ YR�'ZR=XWkonUgocUXl�l�U �"ZSÙm[XÙXÛ'UX^1`�s�Û/Þãhf

b ≡ v0 mod qL
�

\�� ` - Þãbn^'ÙXÕ1YRocbc`SÙ
n ≥ 0

Û"Ùm[Xhid"ocU�Û"U±\
1
` �PæìZSUm^"hi^"W

u ∈ Mh
n ∩ L

`SUXokÖ¦d"U
b ≡ u mod qL

��V onhRZSW
f̃nb ≡ f (n)u

Um`
ẽnf̃nb ≡ u

s!Û'hi^"[
ẽnf̃nb = b

�!æ�YRZ
[XhR^"WSÙmÖ�d'UX^1`

f̃kb 6= 0
��hid'Z

0 ≤ k ≤ n
s�ÛÉÞßhf

f̃kb
Y)�"��YRZ¾`ebnUm^1`hw

B
Û/ÞßYR�"ZR=mW

\
3
`
k

��� ^rà�^
f̃n+1b ≡ f (n+1)u = 0

�
\ Ï ` æ d'bnWSÖ¦d"Uko�ÞãUX^'Û"hil�hiZS�"\'bnWSl�U

ẽ
UXW¾`�ochr[XYRonUml�Um^1`ì^"bnoc��h)`eUX^1`Xsibno"Uk'rbnWa`SUV��hid'Z

`ehRd'`
b ∈ B

d"^ UX^1`ebcUXZ
n
`eUmoÝÖ¦d"U

ẽnb = 0
�ò� hi^"[�^"hid"W���hidryihi^"W�`eZahid'yiUmZ

n ≥ 0
yiÙXZabcà�Y)^¦`

ẽnb 6= 0
Um`
ẽn+1b = 0

�Z�&ÞßYR�"Zc=XW»\
3
`
n
sqonUØyRUX[m`SUXd"Z

b′ = ẽnbYR�"�"YRZa`SbnUX^1`zw
B
Um`ÝYRbn^'WSbLw

Bh ì"à�^�Y)onUXl�UX^1` b = f̃nb′
Û/ÞßYR�"Zc=XWù\

4
`
n

�
]_oi^"hRd"W�ZaUXW¾`eUòw�Û"ÙXl�hi^1`eZaUXZ�Ö¦d"U�Wab

b
s
b′ ∈ Bh WShR^¦`�`SUXonW�Ö¦d"U f̃kb = f̃k

′

b′ ∈ B
s

YRochiZSW
b = b′

Um`
k = k′

�©j$YRbnW�[XUm[Xb¨UmWa`&Ùmy�bnÛ"Um^1`ØÛ/ÞßYR�"ZR=mW>onUmW�\1v��uhR`e\7=mWSUmWØÛ"d
`e\'ÙXhiZc=Xl�U��r� ��� �r�

× Ài¹ ¹ ÀOÙL²�ÙZ²¬ú ��³ º sht3©Uµy«u�ªs
(Mh ∩ L,Bh)

sLIAuòµ§vgsxqLHJIes��ª©etSHR�ªs ¶ s Mh E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ æìd"bcWSÖ¦d/Þãd"^ WShid"W�é

A
é_l�hrÛ"d'onU
Û/Þãd"^

A
é_l�hrÛ"d'onUûocb Ô ZaU
UXW¾`

onb Ô ZSU)s)ocU¨Wahid"W¾é
A
éêl�h�Û"d"ocU

Lh:=Mh∩L
Û"U
Mh UmWa` onb Ô ZSU�ì)bco�yRÙXZSbâà�U���YRZ©YRbnoconUXd'ZSW

Mh = K ·Lh
�§� hi^'[Ýbco�UXWa`¨WSdI~�WSYR^1`¤Û"UVyiÙmZSbcà"UXZ¨Ö¦d"U

Bh UmWa`¨d"^"U Ô YRWSUÝÛ"Uko�ÞãUXW¾é��YR[mU�yiUX[�`ehiZabnUmo
Lh/qLh

Wad"Z
k
�òáwZØ^"hid'W�WSY�yihi^"W�Û"Ù¬�Rw Ö¦d"U

Bh UmWa`�[XhR^¦`SUX^¦dÛ�YR^'W
Lh/qLh

��]_oÉ^"hRd"W¤WSd(~�`�YRbn^"Wab�Û'UwÛ"ÙXl�hi^1`eZaUXZ�Ö�d'U
Bh UX^"ÕRUX^"Û"ZaU Lh/qLh �TVUXl�YRZSÖ¦d"hi^'WgÖ�d'U>`ehid'`

x ∈ Lh/qLh
WSY)`ebcWafÒYRbâ`0w

ẽx = 0
�L� hi^"[ØWab©o�Þãhi^FÙm[XZSbâ`

x =
∑

b∈B cbb
Y}yRUX[

cb ∈ k
s©YRochiZSW

0 =
∑

b∈B cbẽb =
∑

ẽb6=0 cbẽb
�#-qUXW>ÙmonÙ é

l�UX^1`eWgÛ"U
B
WShi^1`g`ehRd"WgÛ"bnW¾`ebc^"[m`SWXs/Y)bn^"Wab

{ẽb}b∈B\Bh

UXWa`�ocb Ô ZaUR�M-�YÚ[Xhi^"W¾`LYR^1`SU
cb
UXW¾`gYRochiZSWV^¦d"onocU�Wab

ẽb 6= 0
U�`
x
WmÞßUk''�'ZSbnl�U&Wahid"Wkf�hiZSl�U�ÛÉÞßd"^'U&[XhRl Ô bn^"YRbnWahi^

onbc^"Ù�Y)bnZSUÝÛ/ÞãÙXonÙml�Um^1`eWVÛ"U
Bh �

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv ¶ µ�uOK�¸3©JQ&¦��»sKG�EHG�EJIR�4³ -�Y�[XhR^U�ahi^"[�`ebnhR^�Û"d ocUXl�l�U��r� �r� C U�`
Û"U�oáY ZSUml,YRZaÖ¦d"U��r� Ì � ��^"hid"W&YRWSWad"ZSU�Û"U�o�ÞãUA'rbnW¾`eUX^'[XU�Û/Þßd'^"U Ô Y)WSU

{ub}b∈Bh

Û'U
Mh ∩L

`eUmononUkÖ¦d"U
b ≡ ub mod qL

�7-qUz«�©JM ¶ IwÛ"U b UXW¾`�o�ÞãUX^1`SbnUXZ n = wt(b)
`SUXo

Ö¦d"U
b ∈ Bn

ì}YRbn^'WSb
ub ∈ Lwt(b)

�}æìd"bcWSÖ¦d"UPonUmW
ub
Wahi^1`�Û"UXW�yiUm[m`eUmd"ZSW!Û"U �"ocd"Wq\�YRd'`

�uhibnÛ"Wms©o�ÞßYR�"�'onbn[XY)`ebchi^
u

(wt(b))
0 7→ ub

WmÞßÙ�`eUX^'Û UX^Åd"^Ål�hiZa�"\"bcWSl�UÚÛ"U
Uq(sl2)

é
l�hrÛ"d'onUXW

Vwt(b) ↪→ M
ìì[XUm`a`eUåbn^U�aUm[m`Sbnhi^
yRÙXZSbâà�U

L(Vwt(b)) −→ L
� íkhid"WÜUX^



ÀQÀ ÁIÂ ��Ã¤�Ä�d�W�?�kÆA@7�c�d����B��W���a�����!����É¤�������� Uq(sl2) � �ÖÊk�Ï�����
Û"ÙmÛ"d"bnWahi^"WPd"^,bcWShil�hiZa�"\"bnWal�U

ϕ : M ′−→∼ M
s¦UX^,^"hR`LY)^¦`

M ′ =
⊕

b∈Bh Vwt(b)
�

íÝhRd"WVbnÛ"Um^¦`Sbcà�UmZShi^'W
M

Um`
M ′ ��Y)Z ϕ �æ�hRWShi^"W

(L′, B′) =
⊕

b∈Bh(L(Vwt(b)), B(Vwt(b)))
�ÓV onhRZSWÚocU onUml�l�UF�r� �r� Í

bnl��"ocbnÖ¦d"U
L =

∑

n f
(n)(Mh ∩ L)

sVÛ/Þãhf
L′ = L

�z-qU fÒYRbâ` Ö¦d"UûocUXW Ô YRWSUmW
[XZabnW¾`LYRoconbn^'UXW

B′ U�` B WShRbnUX^1`PÙXÕiYRonUmWìUXWa`�d"^"Uk[XhR^"WSÙmÖ�d'UX^"[mU Û"d�onUXl�l�UV�r� �r�ß~r\
3
` �

ç Ài¹û°�ÂX½1¿�À]ÙL²�ÙZ²¬°�ü ��³ -�Y [Xhi^'Û"bc`Sbnhi^ \
4
` Û"d `e\"ÙmhiZR=ml�U �r� �r� �
UXWa`$^"Ùm[XUXW�é

WeY)bnZSU)��æìZaUX^"hi^'WØ��YRZ>Uk''Uml��'onU
M = V2 ⊕ V0

s
L = 〈u

(2)
0 , u

(2)
1 , u

(2)
2 〉 ⊕ 〈u

(0)
0 〉Um`

B = {u
(2)
0 , u

(2)
1 , u

(2)
2 , u

(0)
0 + u

(2)
1 }

�7V ochiZSW
(L,B)

UmWa`kd"^"U Ô YRWaU�onh�[�YRocU Û"U
VWeYJ`ebnW¾fÒYRbnWSYR^1`>wØ`ehid'`SUXWVonUmW�[Xhi^'Û"bc`Sbnhi^"W�Û'då`S\"ÙXhiZc=Xl�U��r� �r� ��s"UA'r[XUm�'`eÙmUä\

4
` �

× hi^"WabnÛ"ÙmZShi^'W
B
[mhil�l�U>d'^ ÕRZeYR�"\'UØhiZSbcUX^1`eÙØY�yRUX[

b −→ b′
WSb
b′ = f̃ b

�L-qU
onUml�l�U��r� �r�ß~O\

3
` bnl��"ocbnÖ¦d"U Ö¦d"U

B
UmWa`kd"^"U�ZSÙmd"^"bchi^$Û'bnWW�ahRbn^1`eUgÛ"U�WSUmWÝ[mhil���h)é

WeY)^¦`SUXWk[Xhi^'^"UA'rUXW
◦ −→ ◦ −→ · · · · · · −→ ◦ −→ ◦YR�"�uUXocÙXUmWùtLK'HMLdvgsLIi\���YRZ�YR^"YRonhiÕRbnUkY�yiUX[gonY�`e\'ÙXhiZabnU Û'UXWVYRocÕf= Ô ZaUXW¤Û'U0-qbnU ` �"TkYR�ré

�uUXonhR^"W�Ö¦d"U�onUå��hibcÛ"W,Û'U
b ∈ B

UmWa`�o ÞßUm^1`ebnUmZ
n = wt(b)

`SUXokÖ¦d"U
b ∈ Bn

�
íÝh)`ehi^"W

ε(b) = max{n ∈ N ; ẽnb 6= 0}
Um`
ϕ(b) = max{n ∈ N ; f̃nb 6= 0}

�
× UXWkUX^1`SbnUXZaWV[XhiZaZSUXWa��hR^"Û"UX^1`nw
\���� �r� Ï `

◦−→ · · · −→
︸ ︷︷ ︸

ε(b)

b
◦ −→ · · · −→

︸ ︷︷ ︸

ϕ(b)

◦

-�Y��ª©Uv§¥Dµ�sAµ�Q>Û"U�oáYØ[L\�YE�á^"Ug[mhi^1`eUX^"YR^1`
b
UmWa`ko�ÞãUX^1`SbnUXZ

ε(b) + ϕ(b)
�

× Ài¹ ¹ ÀOÙL²�ÙZ²¬°
° �#³ º sä«�©JM ¶ I wt
sAu,�ªsLIGóQ©UvgtAuÒM�©Uv'I

ε ¿ ϕ Ie©Uv�u�Q&s��´M�¸LIä«'HRQ
ϕ(b)− ε(b) = wt(b)

«�©Uµ�Q�uT©Uµ§u
b ∈ B

E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ TkYRl�UX^"hR^"W¾éê^"hid"W�YRdû[XYRW

M = V` = 〈uν ; 0 ≤ ν ≤ `〉Y�yiUm[
uν = u

(`)
ν
�ZV ochiZSW

B = {uν ; 0 ≤ ν ≤ `}
Um`

wt(uν) = ` − 2ν
�4áwZ�oáY

[L\�Y��n^"U�UXW¾`ÝÛ'U�ochi^"Õid'UXd"Z
`
s"Û"hR^"[

ε(uν) = ν
Um`
ϕ(uν) = `− ν

�
u0
◦ −→ · · · −→

︸ ︷︷ ︸

ν=ε(uν)

uν
◦ −→ · · · −→

︸ ︷︷ ︸

`−ν=ϕ(uν)

u`
◦

�&Þãhf
ϕ(uν)− ε(uν) = (`− ν)− ν = `− 2ν = wt(uν)

�
-qUgonUml�l�Uw[Xb é_Û"UmWSWahid"WV^"hid"WkWSUmZeYÜd'`ebconUwÛ"YR^"WVoáY>Wad"bc`SUR�
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sl2

À à
× Ài¹ ¹ ÀOÙL²�ÙZ²¬°IÙ �#³ ´�©JMdu

(L,B)
µ§vgs0qLHJIesnt�Q�MnIAu�HR�O�´Mdvgs ¶ Ô µ§v Uq(sl2) �_�»© ¶ µ��ªsMdv�u¬¸�¥RQSHXqX�ªs

M
E � ©UµrQåuT©Uµ§u

n ∈ N ¿ «�©}Ie©Uv'I B(n) = {b ∈ B ; ε(b) ≥ n}
EMñ �ª©JQeI

B(n) ⊂ (fnM ∩ L)/(fnM ∩ qL)
sAu

(fnM ∩ L,B(n))
sLIAuÓµ§vgsGqLHJIes��ª©etSHR�ªs

¶ s fnM E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ áw^ WSUgZSYRli=X^"U�YRd [XYRW

M = V`
s"Û�YR^"W�ocUXÖ¦d"Umoqo�ÞßYRWSWaUXZa`Sbnhi^

UXW¾`kÙmy�bnÛ"Um^1`eUR�
®g·'Â�·'¯_¯�°�²_Â�ÀØÙL²�ÙL²¬°�â ��³ ´�©JMdu

M
µ§v

Uq(sl2)
�_�»© ¶ µ��ªs�Mdv�u¬¸�¥RQSHXqX�ªs ¶ s ¶ MO�»sAv��I�M�©UvnÒjv�M�sV�hµ§v�M ¶ Ô µ§vgsåqLHJIes9t�Q MnIAuêHR�O�´Mdvgs (L,B)
E � ©UµrQ

n ∈ N ¿ �ªsLI ¶ MO�»sAv'I�M�©Uv'I
¶ sLI�MO��He¥§sLI·sAuòvg©U¾RHDµD¼ ¶ sLI·©3«�¸�QaHDu¬sAµrQeI en sAu

fn
Ie©Uv�uPQ&s��´M�¸3sLIí«'HRQ

dim(enM) = dim(fnM) = ]{b ∈ B ; ε(b) ≥ n} = ]{b ∈ B ; ϕ(b) ≥ n},

dim Ker(en : M →M) = dim Ker(fn : M →M)

= ]{b ∈ B ; ε(b) < n} = ]{b ∈ B ; ϕ(b) < n}.
® »!¼�·'Ây¯R¹ À1ÙZ²�ÙL²¬°fé ��³ ´�©JMdu

(Lν, Bν)
µ§vgsOqLHJIes,t�Q MnIAuêHR�O�´Mdvgs ¶ Ô µ§v Uq(sl2) ��»© ¶ µ��ªs�Mdv�uT¸�¥RQaHXqX�ªs Mν

\
ν = 1 ¿ 2

` E�ñ �ª©JQeI��âHbqLHJIes��ª©etSHR�ªs
(L1, B1)⊗ (L2, B2)

¶ s M1 ⊗M2

sLIAuòµ(vgs?qLHJIes·t�Q MnIAuêHR�O�´Mdvgs ¶ s M1 ⊗M2

E
× U�ZSÙmWSd"oâ`LY)`VWaUXZeYÜZSUm�"ZSbcW�Um`kÙm`SUX^"Û'd�Û�YR^'WkocUw`e\"ÙmhiZR=ml�U��r� Ï � �r�
-qUÝÛ'báYRÕiZSYRl�l�U�\ �r� Ì ` bconocd"Wa`SZSU�onUV�"ZahrÛ'd"bc` `eUm^"WShRZSbnUmo�Û"U Û"Umd('

Uq(sl2)
é_l�hiÛ"dré

onUmW�WSbcl��"ocUXW?\�bn[Xb
V3 ⊗ V2

` �

◦
?◦
?◦

◦ -◦ -◦ -◦

◦ -◦ -◦ -◦

◦ -◦ -◦ ◦

◦ -◦ ◦ ◦?

?

?

f̃ ÊRÃe���W�L�dÏA�M���L�d�,B�ÊRÉQ�QPÌ�RBã�W��Ï�

f̃ ÊcÃe���W�L�dÏ�
���LÃ�W���Ö������P��RB��W��Ï�
ϕ(b1)=ε(b2)b1

b2

S�T8UWVCX�Y[Z]\*^_\Q`badc�egf_hjiQidkmlondc&aphqkmrFe_k
V3
kmi
V2 s c&f_a g = sl2

Æ/Ê ) Ê #��J� +m0� ��ZK +Q���
sl2-�Y�^"h)`ebnhR^$Û"U�[XZabnWa`eYRo!�"ZSh}y�bnUm^¦` Û"U&onYÜf�hRZSl�YRonbcWeY)`Sbnhi^�Û"U�o�ÞßYRWS�uUX[�` [mhil Ô bc^�YJé

`ehRbnZSU Û"UXW Ô YRWaUXWk[XZSbcWa`eYRonocbn^"UmWX�



Àô ÁIÂ ��Ã¤�Ä�d�W�?�kÆA@7�c�d����B��W���a�����!����É¤�������� Uq(sl2) � �ÖÊk�Ï�����
� ¼S³g¸�²�¶�²S·"¸ ÙZ²ãâ�²¬° ��³ xk^ t�Q MnIAuêHR�©Wad"Z

sl2
UmWa` d"^ UX^'WSUXl Ô onU

B
l>d"^'b!ÛÉÞßd"^'U

YR�"�'onbn[XY)`ebchi^��uhibnÛ"W
wt: B −→ Z

s�Û/ÞßYR�"�'onbn[XY)`ebchi^"W
ε, ϕ : B −→ Z

Um`ÝÛ"U&Û'UXd('
YR�"�'onbn[XY)`ebchi^"W

ẽ, f̃ : B t {0} −→ B t {0}
\Òhf

0
UmWa`Ød"^ûÙXonÙml�Um^1`�fÒYR^1`��il�U `

yiÙmZSbâà�YR^1`?ø

wt(b) = ϕ(b)− ε(b)
��hRd"Z�`ehid'`

b ∈ B,
\ �r� Ï � Ì `

ẽ0 = f̃0 = 0,
\ �r� Ï � � `







ϕ(ẽb) = ϕ(b) + 1

ε(ẽb) = ε(b)− 1

wt(ẽb) = wt(b) + 2

WSb
b
s
ẽb ∈ B

s\ �r� Ï � Ï `







ϕ(f̃ b) = ϕ(b)− 1

ε(f̃ b) = ε(b) + 1

wt(f̃ b) = wt(b)− 2

WSb
b
s
f̃ b ∈ B

s\ �r� Ï �  `

b = ẽb′
WabqUm`VWSUmd"onUml�Um^1`ÝWab

f̃ b = b′
s'��hid'ZV`Shid"W

b
s
b′ ∈ B

�\ �r� Ï � � `
æ�Y)Z�UA'rUXl��"onU)s�d"^"U Ô YRWaU�[XZSbcWa`eYRonocbn^"UÝUXWa`Ýd"^ [XZabnW¾`LYRo �
æ�hRd"Z�Û'UXW¨[mZSbcWa`LY)d('

B1

s
B2

s¦d"^ �»©JQ�«�K�MnI��»s ¶ s�t�Q MnIAuêHDµ<¼ ψ : B1 −→ B2

UXW¾`
d"^"U�YR�'�"onbc[�Y)`Sbnhi^

ψ : B1 −→ B2

`eUXoconUwÖ¦d"U»\�yRhibnZ�onY>ZSUml,YRZaÖ¦d"U� "� ��� Ì ` ø
\ Ì ` æ�hid"Z$`ehid'`

b ∈ B1

s hi^ôY
wt(ψ(b)) = wt(b)

s
ε(ψ(b)) = ε(b)

Um`
ϕ(ψ(b)) = ϕ(b)

�
\�� ` æ�hid"Z�`Shid"W

b
s
b′ ∈ B1

s�WSb
b′ = f̃ b

YRonhiZaW
ψ(b′) = f̃ψ(b)

�
]_o/UmWa`kfÒYR[XbconU Û'U�yRÙXZSbâà�UXZVÖ¦d"U�onUmWV[XZSbcWa`eYRd('Úf�hRZSl�UX^1`Vd"^"U�[�YJ`eÙXÕRhiZSbcUR�
íÝhRd"W&Y�yRhi^"W�Û"ÙT�Rw$Y<~�ZSl�Ù�Ö¦d"U�onUÜ�"ZahrÛ"d'bc`g`eUm^"WShRZSbnUmo Û"U Ô YRWSUmW&[XZabnW¾`LYRoconbn^'UXW

UXW¾`ìd"^"U Ô YRWSU¨[XZSbcWa`eYRonocbn^"U)�e�ì^>fÒYRbc`XsJWSY Wa`SZSd"[�`ed"ZaU�Û"U¤[mZSbnW¾`LYRo¦UmWa`ìh Ô `eUX^¦d"U�[mhil�l�U
WSd'bc`��
� ¼S³g¸�²�¶�²S·"¸ ÙZ²ãâ�²�Ù ��³ prhRbnUX^1`

B1

s
B2

Û"Umd('$[XZSbcWa`eYRd('���-qUXd"Zk�"ZSh�Û"d"bâ`�`eUm^"WSh)é
ZSbcUXo"UmWa`Po�ÞãUX^'WSUXl Ô onU

B1⊗B2 = {b1⊗b2 ; b1 ∈ B1, b2 ∈ B2} ' B1×B2

l>d"^"b
Û/Þãd"^"U�Wa`SZSd"[�`ed"ZaU�Û'U�[mZSbcWa`LY)o/��YRZ�ø

wt(b1 ⊗ b2) = wt(b1) + wt(b2),

ε(b1 ⊗ b2) = max
(
ε(b1), ε(b2)− wt(b1)

)
,

ϕ(b1 ⊗ b2) = max
(
ϕ(b1) + wt(b2), ϕ(b2)

)
,
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sl2

À �

ẽ(b1 ⊗ b2) =

{
(ẽb1)⊗ b2

WSb
ϕ(b1) ≥ ε(b2)

s
b1 ⊗ (ẽb2)

WSb
ϕ(b1) < ε(b2)

s

f̃(b1 ⊗ b2) =

{
(f̃ b1)⊗ b2

WSb
ϕ(b1) > ε(b2)

s
b1 ⊗ (f̃ b2)

WSb
ϕ(b1) ≤ ε(b2)

s
0 = 0⊗ b2 = b1 ⊗ 0.

-�Y>yiÙXZabcà�[XY)`ebchi^ Û"d�fÒYRbc`VÖ¦d"U
B1 ⊗B2

UXW¾` Ô bnUX^ d"^å[XZabnW¾`LYRo/UmWa`ÝYRbcWSÙXU)�
î Â�·)Áq·"±J²�¶�²S·"¸ ÙL²ãâL²ãâ �4³ ´�©JM�sAv�uòuÒQ&©JMnIht�Q MnIAuêHDµ<¼

B1
¿ B2

¿ B3

E º Ô HA«X«u�´M�tSHDu M�©Uv

(B1 ⊗B2)⊗B3 −→ B1 ⊗ (B2 ⊗B3), (b1 ⊗ b2)⊗ b3 7→ b1 ⊗ (b2 ⊗ b3),
sLIAuòµ(vFMnIe©J�»©JQ�«�K�MnI��»s ¶ sht�Q�MnIAu�HDµ<¼¦E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ -�Y Ô b��aUX[�`ebâyrbâ`eÙPÛ"U¤o Þ YR�'�"onbc[�Y)`Sbnhi^gUmWa`ì[moáYRbcZSUR�e� ÙXZSbâà�hi^"W�Ö�d'U
[RÞãUXW¾`gd"^ bcWShil�hiZa�"\"bnWal�U�Û"U�[XZabnWa`eYRd('���æ�hid"Z

bν ∈ Bν

\
ν = 1

s
2
s
3
` suonUmW Û"Umd('

UA'r�"ZaUXWaWSbnhR^"W
ε((b1 ⊗ b2)⊗ b3)

= max
(
ε(b1 ⊗ b2), ε(b3)− wt(b1 ⊗ b2)

)

= max
(

max
(
ε(b1), ε(b2)− wt(b1)

)
, ε(b3)− wt(b1)− wt(b2)

)

= max
(
ε(b1), ε(b2)− wt(b1), ε(b3)− wt(b1)− wt(b2)

)

Um`
ε(b1 ⊗ (b2 ⊗ b3)) = max

(
ε(b1), ε(b2 ⊗ b3)− wt(b1)

)

= max
(

ε(b1), max
(
ε(b2), ε(b3)− wt(b2)

)
− wt(b1)

)

WShR^¦`kÙmÕ1YRonUmWX�
áw^åYÜÛÉÞßd"^'U���Y)Za`

ẽ
(
(b1 ⊗ b2)⊗ b3

)

=

{ (
ẽ(b1 ⊗ b2)

)
⊗ b3

WSb
ϕ(b1 ⊗ b2) ≥ ε(b3)

s
(b1 ⊗ b2)⊗ ẽb3

WSb
ϕ(b1 ⊗ b2) < ε(b3)

s

=







(
(ẽb1)⊗ b2

)
⊗ b3

WSb
ϕ(b1) + wt(b2) ≥ ϕ(b2), ε(b3)

s
(
b1 ⊗ (ẽb2)

)
⊗ b3

WSb
ϕ(b1) + wt(b2) < ϕ(b2) ≥ ε(b3)

s
(b1 ⊗ b2)⊗ ẽb3

WSb
ϕ(b1) + wt(b2), ϕ(b2) < ε(b3)

�
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�&ÞßYRd'`SZSU���YRZ¾`

ẽ
(
b1 ⊗ (b2 ⊗ b3)

)

=

{

(ẽb1)⊗ (b2 ⊗ b3)
Wab
ϕ(b1) ≥ ε(b2 ⊗ b3)

s
b1 ⊗ ẽ(b2 ⊗ b3)

Wab
ϕ(b1) < ε(b2 ⊗ b3)

s

=







(ẽb1)⊗ (b2 ⊗ b3)
Wab
ϕ(b1) ≥ ε(b2), ε(b3)− wt(b2)

s
b1 ⊗

(
(ẽb2)⊗ b3

) Wab
ϕ(b1) < ε(b2) ≥ ε(b3)− wt(b2)

s
b1 ⊗

(
b2 ⊗ ẽb3

) Wab
ϕ(b1), ε(b2) < ε(b3)− wt(b2)

�
� hi^'[go�ÞßYR�"�"ocbn[�YJ`ebnhR^

(B1 ⊗B2)⊗B3 −→ B1 ⊗ (B2 ⊗B3)
[mhil�l>d'`eU9w

ẽ
�7-�Y

yiÙmZSbâà�[�Y)`Sbnhi^,Û"UXWkYRd'`SZSUmWVYU'rbnhil�UXW�Û"UXW�l�hiZS�'\"bnWal�UmW¨Û"Ug[mZSbnW¾`LYRd§'�UXW¾`VWSbcl�bcoáYRbcZSUR�

®g·'Â�·'¯_¯�°�²_Â�ÀØÙL²ãâ�²�é �4³ º s�«uQ&© ¶ µ�MduLuTsAv'Ie©JQ M�s�� B1⊗B2⊗· · ·⊗Bm ¶ såt�Q MnIAuêHDµ<¼sLIAuÓqXM�sAv ¶ ¸WÒjv�M÷sAu[sLIAu¤HJILIe©et�MÒHDuÒM ómE

� UmWkf�hiZal>d"ocUXW�UA'rbcWa`eUm^1` �uhid"Z�ocU�[XYRon[md"oqÛ"U
wt
s
ϕ
s
ε
s
ẽ
U�`
f̃
Û�YR^"WkonUg[XYRWVÛ"d

�"ZahrÛ"d'bc` `SUX^"WahiZSbcUXo©Û'UØ[XZSbcWa`eYRd('��/æ!hid"Z
b = b1 ⊗ · · · ⊗ bm

sÉ^'hid"W�Y�yihi^'W�ÛÉÞßd"^'U
��YRZ¾`

wt(b) =

m∑

k=1

wt(bk),
\���� Ï �ßz `

ε(b) = max{ε(bk)−
∑

1≤µ<k

wt(bµ) ; 1 ≤ k ≤ m},
\��r� Ï � Í `

ϕ(b) = max{ϕ(bk) +
∑

k<µ≤m

wt(bµ) ; 1 ≤ k ≤ m},
\��r� Ï �ß~ `

ẽb = b1 ⊗ · · · ⊗ (ẽbke
)⊗ · · · ⊗ bm ,

f̃ b = b1 ⊗ · · · ⊗ (f̃ bkf
)⊗ · · · ⊗ bm ,

\���� Ï � C `

hf
ke

\�ZSUmWS�/�
kf
` UXW¾`ÝocUg�"ond'Wk�uUm`Sbc`?\�ZSUmWS�/��ÕiZSYR^"Û ` Um^¦`SbnUmZ

k
`SUXoqÖ¦d"U

ε(b) = ε(bk)−
∑

1≤µ<k

wt(bµ)
(

⇐⇒ ϕ(b) = ϕ(bk) +
∑

k<µ≤m

wt(bµ)
)

.
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sl2

À �
�&ÞßYRd'`SZSU���YRZ¾`V^"hid"WÝY�yihi^"W

ẽn(b1 ⊗ b2)
\���� Ï � Ì { `

=







(ẽnb1)⊗ b2
WSb
ϕ(b1) ≥ ε(b2)

s
ẽn−ε(b2)+ϕ(b1)b1 ⊗ ẽ

ε(b2)−ϕ(b1)b2
WSb
ε(b2) ≥ ϕ(b1) ≥ ε(b2)− n

s
b1 ⊗ ẽ

nb2
WSb
ε(b2)− n ≥ ϕ(b1)

s

f̃n(b1 ⊗ b2)
\���� Ï � ÌiÌ `

=







(f̃nb1)⊗ b2
WSb
ϕ(b1) ≥ ε(b2) + n

s
f̃ϕ(b1)−ε(b2)b1 ⊗ f̃

n−ϕ(b1)+ε(b2)b2
WSb
ε(b2) + n ≥ ϕ(b1) ≥ ε(b2)

s
b1 ⊗ f̃

nb2
WSb
ε(b2) ≥ ϕ(b1)

�
× UXWVf�hiZSl>d'onUXW�WaU�Û"ÙXl�hi^1`eZaUX^1`k��YRZVZSÙm[Xd"ZaZSUX^'[XUR�
-�Y �"ZSUml�b�=XZSUF�"YRZa`SbnUFÛ"d `e\"ÙmhiZR=ml�UÑWad"bcy)YR^1` UXW¾`�d'^"UÑZSUXocUX[�`ed"ZaU Û'd `S\"ÙXh)é

ZR=ml�U���� �r� Ì  "��p'Y�Û'ÙXl�hi^"Wa`SZeY)`Sbnhi^�dr`ebnocbnWaUwonUmW¤f�hiZSl>d'onUXW
[n] ∈ q1−n(1 + qA)

��hid'Z
n > 0

s\��r� Ï � Ì � `
[
n

k

]

∈ q−k(n−k)(1 + qA)
�uhid"Z

n ≥ k ≥ 0
�\���� Ï � Ì}Ï `

® »!¼�·'Ây¯R¹ À1ÙZ²ãâ�²�ê �#³ ´�©JMdu
(Lν , Bν)

µ(vgs[qLHJIeszt�Q�MnIAu�HR�O�´Mdvgs ¶ Ô µ(v Uq(sl2) �_�»©J�
¶ µ��ªs�Mdv�uT¸�¥RQaHXqX�ªs Mν

\
ν = 1 ¿ 2

` E�ñ �ª©JQeI��âHäqLHJIesg�ª©etSHR�ªs
(L1, B1)⊗ (L2, B2) ¶ s

M1 ⊗M2

sLIAu9µ§vgsäqLHJIes t�Q MnIAu�HR�O�´Mdvgs ¶ s M1 ⊗M2 "9¶ sù«u�Ìµ1I��âH�IAuÒQkµ�tAu�µ�Q3s ¶ st�Q MnIAuêHR��IAµ�Q
B1 ⊗ B2

Mdv ¶ µrMdu¬s�«'HRQ M1 ⊗M2

sLIAu�¸�¥1HR�ªsÚHDµo«uQ&© ¶ µ�Mduåu¬sAv'Ie©JQ M�s��
¶ sLI·t�Q MnIAu�HDµD¼ B1

sAu
B2

E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ TkYRl�UX^"hR^"W¾éê^"hid"W w

M2 = V`
�[�#pÉUm[m`ed'hi^"Wåd"^"U ZSÙX[md"Z¾é

ZSUm^"[XU�WSd'Z
`
��-qU�[�Y)W

` = 0
UmWa`ÝÙmy�bnÛ"Um^1`��

prd"�'��hiWahi^"W
` = 1

��áw^ �uUXd'`VWaU�ZSYRl�UX^"UmZ�YRd [�YRW
M1 = Va

�7- ÞßYRWaWSUXZ¾`ebchi^�Ùm`eYR^1`
`eZabcy�báY)onU>�uhid"Z

a = 0
sqWSd"�'��hiWahi^"W

a ≥ 1
�ZV ochiZSW�hi^þY

M1 = 〈u0, . . . , ua〉
U�`

M2 = 〈v0, v1〉
sìY�yiUX[

uν = u
(a)
ν

Um`
vν = u

(1)
ν
�#� U �"ond"W

L1 = 〈u0, . . . , ua〉Um`
L2 = 〈v0, v1〉

�¨íÝhR`Shi^"W
L = L1 ⊗ L2 =

∑

n,mA(un ⊗ vm)
�[áw^ Y
oáY

Û"Ùm[Xhil���hRWSbc`Sbnhi^
M1 ⊗M2 ' Va+1 ⊕ Va−1.
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\ Ì ` 6�ZSYRbc`Shi^"WØÛ/ÞßY Ô hiZSÛ oáYF[mhil��uhiWSYR^1`eU

Va+1
�Ö-qU�yiUm[m`SUXd"Z

u0 ⊗ v0
UXW¾`�Û'U

�"ocd"W�\�YRd'`k�uhibnÛ'W
a+ 1

���&ÞßYR�"Zc=XWVoáY>f�hiZal>d"onUh\ Ì � �r� Ï ` s"^'hid"WkY�yihi^"W
f (n)(u0 ⊗ v0) = (f (n)u0)⊗ v0 + q−(n−1)(f (n−1)tu0)⊗ (fv0)

= un ⊗ v0 + qa−n+1un−1 ⊗ v1�"d"bcWSÖ¦d"U
f (2)v0 = 0

��� hR^"[
\���� Ï � Ì  `

f (n)(u0 ⊗ v0) ≡

{
un ⊗ v0 mod qL

onhiZaWSÖ¦d"U
n ≤ a,

ua ⊗ v1 mod qL
onhiZaWSÖ¦d"U

n = a + 1,
Um`
Va+1 = 〈f (n)(u0 ⊗ v0) ; 0 ≤ n ≤ a+ 1〉

�
\�� ` j�YRbn^1`SUX^�YR^1`Xs�[L\"UXZa[L\"hi^"WÝd"^�ÙmonÙXl�UX^1`VÛ"U��"ocd"W�\�YRd'`k�uhibnÛ'W�Û"U

Va−1
��-qU

yiUm[m`SUXd"Z
w = u0 ⊗ v1 −

q

[a]
u1 ⊗ v0

yiÙmZSbcà"U
ew = 0

�g��Þ YR�'ZR=XWh\��r� Ï � Ì � ` sÉbno�UmWa`
ÙXÕiYRo�w

u0 ⊗ v1

l�hrÛ'd"onh
qL
�g-qUXWÝYRd'`SZSUmWÝyiUm[m`SUXd"ZaWwÛ"U

Va−1

WShi^1`Ýh Ô `eUm^¦d"Ww��YRZ
YR[�`ebnhR^ Û"U

f (n) Wad"Z w ��æ d'bnWSÖ¦d"U fv1 = 0
Um`
f (2)v0 = 0

s©ocU,yiUm[m`eUmd"Z
f (n)wWXÞãUA'r�"Zabnl�U�WShid"WVonY&f�hiZSl�U

f (n)w =(f (n)u0)⊗ v1 −
q

[a]

(
(f (n)u1)⊗ v0 + q−(n−1)(f (n−1)tu1)⊗ (fv0)

)
.

j�YRbcW
f (n)u1 = f (n)fu0 = [n + 1]f (n+1)u0 = [n+ 1]un+1

s"Û/Þãhf
f (n)w = un ⊗ v1 −

q

[a]

(
[n+ 1]un+1 ⊗ v0 + qa−2−n+1[n]un ⊗ v1

)

=
[a]− qa−n[n]

[a]
un ⊗ v1 −

q[n + 1]

[a]
un+1 ⊗ v0.

æ�Y)Z�YRbnoconUmd"ZSW
[a] − qa−n[n] = (qa − q−a − qa−n(qn − q−n))/(q − q−1) =

q−n(qa−n − qn−a)/(q − q−1) = q−n[a− n]
s�[XU�Ö¦d"bqUX^1`eZSY��á^'U

\���� Ï � Ì � ` f (n)w = q−n
[a− n]

[a]
un ⊗ v1 −

q[n + 1]

[a]
un+1 ⊗ v0

{
≡ un ⊗ v1 mod qL

��hRd"Z
n < a

s
= 0

��hRd"Z
n ≥ a

�
íÝh)`ehi^"W

L′ =
⊕a+1

n=0Af
(n)(u0 ⊗ v0)⊕

⊕a−1
n=0Af

(n)w
Um`
B′ = {f (n)(u0 ⊗

v0) ; 0 ≤ n ≤ a + 1} t {f (n)w ; 0 ≤ n ≤ a − 1} ⊂ L′/qL′ �nV ochiZSW
(L′, B′)

UmWa`�d"^"U Ô YRWaU [XZSbcWa`eYRonocbn^"U�Û"U
Va ⊗ V1

�jáw^ÅY
L′ ⊂ L

Um`�o�ÞßYR�"�'onbn[XYJé
`ebchi^

L′/qL′ −→ L/qL
UXWa`�WSd'ZW�aUX[�`ebâyiUR�(-qUÝocUXl�l�U¨Û"U íÝYD�JY�v1YRl�Y�^"hRd"W¨Y)WSWSd'ZSU

Û"U>onY�Wad"ZW�aUm[m`ebây�bc`eÙ�Û"U
L′ −→ L

s�Û/ÞßhD�à�^�YRocUXl�UX^1`
L′ = L

�M� U>�"ocd"WG\���� Ï � Ì  `
Um`r\ �r� Ï � Ì � ` UX^1`SZeY��n^"UX^1`

B′ = B1 ⊗ B2

�Z-�Y Ô YRWaUÜonh�[�YRocU
(L1, B1) ⊗ (L2, B2)



�kÆ � Á �W���a���cÏON÷�dÏ�
sl2

À !
UXW¾`gÛ"hi^'[>d"^"U Ô YRWSUØ[mZSbnW¾`LYRoconbc^"U�Û"U

M1 ⊗M2
ochiZSWaÖ�d'U

M1 = Va
Um`
M2 = V1

�
]_oPUXWa`�fÒYR[XbconUÜÛ"U�yihibcZ�Ö¦d"U�oáY$W¾`eZad"[m`Sd"ZSU�Û"U,[mZSbnW¾`LYRo Wad"Z

B1 ⊗ B2

bn^"Û"d'bc`eU���YRZ
M1 ⊗M2

UXWa`kÙmÕ1YRonU�Y)då�'ZSh�Û"d"bc`�`SUX^"WahiZSbcUXo/Û'UXWk[XZSbcWa`eYRd('
B1

Um`
B2
�

íÝhRd"W�Y}yRhi^"W�Û"hi^"[ Ù�`LY Ô ocb¤onUÚ`S\"ÙXhRZR=Xl�U Û�YR^"WÜocU�[�YRW
M2 = V`

Y}yRUX[
` ≤ 1

�
� Ùml�hi^1`SZShi^"WÝonU�`e\"ÙmhiZR=ml�U�onhiZaWSÖ¦d"U

M2 = V`
Y�yRUX[

` > 1
��YRZÝZSÙm[Xd"ZaZSUX^'[XU>Wad"Z

`
�U- ÞãbnWahil�hiZS�"\'bnWSl�U Û"U

Uq(sl2)
éêl�h�Û"d"ocUXW

V`−1⊗V1 ' V`⊕V`−2

bc^"Û"d"bâ`!Û/Þ Y)�"ZR=mW
onUg�'ZSUXl�bnUmZ¤[�Y)WÝd"^ bcWShil�hiZS�'\"bnWal�UwÛ'U Ô YRWSUmWk[mZSbcWa`LY)ononbc^"UXW

(L(V`−1), B(V`−1))⊗ (L(V1), B(V1))

' (L(V`), B(V`))⊕ (L(V`−2), B(V`−2)).
Um`,d"^ bnWahil�hiZS�"\'bnWSl�U Û"U [mZSbnW¾`LYRd§'

B(V`−1) ⊗ B(V1) ' B(V`) t B(V`−2)
�

× YRoc[Xd"ochi^"W
M1 ⊗ V`−1 ⊗ V1

Û"U�Û"UXd§' fÒYDëXhi^'WX��-qUg�"ZSh�Û"d"bâ`�`eUm^"WShiZabnUmo
(
(L1, B1)⊗ (L(V`−1), B(V`−1))

)
⊗ (L(V1), B(V1))

UXW¾`¤��Y)Z¨\1v���hR`S\7=XWaUgÛ"U ZaÙX[md"ZSZaUX^"[mUwd"^"U Ô YRWSUÝ[XZSbcWa`eYRonocbn^"U�Û"U
(M1⊗V`−1)⊗V1

s
Um`

(B1⊗B(V`−1))⊗B(V1)
Y d"^"U¨Wa`eZad"[m`Sd"ZSU�Û'U¤[XZabnWa`eYRo'bc^"Û"d"bâ`eUP��YRZ©ocU¨�"ZahrÛ'd"bc`

`eUm^"WShRZSbnUmoqÛ"UXWV[mZSbnW¾`LYRd§'
B1

s
B(V`−1)

Um`
B(V1)

��æ�YRZV[mhi^"WSÙmÖ¦d"UX^1`

(L1, B1)⊗
(
(L(V`−1), B(V`−1))⊗ (L(V1), B(V1))

)

UXW¾`�d"^"U Ô Y)WSU>[mZSbnW¾`LYRoconbc^"U�Û'U
M1 ⊗ (V`−1 ⊗ V1)

�LáwZ
V`−1 ⊗ V1 ' V` ⊕ V`−2

s
Û"hi^'[

(M1 ⊗ V`)⊕ (M1 ⊗ V`−2)
YRÛ"l�Um`V�uhid"Z Ô YRWSU�[XZabnW¾`LYRoconbn^'U

(

(L1, B1)⊗ (L(V`), B(V`))
)

⊕
(

(L1, B1)⊗ (L(V`−2), B(V`−2))
)

.

-qU¤onUml�l�U¨[mbâéêÛ"UXWaWShid"Wì^'hid"Wì�uUXZSl�Um`©UX^'à�^ÜÛ/ÞßY<~�ZSl�UXZ�Ö�d'UkocU¨�"ZahrÛ'd"bc`©`SUX^"WahiZSbcUXo
(L1, B1)⊗ (L(V`), B(V`))

UmWa`Vd"^'U Ô YRWSUg[mZSbcWa`LY)ononbc^"UkÛ"U
M1 ⊗ V`

�r]_o/UXW¾`�fÒYR[XbconU
Û"U�yihibcZ&Ö¦d"UÚocUXW�Û"UXd('ûWa`SZSd"[�`ed"ZaUÚÛ"UÚ[mZSbcWa`LY)oPWad"Z

B1 ⊗ B(V`)
s4w�WeY�yRhibnZ�[XUXoconU

bn^'Û"d"bc`SUØ[Xhil�l�U Ô YRWSUÜ[mZSbnW¾`LYRoconbc^"U&Û"U
M1 ⊗ V`

Um`�[mUXonocUÜÛ"dþ�'ZSh�Û"d"bc`g`SUX^"WahiZSbcUXo
Û"U�[XZabnW¾`LYRd('�s�[mhMtê^"[mbnÛ"Um^1`��
× Ài¹ ¹ ÀOÙL²ãâL²Tð ��³ ´�©JMdu

(Lν , Bν)
µ(vgsiqLHJIesØ�ª©etSHR�ªsisAv

q = 0 ¶ Ô µ(v Uq(sl2) ��»© ¶ µ��ªs�Mdv�u¬¸�¥RQaHXqX�ªs Mν

\
ν = 1 ¿ 2

` E0´�M
(L1, B1) ⊕ (L2, B2)

sLIAuxµ(vgs1qLHJIes
t�Q MnIAuêHR�O�´Mdvgs ¶ s M1 ⊕ M2

¿ HR�ª©JQeI (Lν , Bν)
sLIAu·µ§vgs1qLHJIesØt�Q MnIAu�HR�O�´Mdvgs ¶ s Mν\

ν = 1 ¿ 2
` E

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ ]_l�l�ÙXÛ"bnY)`eUwÛÉÞ YR�'ZR=XWVocUw`e\"ÙmhiZR=ml�U��r� �r� �r�



à $ ÁIÂ ��Ã¤�Ä�d�W�?�kÆA@7�c�d����B��W���a�����!����É¤�������� Uq(sl2) � �ÖÊk�Ï�����
j�YRbc^1`eUX^"YR^1`�s"ÕiÙm^"ÙXZSYRonbcWShi^'W�oáY>`e\"ÙmhiZSbcUgÛ"UXW Ô YRWaUXWV[XZabnW¾`LYRoconbn^'UXW�YRd§' l�h�Û"d"ocUXW

WSd'Z�o Þ YRocÕf= Ô ZSUVUX^1yiUmonhi�'��YR^1`eUÝÖ�d"YR^1`ebnÖ¦d"UÝÛ/Þãd"^"UwY)onÕf= Ô ZSUVÛ"UÝt�YR[�é�j$hrh�Û'vÜW¾vrl�Ù�é
`eZabnWSY Ô onU

g
�

:<; ÀiÂ}µi²Sµ�À,ÙZ²¬° �4³ prhibâ`
f : V → V ′ d"^
l�hiZa�"\"bnWal�U�Û"U K éêUXWa��YR[XUmW>yiUm[m`ehJéZSbcUXocWX��prhibcUX^1`

(L,B)
U�`

(L′, B′)
Û"UXW Ô YRWSUmW�onh�[�YRocUXWÜUX^

q = 0
Û"U

V
Um`
V ′ZSUmWS�uUX[�`ebcyRUXl�UX^1`���prd"�'��hiWahi^"W�Ö�d'U

f(L) ⊂ L′ Um`�Ö�d'U,o�Þã\"hil�hil�hiZS�'\"bnWal�U�bn^réÛ"d"bâ`
L/qL −→ L′/qL′ WSU�ZSUXW¾`eZaUXbnÕR^"U�UX^åd"^"U Ô b��aUm[m`Sbnhi^ B → B′ �

\ Ì ` � ÙXl�hi^1`eZaU¤S�Ö¦d"U
f
UmWa`kd"^ål�hR^"hil�hiZS�"\'bnWSl�UR�

\�� ` � ÙXl�hi^1`eZaU¤SwÖ¦d"U
(L,B)

UmWa`�bcWShil�hiZS�'\"U9w
(L′, B′)

WSb
V ′ UXW¾`�Û"UwÛ'bnl�UX^réWSbchi^�à�^"bcUR�

\ Ï ` � ÙXl�hi^1`eZaU¤S�Ö�d'U
(L,B)

UXW¾`&bcWShil�hiZS�'\"UGw
(L′, B′)

Wab
f : V → V ′ UXW¾`d"^�bnWShRl�hiZa�"\"bcWSl�UR��\�]_^"Û"bn[XY)`ebchi^ ø1yiÙXZabcà�US Ö¦d"U

L′ ∩ q−nf(L) ⊂ L′ ∩ q1−nf(L)�uhid"Z
n > 0

� `
\� ` � hi^"^"US�d'^$Uk''Uml��'onUgonhRZSWSÖ¦d"U

f
^/ÞãUXW¾` �"YRWVd"^$bcWShil�hiZa�"\"bnWal�U)�

:<; ÀiÂ}µi²Sµ�À,ÙZ²�Ù �4³ � ÙXl�hi^1`eZaU¤S�o�ÞßYRWaWSUXZ¾`ebchi^ Û"U�oáY>ZSUml,Y)ZSÖ¦d"U��r� Ì � Ï �
:<; ÀiÂ}µi²Sµ�À,ÙZ²ãâ �4³ �wÙmZSbcà"U¤S�onUmW¤f�hiZSl>d'onUXW?\ �r� Ï � z ` |g\ �r� Ï � ÌRÌ ` �
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Uq(g)

-ìÞßh Ô �aUm`&Û"UÚ[XU�[L\"YR�"bc`SZSU�UXWa`>o�ÞãÙm`ed'Û"UÚÛ"UmWØl�h�Û"d"ocUXW�WSd"Z>o Þ Y)onÕf= Ô ZSU�UX^1yiUmonhi��é
��YR^1`SUwÖ¦d�YR^1`ebcÖ�d'U

Uq(g)
s'ÕiÙm^"ÙXZSYRonbcWeY)`Sbnhi^�Û"Ugo�ÞßYRocÕf= Ô ZaU

Uq(sl2)
Û"Ùmà�^'bnUgYRd��'ZSU�é

l�bnUXZ�[L\�YR�"bâ`eZaUR�iíkhid"W©UApÉUm[m`Sd"UXZahi^"W UX^1`eZaUVYRd'`SZSUXWìonY Û"Ùm[Xhil���hRWSbc`Sbnhi^�Û"UXW
Uq(g)

é
l�hrÛ"d'onUXW¨UX^ål�h�Û"d"ocUXW�WSbcl��'onUXW

V (λ)
�

) Ê � Êr¡ �X¢ � ��0}�Ò- � ��* Uq(g)
prhibcUX^1`

P
d"^

Z
éêl�h�Û"d"ocUþocb Ô ZaURskYR�"�uUXocÙ uÒQ3s�MO�O�´MnI ¶ sLI «�©JM ¶ I�sVUm` I d"^ôUX^�é

WSUml Ô ocU,à�^"b�bn^"Û"Uk''YR^1`Ød"^ WShRd"W¾éêUX^"WaUXl Ô ocU�Û/ÞãÙXonÙml�Um^1`eW
αi

Û"U
P
s�YR�"�uUXonÙmWÚQaHR�

t�MdvgsLI�I�MO�n«u�ªsLI���æ�hid'ZÝ`ehRd'`
i ∈ I

suWShibâ`
α∨
i = hi ∈ P

∗:=HomZ(P,Z)
suYR�"�uUXocÙ

t3©J�_QaH§t�MdvgsgI�MO�n«u�ªs��uprhibâ` Um^'à�^ d"^'U�f�hiZal�U Ô bconbn^'Ù�YRbcZSUwW¾vrl�Ùm`SZSbcÖ�d'U
( · , · ) : P ×

P −→ Q
`eUmonocUwÖ¦d"U

(αi, αi) ∈ 2N \ {0}
�uhid"Z¤`Shid'`

i ∈ I,
(αi, αj) ≤ 0

�uhid"Z¤`ehRd'`
i 6= j,

〈hi, λ〉 =
2(αi, λ)

(αi, αi)

��hRd"Z¤`ehidr`
λ ∈ P.

æ�Y)Z![mhi^"WaÙXÖ¦d"UX^1`
〈hi, αj〉

U�`
(αi, αj)

Wahi^1`�Û"UmW�Um^1`ebnUmZSW�^"ÙmÕ1Y)`ebâf�WqonhiZaWSÖ¦d"U
i 6= jUm`

〈hi, αi〉 = 2
�yV �"�uUXochi^"W�Um^'à�^

Q =
∑

i Zαi
ocUåuÒQ&s�MO�O�´MnI ¶ sLI¨QSH§t�MdvgsLI��<áw^&�uhiWaU

Q+ =
∑

i Nαi
U�`
Q− = −Q+

�
prhibcUX^1`

k
d"^å[XhiZa�"WVÛ"UbtSHRQaH§tAuT¸�Q MnIAuÒM�¹¤µ�s?v�µ��O�ªs�Um`

K = k(q)
�

� ¼S³g¸�²�¶�²S·"¸ âL²¬°
²¬° ��³ -ìÞßYRonÕf= Ô ZSUkUX^1yRUXonhR�"��YR^1`eUÝÖ¦d�YR^1`ebcÖ�d'U
Uq(g)

UmWa`�oáY
K
é

YRocÕf= Ô ZaU$Um^"ÕiUm^"Û"ZSÙmU���Y)Z,onUmW�W¾v�l Ô hRonUXW
ei
s
fi
Um`
q(h) = qh

��hid'Z
i ∈ I

U�`
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h ∈ P ∗ Y�yiUX[�onUmWVZSUXonY)`ebchi^"W¤Û'U�Û'Ùmà�^"bâ`ebchi^�WSd"bây)YR^1`eUXW�ø
qh = 1

WSb
h = 0

Um`
qh1qh2 = qh1+h2,

qheiq
−h = q〈h,αi〉ei

Um`
qhfiq

−h = q−〈h,αi〉fi,

[ei, fj] = δi,j
ti − t

−1
i

qi − q
−1
i

,
Um^$^"h)`LYR^1`

qi = q(αi,αi)/2
Um`
ti = q( (αi,αi)

2
hi),

∑ci,j
k=0(−1)ke

(k)
i eje

(ci,j−k)
i =

∑ci,j
k=0(−1)kf

(k)
i fjf

(ci,j−k)
i = 0

�uhid"Z
i 6= j.

]_[Xb sw^"hid'WÑY}yRhi^"WÑÙX[mZSbâ`
e
(n)
i = eni /[n]!i

Um`
f

(n)
i = fni /[n]!i

Y�yRUX[
[n]!i =

[1]i · · · [n]i
srU�`

[n]i =
qni − q

−n
i

qi − q
−1
i

�I�ÝUw�"ond'W
ci,j

UXWa`¤o�ÞãUX^1`ebcUXZ¨�uhiWabc`ebâf
1− 〈hi, αj〉

�

-qUXW�Û"UmZS^"b�=XZaUXW�ÙXÕiYRonbâ`eÙXW¨Û"UgoáY>Û"Ù�à�^"bâ`ebnhR^ÚWShi^1`ÝYR�"�uUXocÙXUmWgQ3s��âHDuÒM�©Uv'I ¶ s9´�s�Q�Q&s��áw^åY
tiejt

−1
i = q(αi,αj)ej = q

〈hi,αj〉
i ej = q

〈hj ,αi〉
j ej.áw^ ��hiWaU

[
n

k

]

i

=
[n]!i

[k]!i[n− k]!i
,

{x}i =
x− x−1

qi − q
−1
i

,

{
x

k

}

i

=
{x}i · · · {q

1−k
i x}i

[k]!i
.
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ç Ài¹û°�ÂX½1¿�ÀØâ�²¬°M²�Ù �4³ -�UmWwZSUmoáY)`Sbnhi^'WÝÛ"UØÛ'Ùmà�^"bâ`ebchi^�Û"UØo Þ Y)onÕf= Ô ZSU�Ö¦d�YR^1`ebcÖ�d'U
bnl��"ocbnÖ¦d"UX^1`

tieit
−1
i = q2

i ei
U�`
tifit

−1
i = q−2

i fi
��V bc^"WSb

(ei, fi, t
±
i )

UXWa`�d"^
sl2
�

uÒQ�MÜ«u�ªsAuÒs1[RÞãUXW¾`aé¬wJé_Û"bcZSU�Ö¦d/Þãbno"Um^"ÕiUm^"Û"ZSUkd"^"UkYRocÕf= Ô ZSU�bnWahil�hiZS�"\'U>w
Uqi(sl2)

si^'hR`eÙmU
Uq(g)i

�
áw^
�uUXd'`ÜÛ"hR^"[�YRÛ�Y)�'`eUmZhw ^"hR`SZSUÚ[XYRÛ"ZSU,onUXW&ZSÙXWad"oc`eY)`eW&Û"ÙT�Rw h Ô `eUX^¦d"WØ�uhid"Z

sl2
ì'��YRZVUA'rUXl��"ocURs"onYÜ�'ZShi�uhiWSbâ`ebchi^ Ì � �r�! �bcl��'onbnÖ¦d"UÝo�ÞãÙXÕ1Y)onbc`SÙ

\ Ï � Ì � � `
e
(m)
i f

(n)
i =

∑

k≥0

f
(n−k)
i e

(m−k)
i

{
qm−nti
k

}

i

.

-�Y���HDu Q M�t3s ¶ s�{ HRQkuêHDvä¥§¸Avg¸�QSHR�´MnIe¸3sgUXWa`ÝoáY>l�Y)`SZSbn[mU A =
(
〈hi, αj〉

)

i,j

��� oconU
UXW¾`�IA¾J�»¸Au Q MnIXHXqX�ªs�s�[RÞãUXW¾`aé¬wJé_Û"bcZSU�`eUXoconU�Ö¦d/Þãbno!UA'rbnW¾`eU&d'^�yiUm[m`eUmd"Z

(di)i∈I
�uhid"Z ocU�é

Ö¦d"UXo�oáYVl�Y)`eZabn[XU Û"U `eUmZSl�U�ÕRÙX^"ÙmZSbnÖ¦d"U
diAi,j

WShibâ`�W¾v�l�Ù�`eZSbcÖ¦d"U0\��"ZSUm^"Û"ZSU
(αi, αi)[XhRl�l�U y)YRonUmd"Z�Û"U

di
` �



�AÆ�ÅZÞ�È�ß¤É¤�Ä�W��ÊRÉÓ�� Uq(g) àQà
-�YØ«'HRQku M�si«�©}I�MduÒMd¨Ds�\�ZSUXWa�/�9vg¸�¥1HDuÒMd¨Ds ` Û"U

Uq(g)
UmWa` oáY

K
é�YRocÕf= Ô ZSU

U+
q (g)\ÒZaUXWa�/�

U−
q (g)

` UX^"ÕRUX^"Û"ZaÙXUÜ��YRZ onUXW
ei
\�ZSUmWS�/�

fi
` Y�yiUm[ÜonUXWgZaUXonY)`ebchi^"W Û'U�prUXZaZSUR�

prhibâ`
U0
q (g) =

⊕

h∈P ∗ Kqh
�

® »!¼�·'Ây¯R¹ À]âL²¬°
²ãâ �#³ º s[«uQ&© ¶ µ�Mdu�Mdv ¶ µ�Mdu÷µ§vFMnIe©J�»©JQ�«�K�MnI��»s

U−
q (g)⊗K U0

q (g)⊗K U
+
q (g)−→∼ Uq(g).

� I¤¹¤µrMnILIes ¶ s��âH ¶ ¸��»©Uv'IAu QaHDuÒM�©Uv���³ æ�hRWShi^"W
E = U−

q (g)⊗KU
0
q (g)⊗KU

+
q (g)Um`�Û"Ù�à�^"bcWSWShR^"W&Û"UmW�Um^"Û"hil�hiZa�"\"bnWal�UmW

ei
s
fi
s
qh

WSd"Z
E
Û"U�WShiZ¾`eUiwå[mU�Ö¦d"U�onU

l�hiZS�"\'bnWSl�U
E → Uq(g)

[Xhil�l>d'`SU Y}yRUX[$onUXW�YR[�`ebchi^"WÜÛ"U
ei
s
fi
s
qh
� ]_o¤fÒYRd'`

yiÙmZSbâà�UXZVÖ¦d/ÞãbnonW�WSY)`ebcWaf�hi^1`kYRd§' ZSUmoáY)`Sbnhi^"W�Û"U�Û"Ùmà"^"bc`Sbnhi^/�IV onhRZSW
E
UXW¾`kd"^

Uq(g)
é

l�hrÛ"d'onUjwVÕ1YRd"[L\"U�Um`!o�ÞßYR�"�'onbn[XY)`ebchi^
Uq(g) −→ E

Û"Ù�à�^"bnUP��YRZ
a 7→ a·(1⊗1⊗1)UXW¾`

Uq(g)
é_ocbn^"ÙXYRbnZaU·w Õ1YRd"[L\"U)� × Um`a`eU�YR�"�"ocbn[�YJ`ebnhR^ UXW¾`�[moáYRbcZSUml�Um^¦`wWSd"Zd�aUX[m`SbcyRU#ì

UXoconU UmWa`$ÙXÕ1Y)onUXl�UX^1` bc^U�aUX[�`ebcyRUF�"d"bcWSÖ¦d"U o�ÞßYR�"�"ocbn[�YJ`ebnhR^ [XhRl��uhiWSÙmU
Uq(g) −→

E −→ Uq(g)
UXW¾`Ýo ÞßbcÛ"UX^1`Sbc`eÙ)�"æ!hid"ZVonUmWkÛ'Ùm`LY)bnonWms'hi^ WaU�ZaUX�uhiZa`SUXZeYGw ^ Æ BI_ �

æ�hRd"Z Wabnl��"onbâà�UXZ�onY�WSbâ`ed�YJ`ebnhR^/sÉIAµy«X«�©}Ie©Uv'I��ªsLI&QaH§t�MdvgsLI�I�MO�n«u�ªsLI
αi

�´Mdvg¸SHRMOQ&s��
�»sAv�u Mdv ¶ ¸¬«�sAv ¶ HDv�uTsLIgUm`k��hRWShi^"W

Uq(g)ξ = {a ∈ Uq(g) ; qhaq−h = q〈h,ξ〉a
�uhid"Z�`Shid'`

h ∈ P ∗}

�uhid"Z©`ehRd'`
ξ ∈ P

�fV ochiZSW
Uq(g)ξ ·Uq(g)ξ′ ⊂ Uq(g)ξ+ξ′

Um`
Uq(g)

WSUVÛ"ÙX[mhil���hiWaU
UX^åWShRl�l�UgÛ"bnZaUX[�`eU

Uq(g) =
⊕

ξ∈Q Uq(g)ξ
�

× Ài¹ ¹ À,â�²¬°M²�é ��³ � ©UµrQruT©Uµ§u
ξ ∈ Q ¿ �RÔÄsLI¬«'H§t3s U−

q (g)ξ
sLIAu ¶ s ¶ MO�»sAv'I�M�©UvÒjv�M�sXE

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ -ìÞßYRonÕD= Ô ZaU
U−
q (g)

UmWa`PÙXÕ1Y)onU>w ∑

i1,...,i`
Kfi1 · · · fi`

ìiÛ"hi^'[
o�ÞãUXWa��YR[mU

U−
q (g)ξ

UmWa`VÙmÕ1YRo�w ∑
Kfi1 · · ·fi`

s'hf�onY>WShil�l�UÝUXW¾`VWSd"Z�o ÞßUm^"WSUml Ô onU
Û"UmWPbc^"Û"bc[XUXW

i1, . . . , i`
`eUXocW©Ö¦d"U

ξ = −αi1−· · ·−αi`
�1æìd"bnWaÖ¦d/Þßbco"^/ÞãUA'rbnW¾`eUVÖ¦d/Þãd"^

^"hil Ô ZSUÜà�^"bPÛ"U�fÒY<ëXhi^"W�Û"U,Û'ÙX[XhRl��uhiWSUmZ
ξ
WShid'W&[XU�`S`SU�f�hiZal�U)s!onYåWahil�l�U�UXW¾`

à�^"bcUgUm`koáY>Û'bnl�UX^"Wabnhi^�Û"U�limXl�UR�
� U�limXl�UgÖ�d'U�Û"YR^"WVonUg[XYRW

g = sl2
s�^"hid'WÝY�yRhi^"WVoáY



à ô ÁIÂ ��Ã¤�Ä�d�W�x�AÆAy§Ë ���!Íc����W�Z��É%z&���!ÊcÃ¤Ã¤�cÉ3�W�LÎ3ÏQ��Ék�W�!Î3Ï¤� Uq(g)

î Â�·)Áq·"±J²�¶�²S·"¸�â�²¬°M²�ê �4³ Ú��#sc¼iMnIAuTsxµ§vÑµ§v�M�¹¤µ�s�K�©J�»©J�»©JQ�«�K�MnI��»s ¶ s K �¾HR�!¥§¦��qXQ&sLI
∆ ¶ s Uq(g) ¶ HDv'I Uq(g)⊗ Uq(g) ¿ HA«X«�s��ª¸·t3©J�ª«uQ&© ¶ µrMdu ¿ u¬s���¹¤µ�s

ei 7→ ei ⊗ t
−1
i + 1⊗ ei,

\ Ï � Ì � Ï `
fi 7→ fi ⊗ 1 + ti ⊗ fi,

\ Ï � Ì �! `
qh 7→ qh ⊗ qh,

\ Ï � Ì � � `
«�©Uµ�Q?u¬©Uµ1I

i ∈ I
sAu
h ∈ P ∗ E

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ ]_o¨^"hid"W>fÒYRdr`Ø�"ZShRd'yiUmZØÖ�d'U
∆
UXW¾`�[Xhil���Y)`Sb Ô ocU,Y�yiUm[ onUXW

YU'rbnhRl�UmWwÛ"UÜÛ"Ùmà"^"bc`Sbnhi^ÑÛ"U
Uq(g)

� × hRl�l�UX^7ëmhi^"W���YRZwyRÙXZabcà�UmZ�o ÞßÙmÕ1YRocbc`eÙ�UX^1`eZaU
∆([ei, fj])

U�`
[∆(ei),∆(fj)]

�M-qhiZSWaÖ�d'U
i = j

s�ocU&[�Y)on[Xd'o!UmWa`�Y)^�YRonhRÕid"U?w,[XUmond"b
Û"d onUml�l�U Ì � Ì � ��Û"YR^"W�onUØ[XYRW

g = sl2
�!prd"�"�uhiWahi^"W

i 6= j
�LVÝonhiZaWwÛ/Þãd"^"U���YRZ¾`

∆([ei, fj])
UXW¾` ÙmÕ1YRoLw

∆(0)
s�Û"hR^"[�^�d'o����&ÞßYRd'`SZSU���YRZ¾`

∆(ei)∆(fj) = (ei ⊗ t
−1
i + 1⊗ ei)(fj ⊗ 1 + tj ⊗ fj)

= (eifj)⊗ t
−1
i + (eitj)⊗ (t−1

i fj) + fj ⊗ ei + tj ⊗ (eifj)Um`
∆(fj)∆(ei) = (fj ⊗ 1 + tj ⊗ fj)(ei ⊗ t

−1
i + 1⊗ ei)

= (fjei)⊗ t
−1
i + (tjei)⊗ (fjt

−1
i ) + fj ⊗ ei + tj ⊗ (fjei),Û/Þãhf

[∆(ei),∆(fj)] = [ei, fj]⊗ t
−1
i + tj ⊗ [ei, fj]

+(eitj)⊗ (t−1
i fj)− (tjei)⊗ (fjt

−1
i )

= (eitj)⊗ (t−1
i fj)− (tjei)⊗ (fjt

−1
i ).

áwZ
tjei = q(αi,αj)eitj

Um`
t−1
i fj = q(αi,αj)fjt

−1
i

s�Û"hi^"[
(eitj) ⊗ (t−1

i fj) =

(tjei)⊗ (fjt
−1
i )

Um`
[∆(ei),∆(fj)] = 0

�
� Ùml�hi^1`SZShi^"WÜl�YRbn^1`SUX^�YR^1`ÜonYÑ[mhil���Y)`eb Ô bnocbc`SÙ,Y�yiUm[$ocUXWÜZSUmoáY)`Sbnhi^'WØÛ"U$prUXZaZSURs

[RÞãUXW¾`aé¬wJé_Û"bcZSU ∑c
k=0(−1)k∆(e

(k)
i eje

(c−k)
i ) = 0

Y�yRUX[
c = 1− 〈hi, αj〉

�
áw^$Y

\ Ï � Ì �ßz `

∑c
k=0(−1)k∆(e

(k)
i eje

(c−k)
i )

=
∑c

k=0(−1)k∆(e
(k)
i )

(
ej ⊗ t

−1
j + 1⊗ ej

)
∆(e

(c−k)
i ).

=
∑c

k=0(−1)k∆(e
(k)
i )

(
ej ⊗ t

−1
j

)
∆(e

(c−k)
i )

+
∑c

k=0(−1)k∆(e
(k)
i )

(
1⊗ ej

)
∆(e

(c−k)
i ).



�AÆ�ÅZÞ�È�ß¤É¤�Ä�W��ÊRÉÓ�� Uq(g) à&�
áwZ

∆(e
(k)
i )

UXW¾`ìÙXÕiYRo7w ∑

0≤ν≤k q
−ν(k−ν)
i e

(ν)
i ⊗e

(k−ν)
i t−νi

Û/ÞßYR�"ZR=mWz\ Ì � �r� � ` �f� hi^'[
onUg�'ZSUXl�bnUmZ¨`eUmZSl�U�Û"d$Û'UXZS^'bnUXZ�l�UXl Ô ZSUgÛ"Ur\ Ï � Ì � z ` UmWa`

c∑

k=0

(−1)k∆(e
(k)
i )(ej ⊗ t

−1
j )∆(e

(c−k)
i )

=
∑

0≤k≤c

(−1)k
( ∑

0≤ν≤k

q
−ν(k−ν)
i e

(ν)
i ⊗ e

(k−ν)
i t−νi

)(
ej ⊗ t

−1
j

)

( ∑

0≤µ≤c−k

q
−µ(c−k−µ)
i e

(µ)
i ⊗ e

(c−k−µ)
i t−µi

)

=
∑

0≤ν≤k

0≤µ≤c−k

(−1)kq
−ν(k−ν)−µ(c−k−µ)
i (

e
(ν)
i eje

(µ)
i ⊗ e

(k−ν)
i t−νi t−1

j e
(c−k−µ)
i t−µi

)
.

æ�Y)ZÝY)bnonocUXd"ZaW

e
(k−ν)
i t−νi t−1

j e
(c−k−µ)
i t−µi

= q
−2ν(c−k−µ)−(1−c)(c−k−µ)
i e

(k−ν)
i e

(c−k−µ)
i t−νi t−1

j t−µi

= q
(c−1−2ν)(c−k−µ)
i

[
c− ν − µ

k − ν

]

i

e
(c−ν−µ)
i t−ν−µi t−1

j .

æ�Y)Zk[mhi^"WaÙXÖ¦d"UX^1`
\ Ï � Ì � Í `

c∑

k=0

(−1)k∆(e
(k)
i )(ej ⊗ t

−1
j )∆(e

(c−k)
i )

=
∑

0≤µ

0≤ν≤k≤c−µ

(−1)kq
−ν(k−ν)−µ(c−k−µ)+(c−1−2ν)(c−k−µ)
i

[
c− ν − µ

k − ν

]

i(
e
(ν)
i eje

(µ)
i ⊗ e

(c−ν−µ)
i t−ν−µi t−1

j

)
.

-ìÞßUk'r��hiWSYR^1`�Û"U
qi
UmWa`
−ν(k− ν) + (c− 1− 2ν−µ)(c− k− µ) = −(c− 1−

ν − µ)k + ν2 + (c− 1− 2ν − µ)(c− µ)
�7VÝonhiZaW¤onUg�"YRÖ¦d"Um`kbn^'Û"UA'rÙ���YRZ

k
UmWa`

∑

ν≤k≤c−µ

(−1)kq
−(c−1−ν−µ)k
i

[
c− ν − µ

k − ν

]

i

sqÖ¦d"b WmÞ YR^'^�d'onU���hid'Z
c − ν − µ > 0

Û/ÞßYR�"Zc=XWx\ Ì � �r� Ì ` ��VÝbn^"Wab�s"hR^$�uUXd'`k�uhiWSUmZ
ν + µ = c

Um`
k = ν

Û�YR^"WkonUgl�UXl Ô ZSU
Û"U�Û"Zahibc`SUgÛ"Ur\ Ï � Ì � Í ` s�Ö¦d"b�YÜYRochiZSW��uhid"Z�Uk'r�"ZSUmWSWSbchi^

c∑

k=0

(−1)k∆(e
(k)
i )(ej ⊗ t

−1
j )∆(e

(c−k)
i ) =

∑

0≤ν,µ
ν+µ=c

(−1)ν
(
e
(ν)
i eje

(µ)
i ⊗ t

−c
i t

−1
j

)
,

Um`kUmWa`k^¦d"o��



à  ÁIÂ ��Ã¤�Ä�d�W�x�AÆAy§Ë ���!Íc����W�Z��É%z&���!ÊcÃ¤Ã¤�cÉ3�W�LÎ3ÏQ��Ék�W�!Î3Ï¤� Uq(g)

-qUgWSUm[Xhi^"Ûå`eUmZSl�UgÛ"d$Û'UXZS^'bnUXZVl�UXl Ô ZSUgÛ"Ur\ Ï � Ì �ßz ` UmWa`
\ Ï � Ì �ß~ `

c∑

k=0

(−1)k∆(e
(k)
i )(1⊗ ej)∆(e

(c−k)
i )

=
∑

0≤k≤c

(−1)k
( ∑

0≤ν≤k

q
−ν(k−ν)
i e

(k−ν)
i ⊗ e

(ν)
i t−k+νi

)(
1⊗ ej

)

( ∑

0≤µ≤c−k

q
−µ(c−k−µ)
i e

(c−k−µ)
i ⊗ e

(µ)
i t−c+k+µi

)

=
∑

0≤ν≤k

0≤µ≤c−k

(−1)kq
−ν(k−ν)−µ(c−k−µ)
i (

e
(k−ν)
i e

(c−k−µ)
i ⊗ e

(ν)
i t−k+νi eje

(µ)
i t−c+k+µi

)
.æìd"bnWaÖ¦d"U

e
(ν)
i t−k+νi eje

(µ)
i t−c+k+µi

= q
−2(k−ν)µ−(1−c)(k−ν)
i e

(ν)
i eje

(µ)
i t−k+νi t−c+k+µi

= q
(k−ν)(c−1−2µ)
i e

(ν)
i eje

(µ)
i t−c+ν+µi ,o�ÞãÙXÕiYRonbâ`eÙh\ Ï � Ì � ~ ` Û"Umy�bnUm^1`

∑

0≤ν≤k

0≤µ≤c−k

(−1)kq
−ν(k−ν)−µ(c−k−µ)+(k−ν)(c−1−2µ)
i

[
c− ν − µ

k − ν

]

i

(
e
(c−ν−µ)
i ⊗ e

(ν)
i eje

(µ)
i t−c+ν+µi

)
.× hil�l�U ochiZSW!Û"d>[XYRon[md"o¦Û"d>�"ZaUXl�bnUXZ�`eUmZSl�URs�hi^>�uUXdr`©�uhiWSUmZ

k = ν
Um`
c = ν+µ

�
-qU�WSUX[mhi^"Û `eUmZSl�U�Û'd$Û"UmZS^"bcUXZ�l�UXl Ô ZSUgÛ"Ur\ Ï � Ì �ßz ` Û"U�y�bnUX^1` YRonhRZSW

∑

0≤ν, µ
c=ν+µ

(−1)ν
(
1⊗ e

(ν)
i eje

(µ)
i ),

Um`kUmWa`k^¦d"o��
áw^ØÛ"ÙXl�hi^1`eZaUVÛ"U�lrmml�U¨oáYw[XhRl���YJ`eb Ô bnonbâ`eÙPY�yiUm[ÝocUXW©ZaUXoáYJ`ebnhR^"W©Û"UkprUmZSZaUk�uhid"Z

onUmW�hi�uÙXZeYJ`eUXd'ZSW
fi
�

®g·'Â�·'¯_¯�°�²_Â�ÀÑâ�²¬°
²Tð �4³ º sä«uQ&© ¶ µrMduruTsAv'Ie©JQ M�s�� ¶ s Uq(g)
�_�»© ¶ µ��ªsLI�sLIAu��hµ§v�M

¶ Ô µ§vgswIAu Qkµ�tAuãµ�Q&s ¶ s Uq(g)
�_�»© ¶ µr�ªsz¥RQRæ§t3s�HDµ]t3©J�ª«uQ&© ¶ µ�Mdu ∆

E
ç Ài¹û°�ÂX½1¿�ÀØâ�²¬°M²�õ �4³ × hil�l�U�Û�YR^"W>ocU�[XYRW

g = sl2
s!onU��"ZSh�Û"d"bâ`�`SUX^"WahiZSbcUXo

Û"U�l�hrÛ"d'onUXW¨WSd"Z
Uq(g)

^/ÞßUmWa`Ý��YRWVUX^åÕiÙm^"ÙXZSYRoqWav�l�Ùm`eZabnÖ¦d"U)�
× hil�l�U�Û�YR^"W ocU¤[�YRWìÛ'UXW

Uq(sl2)
éêl�h�Û"d"ocUXWms)ocU¤�"ZSh�Û"d"bâ`©`eUm^"WShRZSbnUmo"Û"UmW

Uq(g)
é

l�hrÛ"d'onUXW¨UXWa` YRWaWSh�[XbáYJ`ebcf�U�`ÝYRÛ"l�Um`Vd"^åh Ô �aU�`Ý^'UXd'`SZSUR�



�kÆ �/�ÓÊk�AÏ¤�����M���Ã��Ï¤� Â ��Ï��ÃeÊR�!�A�
�dÏA� Uq(g) à|�
î Â�·)Áq·"±J²�¶�²S·"¸�â�²¬°M²ãö �4³ ´�©JM�sAv�u

M1
¿ M2

¿ M3
uÒQ&©JMnI

Uq(g)
�_�»© ¶ µr�ªsLIXE º Ô HA«u�«u�´M�tSHDuÒM�©Uv

(M1⊗M2)⊗M3 −→M1⊗(M2⊗M3), (u⊗v)⊗w 7→ u⊗(v⊗w) ¿sLIAu�µ(vÚMnIe©J�»©JQ�«�K�MnI��»s ¶ s Uq(g)
�_�»© ¶ µr�ªsLIXE(ñ Mdv'I�M ¿ �ªs#«uQ&© ¶ µ�Mdu4u¬sAv'Ie©JQ M�s�� ¶ sV�»©J�

¶ µ��ªsLIwIAµrQ Uq(g)
sLIAu¨HJILIe©et�MÒHDu M ómE

� Ù�à�^"bnWaWShi^'W�d"^ l�hiZS�"\'bnWSl�U>Û"U
K
é�Y)onÕf= Ô ZSUmW

ε : Uq(g) −→ K
s�Y)�"��UmonÙOt3©J�

µ§v�MduT¸�s���Y)Z
ε(qh) = 1

Um`
ε(ei) = ε(fi) = 0

�>-qUÑ[XhiZa�"W
K

UXW¾`$YRonhiZaW�d"^
Uq(g)

éêl�h�Û"d"ocUw��hRd"Z�o�ÞßYR[m`Sbnhi^
a · 1 = ε(a)

�
î Â�·)Áq·"±J²�¶�²S·"¸�â�²¬°M²¬ú �4³ ´�M

M
sLIAu÷µ§v

Uq(g)
�_�»© ¶ µ��ªs ¿ �ªsLI&HA«X«u�´M�tSHDuÒM�©Uv'I

K ⊗M −→∼ M, 1⊗ u 7→ u,

M ⊗K−→∼ M, u⊗ 1 7→ u,

Ie©Uv�u ¶ sLI�MnIe©J�»©JQ�«�K�MnI��»sLI ¶ s Uq(g)
�_�»© ¶ µ��ªsLIXE

ç Ài¹û°�ÂX½1¿�ÀØâ�²¬°M²¬°�ü ��³ × hil�l�U¤Û�YR^"WìocU¤[�Y)W
g = sl2

siocUXW YR�"�'onbn[XY)`ebchi^"W
∆
U�`

ε
l>d'^"bnWaWSUX^1`¨o�ÞßYRonÕf= Ô ZSUVÖ¦d�YR^1`SbnÖ¦d"U

Uq(g)
Û/Þãd"^"U W¾`eZad"[m`Sd"ZSUÝÛ/Þ Y)onÕf= Ô ZSUVÛ"Un{Ýhi�'f��

) ÊcÆqÊ�� -q����(�*�+���* ��(ã�!+Ü%! ��q0��ì-��Ò�!+�+¤�!� Uq(g)
áw^��uUXdr`¨Û"ÙmÛ"d"bcZSUVÛ"UXW��"ZShR�"ZSbcÙm`eÙmWìf�hi^"Û�YRl�UX^1`eYRonUmWPÛ'U

Uq(g)
UX^�d'`ebconbnWSYR^1` onUmW

�"Zahi�"ZSbcÙm`SÙXWV[XhiZaZSUmWS�uhi^"Û�YR^1`SUXW Û'UXWÝYRonÕf= Ô ZSUmWVÛ"U?-�bcU�Û"U�t�Y)[�é¾jåhrh�Û'vi�7� hRbnZ�^ � Ç _
�uhid"Z�Û"UmWÝ[mhil��'onÙXl�UX^1`SW�WSd"ZV[XU�WadU�aUm`X�
� ¼S³g¸�²�¶�²S·"¸ âL²�ÙL²¬° ��³ -ìÞßYRonÕf= Ô ZSUkÛ"Un-�bcUÝÛ'Ugt�YR[�é�j$hrh�Û'v

g
\ÒWSd'Z¨onUk[XhRZS�"W

k
`

UXW¾`�o Þ Y)onÕf= Ô ZSU©Û'UÓ-qbnUìUm^"ÕiUm^"Û"ZSÙmU¨��Y)Z!Û'UXW!Wav�l Ô hionUmW
ei
s
fi
\
i ∈ I

` Um`
t = k⊗ZP

∗Um`kWSY)`ebcWafÒYRbcWeYR^1`VYRd§' [Xhi^'Û"bc`Sbnhi^"W�Wad"bcy)YR^1`SUXW�ø
\ Ì ` - ÞßYR�"�'onbn[XY)`ebchi^

t → g
UXW¾`Ød"^
l�hiZS�'\"bnWal�UÜbn^y�aUX[m`Sbcf¨Û/Þ Y)onÕf= Ô ZSUmW�Û"U»-qbnURs

hf
t
UXW¾`Ýl&d"^"bnUgÛÉÞßd"^'U�W¾`eZSd'[m`ed'ZSU�Û/ÞßYRonÕf= Ô ZSU�Û"U?-qbnUwY Ô ÙmonbcUX^"^"U)�

\�� ` íÝhid"W�Y�yRhi^"W
[h, ei] = 〈h, αi〉ei

s
[h, fi] = −〈h, αi〉fi

�uhid"ZÝ`ehid'`
h ∈ tUm`

[ei, fj] = δi,jhi
��hRd"Z¤`ehid'W

i, j
�

\ Ï ` -�UmW
ei
s
fi
yRÙXZSbâà�UX^1`ÝonUmW�ZSUXonY)`ebchi^"W¤Û'U&p�UXZSZaUGø

ad(ei)
1−〈hi,αj〉ej = ad(fi)

1−〈hi,αj〉fj = 0
�uhid"Z

i 6= j ∈ I
�

-ìÞ Y)onÕf= Ô ZSU
g
UXW¾` Û"bâ`eUgW¾vrl�Ùm`SZSbcWeY Ô ocU�Ö�d"YR^"ÛåoáYØl,YJ`eZSbc[XUgÛ"U × YRZ¾`LYR^$YRWaWSh�[XbnÙmU

o�ÞãUXW¾`�s"[mU�Ö¦d"bqUmWa`konUg[XYRWVbn[mb��
× bc`Shi^"W�WSYR^"WVonUgÛ"Ùml�hR^¦`SZSUmZkocU



à � ÁIÂ ��Ã¤�Ä�d�W�x�AÆAy§Ë ���!Íc����W�Z��É%z&���!ÊcÃ¤Ã¤�cÉ3�W�LÎ3ÏQ��Ék�W�!Î3Ï¤� Uq(g)

® »!¼�·'Ây¯R¹ À]âL²�ÙL²�Ù Ä 0  7���ì*¦� $m}  ". ^ � Ç _ È �4³ ¡Zvgs[u¬s��O�ªskHR�!¥§¦¤qXQ&s ¶ s º M�s g
sc¼i�

MnIAu¬shsAu>sLIAuòµ(v�M�¹¤µ�sùÕ,MnIe©J�»©JQ�«�K�MnI��»sÓ«uQ&¦LIXE
TkYR�"�uUXonhR^"W©Ö¦d"UkoáY f�hiZal�U Ô bnonbc^"Ù�Y)bnZSU�Wav�l�Ùm`eZabnÖ¦d"UVWSd'Z

P
UXWa`PÛ"Ù�à�^"bcU���hiWabc`SbcyiU

WSbuUm`¨WSUmd"onUml�Um^¦`¨WSb�o�ÞßYRonÕf= Ô ZSU
g
UmWa`¨Û"U Û"bcl�Um^"WSbchi^�à"^"bnU#ì�UXoconUV[XhRZSZSUmWS�uhi^"Û YRochiZSW

wØd"^"U�YRocÕf= Ô ZaUgÛ"U?-qbnUgWSUml�b é_Wabnl��"onU)�
æ�hRd"Z©`ehidr`ì��hRbnÛ"W

λ
si�uhiWShR^"W

gλ = {a ∈ g ; [h, a]=λ(h)a
��hRd"Z¤`ehidr`

h ∈ t}
�

-qU�WShid"W�é_Um^"WSUml Ô onU
∆:={λ ∈ Q \ {0} ; gλ 6= 0}UXW¾`ÝYR�"�uUXonÙ>IA¾}IAuT¦��»s ¶ sLIgQSH§t�MdvgsLI�Û"U g

ZSUmoáY)`SbcyiUml�Um^1`zw
h
��-ìÞ YRocÕf= Ô ZSUgÛ"U?-qbnU

gWSU�Û"Ùm[Xhil��uhiWSU�WShRd"WVoáY>f�hiZSl�U
g = t⊕

(
⊕
λ∈∆

gλ
)
.

�ì^$�uhiWSYR^1`
∆± = ∆ ∩Q±

s'hi^åyRÙXZabcà�U�Ö¦d"U
∆− = −∆+

U�`
∆ = ∆+ t∆−

�
íÝhRd"W&^"h)`eUXZahi^"W

U(g) ⊃ U+(g) = 〈ei〉
s
U−(g) = 〈fi〉

onUmW&Y)onÕf= Ô ZSU�UX^1yiU é
onhR�"��YR^1`eU)s���YRZa`SbnU���hRWSbc`SbcyRU�U�`w��YRZ¾`ebcU�^"ÙmÕ1Y)`SbcyiU�Û"U>o Þ YRocÕf= Ô ZSU�UX^1yiUmonhi�'��YR^1`eU>Û'U
g
�
� ¼S³g¸�²�¶�²S·"¸ âL²�ÙL²ãâ ��³ prhRbc`

P+ = {λ ∈ P ; 〈hi, λ〉 ≥ 0
��hRd"Z¤`ehidr`

i}
o�ÞãUX^�é

WSUml Ô ocU�Û"UXW���hRbnÛ"WØÛ"hRl�bc^�YR^1`eWm�©æ�hRd"Z
λ ∈ P+

s©^"hR`Shi^"W
Vg(λ) = U(g)uλ

onU
U(g)

é_l�hrÛ'd"onUÝUX^"ÕiUm^"Û"ZaÙ��"YRZ¤d"^ ÙXocÙXl�UX^1`
uλ

Y}yRUX[�onUmW�ZSUmoáY)`Sbnhi^"W�Û"UgÛ"Ù�à�^"bc`Sbnhi^
\ Ï � �r� Ì `

huλ = λ(h)uλ, eiuλ = 0, f
1+〈hi,λ〉
i uλ = 0.

® »!¼�·'Ây¯R¹ À]âL²�ÙL²�é Ä }  �. ^ � Ç _ È ��³ \ Ì `rº s
�»© ¶ µ��ªs Vg(λ)
sLIAuäµ§v

U(g)
�

�»© ¶ µ��ªswI�MO�n«u�ªsXE\�� `iº H ¶ MO�»sAv'I�M�©Uv ¶ s Vg(λ)µ:={u ∈ Vg(λ) ; hu = µ(h)u
«�©UµrQ0u¬©Uµ§u

h ∈

P ∗}
sLIAu�Òjv�M�sXE º shtSHRQaH§tAuT¦�Q&s ¶ s Vg(λ) ¶ ¸WÒjv�MM«'HRQ

χ(Vg(λ)) =
∑

µ

dim(Vg(λ)µ)e
µ ∈

∏

µ∈P

Zeµ,

¨D¸�Q M Òís��âHåóQ©JQ �hµr�ªs ¶ µ]tSHRQaH§tAu¬¦�Q3s ¶ s�~isA¾)�´��G&H§t
\ Ï � �r� � `

χ(Vg(λ)) =

∑

w∈W (−1)`(w)ew(λ+ρ)−ρ

∏

α∈∆+
(1− e−α)dim(gα)

.

Úet�M
W ¶ ¸LI�M|¥Dvgs&�ªs?¥RQ&©Uµe«�s ¶ s�~isA¾J�òsAu `(w)

�âH �ª©Uv§¥Dµ�sAµ�Q ¶ s w \T¨D©JMOQ�� Ï �! ` "«'HRQ�HRMO�O�ªsAµ�QeI
ρ
sLIAu9µ§v�¸��ª¸��»sAv�u ¶ s t∗

IXHDuÒMnIWómHRMnIXHDv�u0Õ
〈hi, ρ〉 = 1

«�©UµrQruT©Uµ§u
i ∈ I

E



�kÆ �/�ÓÊk�AÏ¤�����M���Ã��Ï¤� Â ��Ï��ÃeÊR�!�A�
�dÏA� Uq(g) à !
.gÙX^"ÙmZeYRocbnWShR^"W�l�YRbc^¦`SUX^�Y)^¦`¨[XUmW¤^"hR`Sbnhi^"W¨YRdÚ[XYRW¤Ö¦d�YR^1`ebcÖ¦d"UR��TkYR�"�uUXochi^"W�Ö�d'U

Uq(g)
UXWa`kÙmÕ1YRoLw

U(g)
onhRZSWSÖ¦d"U

q = 1
�

� ¼S³g¸�²�¶�²S·"¸ âL²�ÙL²�ê ��³ prhRbc`
λ
d"^F��hRbnÛ"WwÛ'hil�bc^�YR^1`��M� Ù�à�^"bnWaWShi^'W�d'^

Uq(g)
é

l�hrÛ"d'onU
V (λ)

s�Y)�"��UmonÙ�l�h�Û"d"ocU�Û'U&�"ocd"W \�Y)d'`w�uhibnÛ'WÝ[mhil�l�U�Ùm`eYR^1`wUX^'ÕiUX^"Û'ZSÙ
��YRZ�d'^åyRUX[m`SUXd"Z

uλ
Y�yiUm[�ocUXW�ZaUXoáYJ`ebnhR^"W

\ Ï � �r� Ï `
qhuλ = q〈h,λ〉uλ, eiuλ = 0, f

1+〈hi,λ〉
i uλ = 0.

-qUgyiUX[�`eUmd"Z
uλ

UXW¾` Û"bâ`¤yiUm[m`SUXd"ZÝÛ"U��"ond"W�\"YRd'`k��hRbnÛ"W�Û"U
V (λ)

�
× Ài¹ ¹ À,â�²�ÙZ²Tð ��³ ´�©JMdu

λ
µ§v»«�©JM ¶ I ¶ ©J�ØMdvuHDv�uêE\ Ì `iº s��»© ¶ µ��ªs V (λ)

sLIAu[¸�¥1HR�ZÕ
U−
q (g)uλ

E
\�� `iº H ¶ MO�»sAv'I�M�©Uv ¶ s V (λ)ξ

sLIAu�Òjv�M�sí«�©Uµ�Q?u¬©Uµ§u
ξ ∈ P

E
\ Ï ` ûù©Uµ1I&HD¨D©Uv'I

U+
q (g)uλ = Kuλ

sAu
U0
q (g)uλ = Kuλ

E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ \

3
` UmWa`�Ù�y�bnÛ"Um^¦`Xs�YRonhRZSW¨Ö¦d"Ui\

1
` UmWa`�d"^'Ug[Xhi^"WaÙXÖ¦d"Um^"[XU�Û"d

`e\'ÙXhiZc=Xl�U Ï � Ì � Ï �I�ì^'à"^±\
2
` Û"ÙX[mhid"onU Û"dÚonUml�l�U Ï � Ì �  >U�`�Û"UwonY�Wad"ZW�aUm[m`ebây�bc`eÙÝÛ"d

l�hiZS�"\'bnWSl�U
U−
q (g)ξ−λ

×uλ−−→ (U−
q (g)uλ)ξ ' V (λ)ξ .

�&ÞßYRd'`SZSUXWÝ�"ZShR�"ZSbcÙm`eÙmW Û"d�l�h�Û"d"ocU
V (λ)

Wahi^1`wÛ"hi^'^"ÙXUmWwÛ�YR^"WÝonU�onUml�l�U�WSd"b é
y)YR^1`��
× Ài¹ ¹ À,â�²�ÙZ²�õ ��³ ´�©JMdu

λ
µ§v»«�©JM ¶ I ¶ ©J�ØMdvuHDv�uêEMñ �ª©JQeI\ Ì `iº Ô HA«X«u�´M�tSHDuÒM�©Uv

U−
q (g) −→ V (λ) ¶ ¸WÒjv�M�sz«'HRQ a 7→ auλ

Mdv ¶ µrMduÓµ(v MnIe©J��»©JQ�«�K�MnI��»s
U−
q (g)/

(∑

i∈I

U−
q (g)f

(〈hi,λ〉+1)
i

)
−→∼ V (λ).

\�� `�� vÑH
V (λ)λ = Kuλ ' K.

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ ]_^1`SZSh�Û"d"bnWahi^"WVoáY>^'hR`ebchi^�Û"UÜ�»© ¶ µr�ªs ¶ s[�
s�Q���H
\ Ï � �r�! `

M(λ) = Uq(g)/
(∑

h

Uq(g)(qh − qλ(h)) +
∑

i

Uq(g)ei
)

�uhid"Z¤`ehRd'`V��hRbnÛ"W
λ
��-qUgÕiÙX^'ÙXZeYJ`eUXd'ZkÛ'd$l�hrÛ'd"onUÝÛ"U0� UXZSl�YØWSUmZeYØ^"hR`SÙ

uMλ
��-qU

l�hrÛ"d'onU¨Û'Uí� UXZSl�Y
M(λ)

UmWa` bcWShil�hiZS�'\"U[w
U−
q (g)

ÛÉÞ YR�'ZR=XW ocU¨`e\"ÙmhiZR=ml�U Ï � Ì � Ï �



ô|$ ÁIÂ ��Ã¤�Ä�d�W�x�AÆAy§Ë ���!Íc����W�Z��É%z&���!ÊcÃ¤Ã¤�cÉ3�W�LÎ3ÏQ��Ék�W�!Î3Ï¤� Uq(g)

prd"�'��hiWahi^"W
n:=〈hi, λ〉 ≥ 0

�LVÝonhiZaWXs/Um^þ�uhiWeY)^¦`
µ = λ − (n + 1)αi

sqo�ÞßYR�ré
�"ocbn[�YJ`ebnhR^

M(µ) = Uq(g)uMµ −→M(λ)
Û"Ù�à�^"bnUg�"YRZ

uMµ 7→ f
(n+1)
i uMλ

UXW¾`kd"^
l�hiZS�"\'bnWSl�UwÛ"U

Uq(g)
éêl�h�Û"d"ocUXWm�']_oqWSd(~�`ÝUX^åUp�Um`kÛ"UgyRÙXZSbâà�UXZVÖ¦d"U

(qh − q〈h,µ〉)f
(n+1)
i uMλ = 0,

ejf
(n+1)
i uMλ = 0.

-�YÚ�"ZSUml�b�=XZaU&ÙXÕiYRonbâ`eÙ&UmWa`�[moáYRbcZSUR�M-�YÚWSUm[Xhi^"Û'U�UmWa`�ÙmÕ1YRonUml�Um^1` yiÙmZSbâà�ÙXUØochiZSWaÖ�d'U
i 6= j

�"d"bcWSÖ¦d"U�Û�YR^"Wk[XU�[�YRW
ejfi = fiej

�uprd"�"�uhiWShR^"W
i = j

��V onhRZSW
eif

(n+1)
i =

f
(n+1)
i ei + f

(n)
i {q

−n
i ti}i

��áwZ
tiu

M
λ = q

〈hi,λ〉
i uMλ

s'Û"hi^"[
eif

(n+1)
i uMλ = f

(n+1)
i eiu

M
λ + f

(n)
i {q

−n+〈hi,λ〉
i }iu

M
λ = 0 + 0 = 0.

�&Þãhfå��hid'Z¤`ehid'`V�uhibcÛ"W�Û"hil�bn^�Y)^¦`
λ
d"^"U�WSd"bâ`eU�UA''YR[�`eU

⊕

i

M(λ− (1 + 〈hi, λ〉)αi) −→M(λ) −→ V (λ) −→ 0.

æìd"bnWaÖ¦d"U¤onU�l�h�Û"d"ocU Û"UÓ� UXZal,Y
M(λ)

UmWa`�bnWShRl�hiZa�"\"UÓw
U−
q (g)

s)^"hRd"W©h Ô `SUX^"hR^"W
oáYÑ�"Zahi�"ZSbcÙm`SÙè\

1
` �ò-�YþWaUX[mhi^"Û"U Û'ÙX[XhRd"onUåÛ"U�onY ^¦d"oconbâ`eÙ Û"Uåo�ÞãUXWS�"YR[XUåyiUX[�`ehiZabnUmo

(∑

i∈I U
−
q (g)f

(〈hi,λ〉+1)
i

)

0

�

® »!¼�·'Ây¯R¹ À]âL²�ÙL²ãö �#³ \ Ì `iº ÔÄsLI¬«'H§t3s
V (λ)

sLIAuòµ(v
Uq(g)

�_�»© ¶ µ��ªswI�MO�n«u�ªsXE\�� `�� ©Uµ�Q�uT©Uµ§u
µ ∈ P ¿ �âH ¶ MO�»sAv'I�M�©Uv ¶ s

V (λ)µ:={u ∈ V (λ) ; qhu = qµ(h)u
«�©Uµ�Q�uT©Uµ§u

h ∈ P ∗}
sLIAu�Òjv�M�s·sAu>¸�¥1HR�ªs?Õot3s��O�ªs ¶ s Vg(λ)µ

E
-�YØÛ"ÙXl�hi^"W¾`eZeYJ`ebnhR^�Û"då`S\"ÙXhRZR=Xl�U�^"ÙX[mUXWaWSbc`SU�onY

� ¼S³g¸�²�¶�²S·"¸ âL²�ÙL²¬ú ��³ íkhR`ehi^'W
Uq(g)Z

oáYFWahid"W¾é
k[q, q−1]

é�YRocÕf= Ô ZSU�Û"U
Uq(g)

UX^'ÕiUX^"Û'ZSÙXU ��Y)Z�onUmW ÙXocÙXl�UX^1`eW
e
(n)
i

s
f

(n)
i

s q(h)− 1

q − 1

Um` {
q(h)

n

} �uhid"Zå`ehid'W
n ≥ 1

s
i ∈ I

U�`
h ∈ P ∗ �PíÝhR`Shi^"WÜÙXÕiYRonUml�Um^¦` U+

q (g)Z

\ÒZSUmWS�/�
U−
q (g)Z

` oáY
WShRd"W¾é

k[q, q−1]
é�YRocÕf= Ô ZaUgUX^"ÕRUX^"Û"ZaÙXU���YRZVonUmW

e
(n)
i

\�ZSUmWS�/�
f

(n)
i

` ��� ÙmWSbcÕi^"hi^"WkUX^rà�^
��YRZ

U0
q (g)Z

onYÜWahid"W�é
k[q, q−1]

é�YRocÕf= Ô ZSUgÛ"U
K[P ∗]

UX^"ÕRUX^"Û"ZaÙXU���YRZ q(h)− 1

q − 1

U�`
{
q(h)

n

} �



�kÆ �/�ÓÊk�AÏ¤�����M���Ã��Ï¤� Â ��Ï��ÃeÊR�!�A�
�dÏA� Uq(g)
ôM#

TVUXl�YRZSÖ¦d"hi^'WkÖ¦d"U {
ti
n

}

i

YR�"�"YRZa`SbnUX^1`nw
U0
q (g)Z

Û/Þ Y)�"ZR=mW o�ÞãUA'rUmZS[Xbc[XU Ï � ��\
4
` �

V ochiZSW
Uq(g) ' K ⊗k[q,q−1] Uq(g)Z,

U+
q (g) ' K ⊗k[q,q−1] U

+
q (g)Z,

U−
q (g) ' K ⊗k[q,q−1] U

−
q (g)Z,

U0
q (g) ' K ⊗k[q,q−1] U

0
q (g)Z.�ì^$hRd'`eZaURs�onUgZaÙXWad"oc`eY)`VWSd"bây)YR^1`VUXWa`ko Þ YR^"YRonhiÕRd"UwÛ"d `e\"ÙmhiZR=ml�U Ï � Ì � Ï �

× Ài¹ ¹ À,â�²�ÙZ²¬°�üÅÄ ^ Æ BI_ È �4³ º Ô HR�!¥§¦¤qXQ&s
Uq(g)Z

¨D¸�Q�M Òís
\ Ï � �r� � `

U−
q (g)Z ⊗

k[q,q−1]
U0
q (g)Z ⊗

k[q,q−1]
U+
q (g)Z ' Uq(g)Z.

� I¤¹¤µrMnILIes ¶ s��âH ¶ ¸��»©Uv'IAu QaHDuÒM�©Uv���³ áw^�Y
U−
q (g)Z ⊗

k[q,q−1]
U0
q (g)Z ⊗

k[q,q−1]
U+
q (g)Z

⊂ K ⊗
k[q,q−1]

(
U−
q (g)Z ⊗

k[q,q−1]
U0
q (g)Z ⊗

k[q,q−1]
U+
q (g)Z

)

' U−
q (g)⊗

K
U0
q (g)⊗

K
U+
q (g) .

�&ÞßYR�"Zc=XW©ocUP`S\"ÙXhiZc=Xl�U Ï � Ì � Ï s�onUPÛ"UXZa^"bnUmZ�l�UXl Ô ZSU�UXWa`�bnWahil�hRZS�"\"U÷w
Uq(g)

�D� hR^"[
bno�WadI~Ü`¤Û"UwÛ'ÙXl�hi^1`eZSUmZ�Ö¦d"U onUk�"ZSUml�bcUXZ `eUXZal�UÝUXW¾`¤bn^1y)YRZabáYR^1`PWShid'W¤o�ÞßYR[m`Sbnhi^�Û"UmW
ÕiÙm^"ÙXZSY)`eUmd"ZSWkÛ"U

Uq(g)Z

�7� hibcZ0^ Æ BI_ �uhid"Z�ocUXWVÛ"Ùm`eYRbnocWX�
prhibâ`

V (λ)Z:=Uq(g)Zuλ ⊂ V (λ)
ìq[mU�l�h�Û"d"onU>yRÙXZabcà�U

V (λ) = K ⊗k[q,q−1]

V (λ)Z

�
áwZ

U+
q (g)Zuλ = k[q, q−1]uλ

s
U0
q (g)Zuλ = k[q, q−1]uλ

U�`
(U−

q (g)Zuλ)λ =

(U−
q (g)Z)0uλ = k[q, q−1]uλ

s�ÛÉÞßhf
\ Ï � �r�ßz `

(V (λ)Z)λ = k[q, q−1]uλ ' k[q, q−1].

× hi^"WabnÛ"ÙmZShi^'W�onY
k
é�YRocÕf= Ô ZSU

Uq(g)Z/(q−1)Uq(g)Z

�¦]_o�UA'rbnW¾`eUkd"^,l�hiZS�'\"bnWal�U
Û/ÞßYRonÕD= Ô ZaUXWVÛ"U?-qbnU

g : g −→ Uq(g)Z/(q − 1)Uq(g)Z

`SUXoqÖ¦d"U
ei 7→ ei, fi 7→ fi, h 7→ {q

h}.�ì^�Up�Um`Xs"^"hid"WVY�yRhi^"W���YRZ¨UA'rUXl��"onU
{qh+h′} = qh{qh

′

}+ {qh}q−h
′

≡ {qh}+

{qh
′

} mod (q− 1)Uq(g)Z

Û/Þ Y)�"ZR=mW¤o�ÞãUA'rUXZa[Xbc[XU Ï �! [ì"Y)bn^"Wab
g(h+ h′) = g(h) +

g(h′)
��æ�Y)ZÝY)bnonocUXd"ZaW

[{qh}, ei] = ei
(
{q〈h,αi〉qh} − {qh}

)
.



ôyÀ ÁIÂ ��Ã¤�Ä�d�W�x�AÆAy§Ë ���!Íc����W�Z��É%z&���!ÊcÃ¤Ã¤�cÉ3�W�LÎ3ÏQ��Ék�W�!Î3Ï¤� Uq(g)

-ìÞßUk'rUXZS[mbn[mU Ï �! Übnl��"onbcÖ¦d"U Û/ÞßYRd'`SZSU���YRZ¾`
{q〈h,αi〉qh} − {qh} = {q〈h,αi〉}q−h + (q〈h,αi〉 − 1){qh}

≡ 〈h, αi〉 mod (q − 1)Uq(g)Z,Um`k��Y)Z�[Xhi^"WaÙXÖ¦d"Um^¦`
[g(h), g(ei)] = 〈h, αi〉g(ei)

�
�ì^ hid'`SZSU

[g(ei), g(fi)] − g([ei, fi]) =
ti − t

−1
i

qi − q
−1
i

− {qhi} ≡
ti − t

−1
i

qi − q
−1
i

−

q((αi,αi)/2−1)hi{qhi} ≡ 0 mod (q−1)Uq(g)Z

s�[mhil�l�Uì[XhR^"WSÙmÖ�d'UX^"[mU�Û"U�o ÞßUk'rUXZ¾é
[Xbc[XU Ï � � \

4
` �

-qUXWkYRd'`SZSUmWkÙmÕ1YRocbc`eÙmW¤WSU�yiÙmZSbâà�UX^1`kÛ"U�lrmml�U)�
íÝhRd"W©h Ô `SUX^"hR^"W YRbn^'WSb'd'^�l�hiZa�"\"bnWal�UPÛ"U

U(g)
Û�YR^"W

Uq(g)Z/(q−1)Uq(g)Z

�
æ�hRWShi^"W

V (λ)Z = V (λ)Z/(q − 1)V (λ)Z

ìP[RÞãUXW¾`Úd"^
Uq(g)Z/(q − 1)Uq(g)Z

é
l�hrÛ"d'onU�Û"hi^"[Ød"^

U(g)
éêl�h�Û"d"ocUR�M� ^F^'hR`LYR^1`

uλ = uλ mod (q − 1)V (λ)Z

s�bno
UXW¾`k[XoáY)bnZ¤Ö¦d"U

V (λ)Z = U(g)uλ
��-qUgyiUm[m`eUmd"Z

uλ
yiÙmZSbcà"U

huλ = λ(h)uλ, eiuλ = 0, f
1+〈hi,λ〉
i uλ = 0,

Û/Þãhf d'^ l�hiZS�"\'bnWSl�U�WSd'ZW�aUX[�`ebâf
Vg(λ) −→ V (λ)Z

�÷áwZ
Vg(λ)

UmWa`�d"^
U(g)

é
l�hrÛ"d'onUwWabnl��"onUwÛÉÞ YR�'ZR=XWVocUw`e\"ÙmhiZR=ml�U Ï � �r�! "���&ÞßYRd'`SZSU���YRZ¾`·\ Ï � �r� z ` UX^1`eZSY��á^'U
(V (λ)Z)λ = (V (λ)Z)λ/(q − 1)(V (λ)Z)λ ' k[q, q−1]/(q − 1)k[q, q−1] ' k.
� hi^'[

V (λ)Z 6= 0
s�Um`VonUgl�h�Û"d"onU

V (λ)Z ' Vg(λ)
UXW¾`ÝWabnl��"onU)�

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv ¶ µ�uOK�¸3©JQ&¦��»s�)¦EHG�E*�i�4³ -�Y Û"bcl�Um^"WSbchi^ Û"U
V (λ)µ

UXWa`�ÙmÕ1YRonU
YRdÚZSYR^"Õ>Û'U

(V (λ)Z)µ
s'Û"hi^'[9w&onY�Û"bcl�Um^"WSbchi^�Û'U

(V (λ)Z)µ
ì�hiZ�[mUm`a`eUwÛ"UmZS^"b�=XZaU

UXW¾`kÙXÕ1YRocU�wØoáYØÛ"bnl�UX^'WSbnhR^�Û"U
Vg(λ)µ

s"Û/Þãhf$ocUgWSUm[Xhi^"Û$��hRbn^1`��
prhibâ`

S
d'^ WShid"W�é

Uq(g)
éêl�h�Û"d"ocU�Û'U

V (λ)
�4VÝonhiZaW

S ′ = V (λ)Z ∩ S
UmWa`&d"^

Uq(g)Z

éêl�h�Û"d"ocURs�Û"hi^"[
S = S ′/(q − 1)S ′ UXW¾`kd"^ U(g)

éêl�h�Û"d"ocUwbn^"[mond"W�Û"YR^"W
V (λ)Z/(q − 1)V (λ)Z = V (λ)Z ' Vg(λ).

× UÚÛ"UmZS^"bcUXZ
U(g)

éêl�h�Û"d"ocU�Ù�`LYR^1`ØWabnl��"onU)sq^"hid"W&h Ô `eUm^"hi^"W
S = {0}

hid
S =

V (λ)Z

�
\ Ì ` prd"�"�uhiWShR^"W

S = {0}
��VÝonhiZaW

S ′ = (q − 1)S ′ �ìæ�YRZÜY)bnonocUXd"ZaWXs�o�ÞãUXWa��YR[mU
V (λ)Z = ⊕ξ(V (λ)Z)ξ

UXW¾`wd"^
k[q, q−1]

é_l�hrÛ"d'onUgonb Ô ZSU)��æìd"bnWaÖ�d'U
S ′ ⊂ V (λ)Z

s
^"hid'W¤h Ô `SUX^"hi^'W

S ′ ⊂
⋂

n(q− 1)nV (λ)Z = 0
srÛ'hi^"[

S ′ = {0}
��]_oÉWmÞßUm^"WSd'bc`VÖ¦d"U

S
UmWa`k^¦d"o��



�AÆ ��y<��B¬���WÈ�ÍRÊc�W���
Oint

ô à
\�� ` prd"�"�uhiWShR^"W

S = V (λ)Z

�gVÝonhiZaW
Sξ = V (λ)Zξ

suÛ/Þãhf
(V (λ)Z)ξ = S ′

ξ +

(q− 1)(V (λ)Z)ξ
�7� hi^'[

(q− 1)((V (λ)Z)ξ/S
′
ξ) = (V (λ)Z)ξ/S

′
ξ

srU�`�Û/ÞßYR�"ZR=mW¤onU
onUml�l�UwÛ"U�íÝYD�JY}viYRl�YÜbcoÉUk''bcWa`SU�d"^

h ∈ k[q]
`SUXoqÖ¦d"U

(1− (q − 1)h)((V (λ)Z)ξ/S
′
ξ) = {0}.

æ�Y)Zk[mhi^"WaÙXÖ¦d"UX^1` hi^ h Ô `ebcUX^1`
(V (λ)Z)ξ ⊂ Sξ

Um`Và�^�YRocUXl�UX^1`
S = V (λ)

�
V bc^"WSb s'ocUgl�h�Û"d"ocU

V (λ)
^/ÞßYRÛ"l�Um`ÝYRd'[Xd"^åWShid'W¾é_l�h�Û"d"onU �"ZShi�'ZSUR�

) Ê ) Êr*  û.i '0�����-��J�Ò* Oint� ¼S³g¸�²�¶�²S·"¸ âL²ãâ�²¬° ��³ xk^
Uq(g)

éêl�h�Û"d"ocU
M

UXWa`�Mdv�u¬¸�¥RQaHXqX�ªs�WSbÖø
\ Ì ` -�U�l�hrÛ'd"onU

M
UXW¾`koáYØWShil�l�UwÛ"bnZaUX[�`eU�Û"UXWkUXWa��YR[mUXWkÛ"U���hibcÛ"W

Mλ:={u ∈M ; qhu = q〈h,λ〉u
�uhid"Z¤`ehRd'`

h ∈ P ∗} (λ ∈ P ).

\�� ` -�U�l�hrÛ"d'onU
M

UXW¾`wbc^¦`SÙXÕiZSY Ô ocU�Um^�`LY)^¦`ÝÖ¦d"U
Uq(g)i

é_l�hrÛ"d'onUg�uhid"ZV`ehid'`
i ∈ I

�
TkYR�"�uUXonhR^"W�Ö�d'U�ocU�WaUX[mhi^"Û
�uhibn^1`�UXW¾`&ÙmÖ¦d"bcy)YRocUX^1`�YRdþfÒYRbâ`�Ö¦d"U

Uq(g)iu
UXW¾`

Û"U�Û"bcl�Um^"WSbchi^Úà�^"bcUg��hid'ZV`Shid'`
u ∈M

�
TVUXl�YRZSÖ¦d"hi^'W�Ö�d'U�o Þßhi^ Y

tiu = q
〈hi,λ〉
i u = q(αi,λ)u

��hid'Z¤`ehid'`
u ∈Mλ

�
× Ài¹ ¹ À,â�²ãâL²�Ù ��³ ´�©JM�sAv�u

M
µ§v

Uq(g)
�_�»© ¶ µ��ªshsAu F µ(v�Ie©Uµ1I��RsLI¬«'H§t3s�¨Ds3t��

u¬©JQ�M�s�� ¶ s M E�´�µy«X«�©}Ie©Uv'I�¹¤µ�s&�
\ Ì `iº s

Uq(g)
�_�»© ¶ µr�ªs M sLIAu[sAv§¥§sAv ¶ Q&¸Ó«'HRQ F E\�� `

F
«�©}ILIe¦ ¶ s9µ(vgs ¶ ¸3t3©J�n«�©}I�MduÒM�©UvØsAvÑsLI¬«'H§t3sLI ¶ s[«�©JM ¶ I F =

⊕

λ∈P

Fλ
E

\ Ï `�� ©Uµ�Q�uT©Uµ§u
u ∈ F ¿ �âH ¶ MO�»sAv'I�M�©Uv ¶ s Uq(g)iu

sLIAu�Òjv�M�sXE
ñ �ª©JQeI

M
sLIAuPMdv�uT¸�¥RQaHXqX�ªsXE

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ ]_ouWSd(~�`¨Û"UwÛ"Ùml�hR^¦`SZSUmZ¨Ö¦d"U Wab
u ∈Mλ

UXW¾`¤`eUmo�Ö¦d"UÝoáY�Û"bâé
l�UX^"Wabnhi^ Û"U

Uq(g)iu
UXWa`kà�^"bcURs�Y)onhiZaW�onUXWVÛ"bcl�Um^"WSbchi^"W¤Û'UXWkl�h�Û"d"ocUXW

Uq(g)iejuUm`
Uq(g)ifju

WShi^1`kà�^"bnUmWÝ�uhid"Z�`Shid'`
j ∈ I

��æìd"bcWSÖ¦d"U�o�ÞßYRWSWaUXZa`Sbnhi^ UmWa`wÙ�y�bnÛ"Um^¦`SU
�uhid"Z

j = i
s�Wad"�"�uhiWShi^'W

j 6= i
�uíÝhid"WÝYRoconhi^"W¨d'`ebconbnWaUXZ�ocU�ocUXl�l�U Ì �  '� �r�up�d"�"�uh)é

WShR^"W
emi u = fmi u = 0

��� Ùml�hR^¦`SZShi^'W�Ö¦d/ÞßYRonhRZSW
fni eju = eni eju = 0

�uhid"Z
n
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YRWaWSU¤SÜÕiZSYR^"Û/��-!Y��"ZaUXl�bª=mZSUØYRWaWSUmZa`ebchi^ÑZSÙmWSd"oâ`eUØÛ"UÜoáY�[Xhil�l>d'`eY)`ebâyrbâ`eÙ�Û"U
fi
U�`

ej
��-qUXWVZSUmoáY)`Sbnhi^"W�Û'U&p�UXZSZaU�bnl��"onbcÖ�d'UX^1`¤onYØf�hRZSl>d"ocU

e
(n)
i ej =

−〈hi,αj〉∑

k=0

(−1)〈hi,αj〉+k

[
n− 1− k

−〈hi, αj〉 − k

]

i

e
(k)
i eje

(n−k)
i

\ Ï � Ï � Ì `

�uhid"Z
n ≥ 1− 〈hi, αj〉

�
� hi^'[

eni eju = 0
Wab
n > m − 〈hi, αj〉

�Ó-�YûÛ"Ùml�hR^"Wa`SZeY)`Sbnhi^ ��hid'Z
fju

UXW¾`
WSbcl�bcoáYRbcZSU)�
-qUXWÝl�h�Û"d"ocUXW

V (λ)
\
λ ∈ P+

` WShi^1`wÛ'hi^"[&Û'UXWwUk''Uml��'onUXWÝÛ"U>l�hrÛ'd"onUmWkbc^1`eÙ�é
ÕiZSY Ô onUmWX�
� ¼S³g¸�²�¶�²S·"¸ âL²ãâ�²ãâ ��³ -�YV[�Y)`SÙXÕihiZabnUìÛ"UmW

Uq(g)
éêl�h�Û"d"ocUXW

M
bn^1`eÙmÕiZeY Ô onUmW�`SUXocW

Ö¦d"U�oáYØÛ"bcl�Um^"WSbchi^�Û"U
U+
q (g)u

WShRbc`¤à�^'bnU���hRd"Z¤`ehidr`
u ∈ M

UXW¾`Ý^'hR`eÙmU
Oint

�
-�YØ�"ZShi�uhiWabc`ebchi^ÚWad"bcy)YR^1`eU�WaU�Û'ÙXl�hi^1`eZSU�YRbcWSÙml�Um^¦`X�

î Â�·)Áq·"±J²�¶�²S·"¸�â�²ãâL²�é �4³ º HotSHDu¬¸�¥§©JQ M�s ¶ sLI Uq(g)
�_�»© ¶ µ��ªsLI�Mdv�uT¸�¥RQaHXqX�ªsLI·sAuP�âHtSHDu¬¸�¥§©JQ�M�s

Oint
Ie©Uv�u©IAu�HXqX�ªsLI[«'HRQÓ«uQ&© ¶ µrMduòuTsAv'Ie©JQ M�s��âE

® »!¼�·'Ây¯R¹ À]âL²ãâ�²�ê �#³ \ Ì `ÑÐ ©Uµ§uu�»© ¶ µr�ªsìI�MO�n«u�ªs ¶ HDv'I Oint sLIAuuMnIe©J�»©JQ�«�K�sÕ»µ§v
V (λ)

«�©UµrQ�µ§vr«�©JM ¶ I ¶ ©J�ØMdvuHDv�u λ E
\�� `ÑÐ ©Uµ§u/�»© ¶ µr�ªs M ∈ Oint sLIAu/MnIe©J�»©JQ�«�K�s>Õ0µ§vgs¨Ie©J�Ø�»s ¶ MOQ3s3tAu¬s ¶ s V (λ)\

λ ∈ P+
` E!�÷v ¶ Ô HDµ(uÒQ&sLI?uTs�Q �»sLI ¿ �âH tSHDu¬¸�¥§©JQ M�s Oint sLIAu Ies��ØMO��I�MO�n«u�ªsXE

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv ¶ sx\ 1 ` ��³ prhibâ`
M ∈ Oint

d"^�l�hrÛ'd"onUgWabnl��"onU)��æìZSUX^'hi^"Wkd"^
yiUm[m`SUXd"Z

u 6= 0
`eUXo�Ö¦d"U

eiu = 0
�uhid"Zk`ehidr`

i
�/prhibc`

λ
ocU&�uhibnÛ"W Û"hil�bn^�YR^1`k`eUmo

Ö¦d"U
u ∈ Mλ

�4-qUÚl�hrÛ"d'onU
Uq(g)iu

UXW¾`ØÛ"UÚÛ"bcl�Um^"WSbchi^þà"^"bnU���YRZ&\1v��uhR`e\7=mWSU)�
áwZgÛ/ÞßYR�"ZR=mW�oáY,`e\'ÙXhiZabnU>Û"UmW

Uq(sl2)
éêl�h�Û"d"ocUXWwhi^ Y

f
1+〈hi,λ〉
i uλ = 0

s/Û/ÞãhfÑd"^
l�hiZS�"\'bnWSl�U

V (λ) −→M
Û"Ùmà�^'bu�"YRZ

uλ 7→ u
Um`Pbn^"Û'd"bnWSYR^1`�d'^�bcWShil�hiZS�'\"bnWal�U

V (λ) ' Uq(g)u
�

íÝhRd"W�ZaUmy�bnUm^"Û"ZShR^"WìÛ�YR^"W�oáYÝWaUX[�`ebnhR^ Ï � �nw [XU�`e\"ÙmhiZR=ml�U�YJà�^>Û/ÞãUX^ÜÛ"Ùml�hi^1`SZSUXZ
onUgWaUX[mhi^"Û��uhibc^¦`X�
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) Ê 2 Ê 0 ��-
���ì*F�!*�N *XP�(P*¦0�-��J�!��*��!* " �U�!%! r0
íÝh)`ehi^"W

si
o�ÞãUX^'Û"hil�hiZS�"\'bnWSl�UwÛ"U

P
Û'Ùmà�^"bq�"YRZ

si(λ) = λ− 〈hi, λ〉αi
��hRd"Z

λ ∈ P
�

× ÞãUXWa`Ýd"^"U�bc^¦yRhiondr`ebnhR^/s"YR�'��UmonÙXUØQ&¸��>sc¼iM�©Uv$I�MO�n«u�ªs����ìonocU yiÙmZSbâà�U
si(αi) = −αi

�
� ¼S³g¸�²�¶�²S·"¸ âL²�é#²¬° ��³ -qU÷¥RQ&©Uµy«�s ¶ s�~isA¾J� W UXW¾`�ocUìWShid'W¾é_ÕRZShid"�uUìÛ"U

GL(P )UX^'ÕiUX^"Û'ZSÙ���YRZ�onUmW�ZSÙAH�UA'rbnhR^"WÝWabnl��"onUmW
si
�

-qUXW
si
WShi^1`ÝÛ"UXWVbc^¦yRhiondr`ebnhR^"W�YR�"�"YRZa`SUX^�YR^1`åw

O(P ) = {g ∈ GL(P ) ; (gλ, gλ′) = (λ, λ′)
�uhid"Z¤`ehRd"W

λ
s
λ′ ∈ P}

s
Um`kÛ"hR^"[

W
UXW¾`k[Xhi^1`eUm^¦d�Û�YR^'W

O(P )
��áw^�Y

w∆ = ∆
��hid'Z¤`ehid'`

w ∈ W
�

áw^þWaU�ZaUX�uhiZa`SUXZSY$Y�yiUm[��'ZShRà"`ùwØ^ ÆW� B � � Ç _ ��hid'Z�ocUXW�Û"Ùml�hi^'Wa`eZSY)`ebchi^"W�Û"UmW
ZSÙmWSd"oâ`LY)`SW Û"UV[XUm`a`eUVWSUm[m`Sbnhi^/��-�YgonhR^"Õid"Umd"ZìÛ"U

w ∈ W
UmWa`PonU��'ond"Wì�uUm`Sbc` UX^1`SbnUXZ

``eUmoqÖ¦d"U
w
�"d'bnWSWaU�WXÞãÙX[XZabnZaU

si1 · · · si`
s�Um`ÝUXW¾`Ý^'hR`eÙmU

`(w)
��ág^ yiÙmZSbâà�U&Y)bnWSÙml�Um^1`

Ö¦d"U
`(w−1) = `(w)

�©prb
w = si1 · · · si`

Y�yiUm[
` = `(w)

s�hR^ Û"bc`&Ö�d'U�o�Þãhi^ Y
d"^"U ¶ ¸3t3©J�n«�©}I�MduÒM�©Uv,Q&¸ ¶ µrMdu¬sÝÛ"U w ì1UXoconU�^/ÞãUXW¾`¨�"YRW�d'^"bnÖ¦d"UVUX^�ÕiÙX^'ÙXZeY)o��X� UVfÒYRbâ`�s^"hid'W ^"hR`SUXZahi^"W

R(w)
o�ÞãUX^"WaUXl Ô onU&Û'UXWwWad"bc`SUXW ÛÉÞßbc^"Û"bn[mUXW

(i1, . . . , il)
`eUmonocUXWkÖ�d'U

si1 · · · si`
WShRbc`�d"^'U�Û"Ùm[Xhil��uhiWSbâ`ebnhR^ÚZSÙmÛ"d"bc`SU�Û"U

w
�

æ�hRd"Z�`ehid"W
w ∈ W

Um`
i ∈ I

s"hR^$Y
`(siw) = `(w)± 1, `(wsi) = `(w)± 1.æìond"W��'ZSÙX[mbnWaÙXl�UX^1`

× Ài¹ ¹ À,â�²�éÖ²�Ù ��³ ´�©JM�sAv�u
w ∈ W

sAu
i ∈ I

E
\ Ì `iº H,�ª©Uv§¥Dµ�sAµ�Q ¶ s w sLIAu[¸�¥1HR�ªs�HDµ1tSHRQ ¶ MdvuHR� ¶ s ∆+ ∩ w∆−

E
\�� `�� vÑH,�ªsLI·¸R¹¤µ�Md¨JHR�ªsAvgt3sLI��

`(wsi) = `(w) + 1 ⇐⇒ wαi ∈ ∆+,

`(wsi) = `(w)− 1 ⇐⇒ wαi ∈ ∆−,

`(siw) = `(w) + 1 ⇐⇒ w−1αi ∈ ∆+,

`(siw) = `(w)− 1 ⇐⇒ w−1αi ∈ ∆−.æ�hRd"Z
w
s
w′ ∈ W

ocUXWV[XhR^"Û"bc`Sbnhi^'W¤WSd"bây)YR^1`eUXWVWahi^1` ÙmÖ�d'bcy)YRonUm^1`eUXW�ø
\ÒY ` ]_oPUk'rbnWa`SUÚd"^"U�Û"ÙX[mhil���hiWabc`Sbnhi^ ZSÙmÛ"d"bc`SU

w = si1 · · · si`
U�`&d'^"UÚWSd'bc`eU

[XZahibnWaWeYR^1`eU
1 ≤ a1 ≤ · · · ≤ ak ≤ `

`SUXoconUXW¨Ö�d'U
w′ = sia1

· · · siak

�
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\ Ô ` æ�hid"Z>`Shid'`SU�Û"ÙX[mhil��uhiWabc`ebchi^
ZaÙXÛ"d"bâ`eU
w = si1 · · · si`

s©bno�UA'rbnW¾`eU�d"^'U
WSd"bâ`eU Wa`SZSbc[m`eUml�Um^1`Ñ[XZShRbnWSWSYR^1`eU

1 ≤ a1 < · · · < ak ≤ `
`SUXonocU Ö¦d"U

sia1
· · · siak

WShRbc`�d"^'U�Û"Ùm[Xhil��uhiWSbâ`ebnhR^ÚZSÙmÛ"d"bc`SU�Û"U
w′ �9wd�YR^"Û [XUmW�[mhi^"Û"bâ`ebchi^"WgÙXÖ¦d"bây)YRonUm^¦`SUXW�WShi^1`�WeY)`SbnW¾fÒYRbc`SUXWXsÉhi^þÙm[XZabc`

w′ ≤ w
�Z-�Y

ZSUmoáY)`Sbnhi^
w′ ≤ w

UX^ ZaÙXWSd'oc`LY)^¦`ÜUmWa`Ü[moáYRbcZSUXl�UX^1`&d"^ hiZSÛ"ZaU�WSd"ZÜocUÚÕiZShRd"��U,Û"U
/þUmv�o�s�YR�'��UmonÙ»©JQ ¶ Q&s ¶ s��VQkµ¦K'HDuÒ� × U�` hiZaÛ"ZSUgUmWa`Ý[Xhil���Y)`Sb Ô ocUwY�yiUm[�onY>f�hi^"[m`Sbnhi^onhR^"Õid"Umd"ZXs¦[RÞãUXW¾`aé¬wJé_Û"bcZSU

`(w) ≥ `(w′)
onhRZSWSÖ¦d"U

w ≥ w′ �(-qUÝ�"ond"WP�uUm`ebâ`¨ÙmonÙml�Um^¦`�uhid"Z�o�ÞãhiZaÛ"ZSUgÛ"U Î Zad"\�Y)`kUmWa`ko�ÞãbnÛ"Um^1`ebc`SÙ
1
�

íÝhRd"WkY}yRhi^"WkYRochiZSW�ocUXW�ÙXÖ¦d"bây)YRonUm^"[XUmW?ø
g
UmWa`kÛ"U�Û"bcl�Um^"WSbchi^Úà�^"bcU
⇐⇒

oáY&f�hiZal�U Ô bnonbc^"Ù�Y)bnZSUkWav�l�Ùm`SZSbnÖ¦d"U
( · , · )

WSd"Z
P
UmWa`kÛ"Ùmà"^"bnU��uhiWSbâ`ebcyRU

⇐⇒ W
UmWa`kd"^åÕiZShid'��Uwà�^'b

⇐⇒ W
�uhiWSWc=XÛ"U�d"^åÙXocÙXl�UX^1`Vl,Yy''bcl,Y)o

⇐⇒
bno�UA'rbnW¾`eU�d"^ ÙXonÙml�Um^1`

w0

Û"U
W

`SUXo/Ö¦d"U
`(w0si) < `(w0)

��hRd"Z¤`ehidr`
i
�

xÝ^�ÙXonÙml�Um^1`
w0

WSY)`ebcWafÒYRbcWeYR^1`åw,oáY�Û"UXZa^"bª=mZSU�[Xhi^"Û'bc`ebchi^åUXWa`wd"^"bnÖ¦d"U�Um` UXWa` f�hiZ¾é
[XÙml�Um^1`Ýo ÞßÙmonÙml�Um^¦`VocUg�"ond'W�onhi^"ÕØÛ'U

W
��]_oÉyRÙXZabcà�U

w−1
0 = w0

�
-qUgÕiZShRd"��U�Û"U0/þUmv�oqUXW¾`kd"^$ÕRZShid"�uU�Û"U × hQ''U�`eUmZ YRd WaUX^"WkWSd"bây)YR^1`��

× Ài¹ ¹ À,â�²�éÖ²ãâ ��³ º sx¥RQ3©Uµe«�s
W

sLIAu0sAv§¥§sAv ¶ Q3¸å«'HRQ {si}i∈I HD¨Ds3tÜ�ªsLIÜQ&s��âHR�uÒM�©Uv'I ¶ s ¶ ¸WÒjv�Mdu M�©UvF�

s2
i = 1,

\ Ï �  '� Ì `






sisj = sjsi
I�M
〈hi, αj〉 = 〈hj, αi〉 = 0 ¿

sisjsi = sjsisj
I�M
〈hi, αj〉 · 〈hj, αi〉 = 1 ¿

(sisj)
2 = (sjsi)

2 I�M
〈hi, αj〉 · 〈hj, αi〉 = 2 ¿

(sisj)
3 = (sjsi)

3 I�M
〈hi, αj〉 · 〈hj, αi〉 = 3

E
\ Ï �  "� � `

-qUXWV[XhR^"Û"bc`Sbnhi^'W�\ Ï �! "� � ` WShR^¦`ÝYR�'��UmonÙXUmW�Q3s��âHDuÒM�©Uv'I ¶ s?uÒQ&sLILIes��
-�YØ�"ZShi�uhiWabc`ebchi^ÚWad"bcy)YR^1`eUr\OyihibcZ�^ Æ _a` y)YØlimXl�Ug�"ond"W�ochibn^É�

î Â�·)Áq·"±J²�¶�²S·"¸�â�²�éÖ²�é �4³ ´�©JMdu
M

µ§vå�»©Uvg©E� ¶ skHD¨Ds3tzµ(v�Mdu¬¸XEM´�©JMdu {xi}i∈I µ§vgsómHR�ØMO�O�ªs ¶ ÔÄ¸��ª¸��»sAv�u�I ¶ s M IXHDu M ómHRMnIXHDv�u©HDµD¼ÜQ&s��âHDu M�©Uv'I ¶ såuÒQ3sLILIesi\ Ï �! "� � ` E�ñ �ª©JQeIMO��sc¼iMnIAuTsÓµ(vgsÓµ§v�M�¹¤µ�s�HA«X«u�´M�tSHDu M�©Uv
f : W →M

uTs��O�ªs>¹¤µ�s ¿ «�©Uµ�QÓu¬©Uµ(u w ∈ W sAu
«�©Uµ�Q÷u¬©Uµ(u¬s ¶ ¸3t3©J�n«�©}I�Mdu M�©Uv&Q3¸ ¶ µ�Mdu¬s w = si1 · · · si`

¿ �RÔÄ©Uv�HRMdu f(w) = xi1 · · ·xi`
E
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ô �
) Ê 5 Ê�� * % � $ +�� % ��(Ò�Ò.1��0}�Ú�!*�(Ò .i '0}�¦��-��J�Ò* Ointprhibâ`

M
d"^

Uq(g)
é_l�hrÛ"d'onU bc^¦`SÙXÕiZSY Ô ocUR� × \'hibnWabnWSWahi^"W d"^ ��hRbnÛ"W

λ
U�`å��h)é

WShR^"W
n:=〈hi, λ〉

�uhid"Z&d'^
i
àI'rÙRs�Û"U�WShiZ¾`eUÚÖ¦d"U

siλ = λ − nαi
�#�&ÞßYR�"Zc=XWØonU

onUml�l�U Ì � Ï �ß~'s1^"hid"W�Y�yihi^'W¨Û"UmW¨bnWahil�hiZS�"\'bnWSl�UXW
fni : Mλ−→∼ Msiλ

�uhid"Z
n ≥ 0Um`

e−ni : Mλ−→∼ Msiλ

�uhid"Z
n ≤ 0

ì�bno�WXÞãUX^'WSd"bâ`gÖ¦d"U
dim(Mλ) = dim(Msiλ)

�
V bc^"WSbìo ÞßUm^"WSUml Ô ocU

wt(M):={λ ∈ P ; Mλ 6= 0}
Û"UmW�«�©JM ¶ I�Û'U M UXW¾`&W¾`LY Ô ocU

WShRd"Wgo�ÞßYR[m`Sbnhi^�Û"UXW
si
U�`���YRZw[mhi^"WSÙmÖ¦d"UX^1`�WShid"Wg[mUXoconU&Û'd ÕRZShid"�uU>Û"U·/þUmv�o

W
�

áw^åY
dim(Mλ) = dim(Mwλ)

��hRd"Z�`ehid"W
λ ∈ P

Um`
w ∈ W

�
-qUXWkYR�"�'onbn[XY)`ebchi^"W�WSd"bâyRY)^¦`SUXWVWShR^¦`ÝÛ"UmWÝY)d'`ehil�hiZa�"\"bnWal�UmW¤Û"U

Uq(g)
ø

µa : q 7→ q, ei 7→ aiei, fi 7→ a−1
i fi, qh 7→ qh,

Hn : q 7→ q, ei 7→ tni

i ei, fi 7→ fit
−ni

i , qh 7→ qh,

φ : q 7→ q, ei 7→ fi, fi 7→ ei, qh 7→ q−h,

− : q 7→ q−1, ei 7→ ei, fi 7→ fi, qh 7→ q−h,

�uhid"Z
a = (ai)i∈I ∈ (K \ {0})I

Um`
n = (ni)i∈I ∈ ZI �� Ù�à�^"bnWaWShi^'WÝÙmÕ1YRonUml�Um^1`�Û"UXd§'$YR^1`ebâé_YRd'`Shil�hRZS�"\"bcWSl�UXW���YRZ

ψ : q 7→ q, ei 7→ fi, fi 7→ ei, qh 7→ qh,

S : q 7→ q, ei 7→ −eiti, fi 7→ −t
−1
i fi, qh 7→ q−h.

-ìÞ Y)^¦`Sbâé_YRd'`ehRl�hiZa�"\"bcWSl�U
S
UmWa`ÝYR�"�uUXocÙ�HDv�u MÜ«�© ¶ s��

ç Ài¹û°�ÂX½1¿�ÀØâ�²�êg²¬° �4³ prhibnUm^1`
M

d"^
Uq(g)

é_l�hrÛ'd"onUkUm`
ξ
d"^åYR^1`ebâé_YRd'`Shil�hRZ¾é

�"\"bcWSl�U�Û"U
Uq(g)

��V onhRZSW
M∗:= HomK(M,K)

UmWa`Ýl>d"^"bqÛÉÞßd"^'U�W¾`eZSd'[m`ed'ZSU�Û"U
Uq(g)

éêl�h�Û"d"ocUì��YRZ
(a·f)(u) = f(ξ(a)u)

�uhid"Z
f ∈M ∗ s a ∈ Uq(g)

Um`
u ∈M

�
prb1hi^��"ZaUX^"Û

S
�uhid"Z!YR^1`eb é�YRd'`Shil�hiZS�"\'bnWSl�U

ξ
Û�YR^"W�oáY�ZaUXl�YRZSÖ¦d"U �"ZaÙX[XÙmÛ"UX^1`SURs

o�ÞßYR�"�'onbn[XY)`ebchi^
M∗ ⊗M → K

Û'Ùmà�^"bcU��"YRZ
f ⊗ u 7→ f(u)

UXW¾`
Uq(g)

é_ocbn^"ÙXYRbnZaUR�
× ÞãUXWa`�d"^'U�[Xhi^"WaÙXÖ¦d"Um^"[XUåÛ"U

µ ◦ (S ⊗ id) ◦ ∆ = µ ◦ (id⊗S) ◦ ∆ = ε
s�hf

µ : Uq(g)⊗ Uq(g)→ Uq(g)
UmWa`ÝoáYØl>d"oâ`ebn�'onbn[XY)`ebchi^,U�`

ε : Uq(g) −→ K
UXW¾` onY

[XhJé_d"^"bâ`eÙ)�
prhibâ`

M
d"^

Uq(g)
é_l�hrÛ'd"onUgbc^¦`SÙXÕiZSY Ô ocU#ì�YRonhRZSW

M =
⊕

λ∈P Mλ

�
�&Þ Y)�"ZR=mW oáY
ZSUml,Y)ZSÖ¦d"U��"ZSÙm[XÙXÛ'UX^1`eU)sÉo�ÞßYR^1`ebnYRd'`Shil�hRZS�"\"bcWSl�U

ψ
l>d"^'bc`

M∗ Û/Þãd"^"U�Wa`SZSd"[�`ed"ZaUÛ"U
Uq(g)

é_l�hrÛ"d'onUR��VÝbn^"Wab
D(M):=

⊕

λ(Mλ)
∗ UmWa`wd'^ WShid'W¾é Uq(g)

éêl�h�Û"d"ocU�Û"U



ô�� ÁIÂ ��Ã¤�Ä�d�W�x�AÆAy§Ë ���!Íc����W�Z��É%z&���!ÊcÃ¤Ã¤�cÉ3�W�LÎ3ÏQ��Ék�W�!Î3Ï¤� Uq(g)

M∗ `eUXo�Ö¦d"U D(M)λ = (Mλ)
∗ ��íkhid"WÝYR�"�uUXonocUXZahi^"W D(M)

onUØ�»© ¶ µ��ªs ¶ µ"HR��Û"U
M
���ì^å��YRZa`Sbn[md"onbcUXZ

dim(D(M)λ) = dim(Mλ)
WSb

dim(M)
UmWa`Và�^"bcURs�Um`

wt(D(M)) = wt(M).
æìd"bnWaÖ¦d"U

ψ
UXWa`Ýd"^"U�bc^¦yRhiondr`ebnhR^/s'ocUgl�hiZa�"\"bcWSl�U

Mλ −→ (Mλ)
∗∗ bn^'Û"d"bc`¤d"^l�hiZS�"\'bnWSl�UwÛ"U

Uq(g)
éêl�h�Û"d"ocUXW
M −→ D2(M):=D(D(M)).

-qU�ZSÙXWad"oc`eY)`VWSd'bcy)YR^1`VUXW¾` bcl�l�ÙXÛ"bnY)`��
× Ài¹ ¹ À,â�²�êg²�Ù ��³ º s�qXM ¶ µ'HR� D2(M)

sLIAu�MnIe©J�»©JQ¬«�K�s9Õ
M

I�M!�âH ¶ MO�»sAv'I�M�©Uv
¶ s Mλ

sLIAu�Òjv�M�sí«�©Uµ�Q?u¬©Uµ§uZ«�©JM ¶ I λ E
î Â�·)Áq·"±J²�¶�²S·"¸�â�²�êg²ãâ �4³ � ©Uµ�QzuT©Uµ§uM«�©JM ¶ I ¶ ©J�ØMdvuHDv�u λ ¿ �ªsk�»© ¶ µ��ªs V (λ)

sLIAu
MnIe©J�»©JQ�«�K�s?Õ�Ie©Uv ¶ µ'HR� D(V (λ))

\ Y)d'`eh�Û"d�YRo ` E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ -qUmW�Û'bnl�UX^"Wabnhi^"W Û"U

V (λ)λ
Um`
D(V (λ))λ

WShi^1`�ÙXÕiYRonUmW�w
1
s'Û"hi^"[gbcoÉUA'rbcWa`eU

v ∈ D(V (λ))λ \ {0}
ì"�'ZSUX^'hi^"WV[XU

v
`eUmo/Ö¦d"U

v(uλ) = 1
��áwZ

wt(eiv) = λ + αi /∈ wt(V (λ)) = wt(D(V (λ)))
s�Û/ÞßhD

eiv = 0
�uæ�YRZ YRbnoconUmd"ZSW

λ − (1 + 〈hi, λ〉)αi = si(λ + αi) /∈ wt(V (λ)) = wt(D(V (λ)))
sÉU�`�YRbn^"Wab�ocU

yiUm[m`SUXd"Z
v
yRÙXZSbâà�U

f
1+〈hi,λ〉
i v = 0

�
íÝhRd"WwY�yihR^"WwÛ"hi^'[&d"^ l�hiZa�"\"bnWal�U

V (λ) −→ D(V (λ))
Ö�d'b�Um^¦yRhibnU

uλ
WSd'Z

v
��áwZVonUwl�hrÛ'd"onU

V (λ)
UXW¾` Wabnl��"onU)s'Û/Þãhf o�Þãbn^U�aUm[m`Sbcy�bc`SÙwÛ"dål�hiZa�"\"bcWSl�UR�

�&ÞßYRd'`SZSU���YRZa`�ocUXW�UXWS�"YR[XUmW>Û"U���hibcÛ"W�Û"U
V (λ)

Um`
D(V (λ))

hi^1`�lrmml�UÜÛ"b é
l�UX^"Wabnhi^/s'Û"hi^"[�^"hR`SZSUgl�hiZS�'\"bnWal�UwUmWa`Ýd"^åbnWShRl�hiZa�"\"bcWSl�UR�
íÝhRd"WVWShil�l�UmWVl,YRbc^1`eUX^"YR^1`VUX^ål�UmWSd"ZaU�Û"U�Û"Ùml�hR^¦`SZSUmZÝocUgWSUX[mhi^"Û$��hibc^1`VÛ"d

`e\'ÙXhiZc=Xl�U Ï � Ï � �r� × hRl�l�UX^7ëmhi^"W���Y)Z�d"^
× Ài¹ ¹ À,â�²�êg²�é ��³ ´�©JMdu

M
µ§v

Uq(g)
�_�»© ¶ µ��ªsÜMdv�u¬¸�¥RQSHXqX�ªsXEj´�µy«X«�©}Ie©Uv'Ir¹¤µÖÔ MO�sc¼iMnIAu¬snµ§v�Ie©Uµ¦I��

U+
q (g)

�_�»© ¶ µ��ªs F ¶ s ¶ MO�»sAv'I�M�©Uv9Òjv�M�snu¬s��g¹¤µ�s F '⊕

λ Fλ
sAu

M = Uq(g)F (= U−
q (g)F )

E�ñ �ª©JQeI
M

Ies ¶ ¸3t3©J�n«�©}IeshsAv]µ(vgs�Ie©J�Ø�»s ¶ MOQ&s3tAuTsÒjv�M�s ¶ s V (µ)
E

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ æ!hid"Z�Û"ÙXl�hi^1`eZaUXZ&ocU�ocUXl�l�U)sqhi^û�uUXdr`>WSd'�"��hRWSUXZ
F
^"hR^

^¦d"o��Q-�UmW��uhibcÛ"WqÛ"U
M
yRÙXZabcà�Um^¦`

wt(M) ⊂ wt(F )+Q−

�UáwZqonUmW���hibcÛ"WqÛ"U
F
Wahi^1`

UX^�^'hil Ô ZaUÝà�^"b�^"hi^�^¦d"o srÛ"hR^"[wbno�Uk''bcWa`SU
λ
`SUXoÉÖ¦d"U

(λ+Q+)∩wt(F ) = {λ}
�

V bc^"WSb�o Þßbc^¦`SUXZaWSUX[�`ebchi^$Û'U
λ +Q+

U�` Û'U
wt(M)

UXW¾`wZSÙmÛ"d"bâ`eUùw
{λ}

��prhibâ`ÝYRonhiZaW
d"^ yiUm[m`eUmd"Z ^'hi^$^¦d"o

u ∈ Fλ ⊂ Mλ

��æìd"bnWaÖ�d'U
λ + αi /∈ wt(M)

suocUwyiUm[m`eUmd"Z
u
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ô !
yiÙmZSbâà�U

eiu = 0
�¦æ�YRZPYRbconocUXd"ZaW

u
UXW¾`¤Y)^"^¦d"onÙV��YRZ

f
1+〈hi,λ〉
i

s¦Û/Þãhf�d'^�l�hiZS�'\"bnWal�U
Uq(g)

éêonbn^'Ù�YRbcZSU
f : V (λ) −→M

Û"Ù�à�^"bq��YRZ
uλ 7→ u

�
-ìÞßUmWS��Y)[XU

D(M)λ =
{ÝhRl

K(Mλ, K)
[XhR^¦`SbnUm^¦` d"^'U f�hRZSl�U

v
`SUXonocU Ö¦d"U

v(u) = 1
�gæìd"bcWSÖ¦d"U

λ + αi /∈ wt(D(M)) = wt(M)
U�`

si(λ + αi) =

λ − (1 + 〈hi, λ〉)αi /∈ wt(D(M))
s!hi^ûY

eiv = f
1+〈hi,λ〉
i v = 0

��� hR^"[,^"hRd"W
h Ô `SUX^"hR^"WVd"^$l�hiZa�"\"bnWal�U

g : V (λ) −→ D(M)
Û"Ù�à�^"bq��YRZ

uλ 7→ v
�

-qU�[mhil���hiWaÙ
h : M −→ D2(M)

Dg
−→ D(V (λ)) ' V (λ)

bc^"Û"d"bâ`
Mλ

v
−−→

V (λ)λ ' K
����Þßhfåd"^"U�[L\�YE�á^"U�Û"U�l�hiZS�"\'bnWSl�UXW

V (λ)
f
−−→ M

h
−−→ V (λ)

uλ 7−→ u 7−→ uλ
Û"hi^1`�onUØ[mhil���hiWaÙÜUXWa`�o ÞßbcÛ"UX^1`ebâ`eÙ)�/íÝhRd"W�UX^ûÛ'ÙXÛ"d"bcWShi^'W�Ö¦d"U

M ' V (λ) ⊕ N
s

hf
N =

× hf�RUmZ
(f)

��íÝhR`Shi^"W
F ′ o�Þãbnl�YRÕiU�Û"U F Û�Y)^"W

N
�gV ochiZSW

N = Uq(g)F ′Um`
dim(F ′) ≤ dim(F/Ku) < dim(F )

ìuonU�ZSÙmWSd"oâ`LY)` WXÞãUX^"Wad"bc`g�"YRZ ZaÙX[Xd'ZSZSUm^"[mU
WSd'ZkonY>Û"bnl�UX^'WSbnhR^�Û"U

F
�

� Mdv ¶ sg�âH ¶ ¸��»©Uv'IAu QaHDuÒM�©Uv ¶ µ�uOK�¸3©JQ&¦��»s�)¦E*)¦EJIR��³ prhRbnUX^1`
M ∈ Oint

Um`
u ∈

M
�LVÝonhiZaW

Uq(g)u = Uq(g)(U+
q (g)U0

q (g)u)
U�`
U+
q (g)U0

q (g)u
UXW¾`�Û"UÜÛ"bnl�UX^ré

WSbchi^ à�^"bnU Û/ÞßYR�"Zc=XW�o Þß\1v��uhR`e\7=mWSUþWSd"Z
M
�n.�ZR�R[XUþYRd onUXl�l�U Ï � �r�! "s�ocU Wahid"W�é

l�hrÛ"d'onU
Uq(g)u

UmWa`Üd"^"U�Wahil�l�UÚÛ'bnZSUm[m`SU�Û"U�l�h�Û"d"ocUXW
V (λ)

�4V bc^"WSb s�ocUÚl�hJé
Û"d"ocU

M
UmWa`�Wahil�l�U�Û'U [XUmZa`LY)bn^"W

V (λ)
�÷-�YûWSbcl��'onbn[mbc`SÙåÛ'UXW

V (λ)
UX^1`SZeY��n^"U

à�^�Y)onUXl�UX^1`VÖ¦d"U
M

UmWa`kd"^"U�Wahil�l�UgÛ"bcZSUX[�`eU�Û"U
V (λ)

�
ç Ài¹û°�ÂX½1¿�ÀØâ�²�êg²�ê �4³ ág^ �uUXd'`åÛ"Ù�à�^"bcZå[mhil�l�U Û"YR^"W oáY ZSUml,Y)ZSÖ¦d"U Ì � Ì � �
�uhid"Z

g = sl2
Û'UXWØ[XhJé_�"ZahrÛ"d'bc`eW

∆+

U�`
∆0

� �wYR^"WØonY�[�YJ`eÙXÕRhiZSbcUÚÛ"UXW
Uq(g)

é
l�hrÛ"d'onUXW¨bn^1`eÙmÕiZeY Ô onUXWms'ocUXW¤`eZahibnW¨[Xh)éê�"ZSh�Û"d"bâ`eW¤Wahi^1`Ý�'ZSUXWaÖ¦d"U�ÙmÖ¦d"bcy)YRocUX^1`eWm��æ�hid'Z
Û"Umd('

Uq(g)
é_l�hrÛ"d'onUXW�bc^¦`SÙXÕiZSY Ô ocUXW

M
Um`
N
s!^"hR`Shi^"W

M ⊗− N
s
M ⊗0 N

U�`
M ⊗+ N

ocUXWwUmWS��YR[mUXWgyiUm[m`ShiZSbcUXonW
M ⊗ N

l&d"^"bnW Û/Þßd'^"UØWa`SZSd"[�`ed"ZaUØÛ"U
Uq(g)

é
l�hrÛ"d'onUwÕiZR�R[XU?w

∆−

s
∆0

U�`
∆+

ZSUmWS�uUX[�`ebcyRUXl�UX^1`���VÝonhiZaW�onUXWVY)�"�"onbc[�Y)`Sbnhi^'W

M ⊗− N −→∼
ξ
M ⊗0 N −→∼

η
M ⊗+ N

Û"Ù�à�^"bnUmWV��YRZ

ξ(u⊗− v) = q(λ,µ)/2u⊗0 v

η(u⊗0 v) = q(λ,µ)/2u⊗+ v

�uhid"Z
u ∈Mλ

Um`
v ∈ Nµ

s



� $ ÁIÂ ��Ã¤�Ä�d�W�x�AÆAy§Ë ���!Íc����W�Z��É%z&���!ÊcÃ¤Ã¤�cÉ3�W�LÎ3ÏQ��Ék�W�!Î3Ï¤� Uq(g)

WShR^¦`�Û"UmW�bcWShil�hiZa�"\"bnWal�UmW
Uq(g)

éêonbn^'Ù�YRbcZSUXWm�/æ�YRZ�UA'rUXl��"onU)sqonU>fÒYRbâ`gÖ¦d"U
ξ
Um`
ei[XhRl�l>dr`eUX^1`V�"Zah}yrbcUX^1`kÛ"U

ξ(ei(u⊗− v)) = ξ(eiu⊗− t
−1
i v + u⊗− eiv)

= q(λ+αi, µ)/2eiu⊗0 q
−(αi,µ)v + q(λ, µ+αi)/2u⊗0 eiv

= q(λ, µ)/2
(
eiu⊗0 t

−1/2
i v + t

1/2
i u⊗0 eiv

)

= q(λ, µ)/2ei(u⊗0 v) = eiξ(u⊗− v).

:<; ÀiÂ}µi²Sµ�À1âL²¬° �4³ � ÙXl�hi^1`eZaU¤S�oáY>f�hiZal>d"ocUG\ Ï � Ï � Ì ` onhRZSWSÖ¦d"U
i 6= j

�
:<; ÀiÂ}µi²Sµ�À1âL²�Ù �4³ æ�hid'Z$`ehRd'`��uhibcÛ"W Û"hil�bn^�YR^1`

λ
sÝWahibc`

V (−λ)
onU
Uq(g)

é
l�hrÛ"d'onU,Wabnl��"onU�Û"U��"ocd"W Ô Y)W>��hRbnÛ"W

−λ
s�[mhi^"Wa`SZSd"bâ`ØÛ"U�l�YR^"b�=XZSU,YR^�YRochiÕid"U»w

oáY>Û'Ùmà�^"bâ`ebchi^ Ï � ��� �>UX^åÙX[L\"YR^"ÕiUXYR^1`
f̃i
Um`
ẽi
��æìond'Wk�'ZSÙX[mbnWaÙXl�UX^1`

V (−λ) = Uq(g)u−λ

= Uq(g)/
(

∑

h∈P ∗

Uq(g)(qh − q−〈h,λ〉) +
∑

i

Uq(g)fi

+
∑

i

Uq(g)e
1+〈hiλ〉
i

)

.

-qUPyRUX[�`eUXd'Z
u−λ

UXW¾`ìYR�'��UmonÙìyiUm[m`eUmd"Z©Û"UP�"ocd"W Ô YRW��uhibcÛ"W�Û'U
V (−λ)

�<�ÝÙXl�hi^1`eZSUS
Ö¦d"U¤�uhid"Z�`Shid"W

λ
s
µ ∈ P+

onU�l�hRZS�"\"bcWSl�U�Û'U
Uq(g)

é_l�h�Û"d"onUmW
Uq(g)→ V (λ)⊗

V (−µ)
Û"Ùmà�^'bq��YRZ

1 7→ uλ ⊗ u−µ
bc^"Û"d"bâ`�d"^åbnWahil�hRZS�"\"bcWSl�U

Uq(g)/
(

∑

h∈P ∗

Uq(g)(qh − q〈h,λ−µ〉) +
∑

i

Uq(g)f
1+〈hiλ〉
i +

∑

i

Uq(g)e
1+〈hiµ〉
i

)

−→∼ V (λ)⊗ V (−µ).

:<; ÀiÂ}µi²Sµ�À1âL²ãâ �4³ � ÙXl�hi^1`eZaU¤S�Ö�d'U&WSb
g
UmWa` Û"U�Û'bnl�UX^"Wabnhi^ à�^"bcURsuYRonhRZSW�`ehidr`

l�hrÛ"d'onUwbc^¦`SÙXÕiZSY Ô ocU�YR�"��YRZ¾`ebcUX^1`åw
Oint

��\�]_^"Û"bn[XY)`ebchi^]ø�d'`ebconbcWSU¤S o�ÞãUA'rUXZa[Xbn[mU��'ZSÙ�é
[XÙmÛ"UX^1`ÝUm`konUwfÒY)bc`�Ö¦d"U

V (λ)⊗ V (−µ)
UXW¾`kÛ"U�Û"bnl�UX^"Wabnhi^Úà"^"bnU)� `

:<; ÀiÂ}µi²Sµ�À1âL²�é �4³ � ÙXl�hi^1`eZaU¤S�onUmW�f�hiZSl>d'onUXW¨WSd"bâyRY)^¦`SUXW?ø
\ Ì ` {

xy

n

}

=
∑

j+k=n

xk
{
x

j

}

y−j
{
y

k

} �uhid"Z
n ∈ N

�

\�� ` {
q−nx

m

}{
x

n

}

=

[
m + n

n

]{
x

m + n

} ��hRd"Z
m
s
n ∈ N

�

\ Ï `
q−nx

{
x

n

}

− qnx−1

{
x

n

}

= (q − q−1)[n+ 1]

{
x

n+ 1

} ��hid'Z
n ∈ N

�



�AÆ �/�A���Ö� � �d���ÖÃ¤����B��Ä�WÈ��A�L�!��B¬���WÈ�ÍRÊc�W��� Oint
� #

:<; ÀiÂ}µi²Sµ�À1âL²�ê �4³ æ�hiWahi^"W
R = Q(q)[x, x−1]

�¨prhibâ`
RZ

oáYûWahid"W¾é
Z[q, q−1]

é
YRocÕf= Ô ZaUgÛ"U

R
Um^"ÕiUm^"Û"ZSÙmU&��Y)Z

x
U�`ÝocUXW {

x

n

} \
n ∈ N

` �

\ Ì ` l o�ÞßYRbcÛ"U�Û'UÚo�ÞãUA'rUXZa[Xbc[XU Ï �! "s!Û"ÙXl�hi^1`eZaU¤S�Ö�d'U {{
x

n

}

, x

{
x

n

}

;n ∈ N

}

UXW¾`gd"^"U Ô YRWSU&Û"U
R
UX^$`LYR^1`gÖ¦d"U

Q(q)
é_UmWS��YR[mU&yiUm[m`ShiZSbcUXo�suUm`wd"^"U Ô YRWSU>Û'U

RZUX^ `LY)^¦`kÖ¦d"U
Z[q, q−1]

é_l�hrÛ"d'onUR�
\�� ` � ÙXl�hi^1`eZaU¤S�Ö¦d"U

Q[q, q−1]⊗Z[q,q−1] RZ

= {f(x) ∈ R ; f(±qn) ∈ Q[q, q−1]
�uhid"Z¤`ehRd'`

n ∈ Z �
= {f(x) ∈ R ; f(±qn) ∈ Q[q, q−1]

�uhid"Z¤`ehRd'`
n ∈ N � �\Ò]_^'Û"bn[XY)`ebchi^�ø¦Ùm[XZSbâyiUS

f
[mhil�l�UV[XhRl Ô bn^"YRbnWahi^�ocbn^"ÙXYRbnZaU�Û/ÞãÙXonÙml�Um^1`eW¨Û'U oáY Ô YRWaU

Û"Ù�à�^"bnU�Um^è\
1
` Um`k�uhiWSUS

x = ±1,±q, . . .
`

\ Ï ` � ÙXl�hi^1`eZaU¤S�Ö¦d"U
RZ = {f(x) ∈ R ; f(±qn) ∈ Z[q, q−1]

�uhid"Z¤`Shid'`
n ∈ Z �

= {f(x) ∈ R ; f(±qn) ∈ Z[q, q−1]
�uhid"Z¤`Shid'`

n ∈ N}
�

\Ò]_^'Û"bn[XY)`ebchi^ ø�Û'ÙXl�hi^1`eZSUSÝÛÉÞ Y Ô hiZaÛ,Ö¦d"UkWSb
f(x) ∈ Q[q, q−1][x]

yiÙmZSbâà�U
f(qn) ∈

Z[q, q−1]
�uhid"Z

n
YRWSWaU¤S�ÕiZeY)^"Û/s�YRochiZSW

f(x)
YR�'��YRZa`SbnUm^¦`zw

Z[q, q−1][x]
� `

\� ` � ÙXÛ"d'bnWSUS�Û'U»\
3
` Ö¦d"U

n∏

k=1

qm(1−k)xm − qm(k−1)x−m

qkm − q−km
− x(m−1)n

{
x

n

}

∈ (q − 1)RZ

�uhid"Z
n ≥ 0

Um`
m ≥ 1

�





õ���ï�� ø/ú öùó �

îðï ñ�ó ñ õ öùøqñÚúûï üþüûøuÿ�óôñ � óôñ

Uq(g) > � ����� üûóôñ

.gÙX^"ÙmZeYRocbnWShR^"W�onY `e\"ÙmhiZSbcU¤Û"UXW Ô Y)WSUXWì[mZSbcWa`LY)ononbc^"UXW!y�d"UkYRdØ[L\�YR�"bâ`eZaU
2
YRd('>l�h)é

Û"d"ocUXWVWSd'Zko Þ Y)onÕf= Ô ZSUwUm^1yiUXochi�"��Y)^¦`SU�Ö¦d�Y)^¦`SbnÖ¦d"U�Û/Þãd"^"U�YRonÕD= Ô ZaUgÛ"U�t�Y)[�é¾jåhrh�Û'v
Wav�l�Ùm`SZSbnWSY Ô ocU

g
Û'Ùmà�^"bcWkYRd$[L\"YR�"bc`SZSUg�"ZaÙX[mÙXÛ"Um^¦`X�

2 Ê � Êr"  �+X*�+�.i�J� +m0� �( (Ò� � *�+
prhibâ`

M
d"^

Uq(g)
é_l�hrÛ"d'onUwbc^¦`SÙXÕiZSY Ô ocUR�

� ¼S³g¸�²�¶�²S·"¸ éÖ²¬°
²¬° ��³ xk^"U qLHJIes±t�Q�MnIAu�HR�O�´Mdvgs
(L,B)

Û'U
M

UXW¾`�d"^'U Ô Y)WSU
onh�[�Y)onU Um^

q = 0
Û"U

M
`SUXoconUwÖ¦d"Uiø

\ Ì ` -�U�[mhid"�"ocU
(L,B)

yiÙmZSbâà�U
(L,B) '

⊕

λ∈P

(Lλ, Bλ)
s�hf

(Lλ, Bλ)
UXW¾` d"^'U

Ô YRWaU�onh�[�YRocUwÛ"U
Mλ

�
\�� ` -!Y Ô YRWSU&onh�[�YRocU

(L,B)
UXWa` d"^"U Ô YRWSU>[mZSbcWa`LY)ononbc^"UgÛ"U

M
��YRZ ZSYR�"�uhiZa`nw

Uq(g)i
��hRd"Z¤`ehidr`

i ∈ I
�

æìd"bnWaÖ¦d"U
Uq(g)i

UXWa`�bcWShil�hiZa�"\"Uhw
Uqi(sl2)

��hid'Z `ehidr`
i ∈ I

sÉhi^Ñ�uUXd'`�YR��é
�"ocbnÖ¦d"UXZ�[mU�Ö�d'U�o ÞßhR^$YØÙ�`LY Ô ocb/�uhid"Z

sl2
�

� Ù�à�^"bnWaWShi^'W��uhid"Zg`ehRd'`
i ∈ I

Û"UmW�l�hiZa�"\"bnWal�UmW
ẽi
s
f̃i ∈ EndK(M)

Û'U�onY
fÒYDëmhi^,Wad"bcy)YR^1`eU)��æ d'bnWSÖ¦d"Uk`ehidr`�yRUX[m`SUXd"Z

u ∈Mλ

WmÞßÙm[XZabc`�Û"UÝfÒYDëmhi^�d"^"bnÖ¦d"UÝWShid'W
oáY&f�hRZSl�U

u =
∑

n≥0,−〈hi,λ〉

f
(n)
i vn

Y�yiUX[
vn ∈Mλ+nαi

Um`
eivn = 0

s'��hiWahi^"W

\� '� Ì � Ì `
ẽiu =

∑

n≥1,−〈hi,λ〉

f
(n−1)
i vn, f̃iu =

∑

n≥0,−〈hi,λ〉

f
(n+1)
i vn.

× UXWkUX^'Û"hil�hiZS�"\'bnWSl�UXW¤yRÙXZabcà�Um^¦`
ẽiB ⊂ B t {0}

Um`
f̃iB ⊂ B t {0}

�



� ô ÁIÂ ��Ã¤�Ä�d�W�b-Æ&@7�c�d���FB��W���a���c������É¤���g���� Uq(g) � �ÖÊk�AÏ¤�����
-qUw`e\"Ùmh(=ml�U��r� �r� �>bnl��"onbcÖ�d'UwYRochiZSW¤ocU

® »!¼�·'Ây¯R¹ À éÖ²¬°
²�Ù �#³ ´�©JMdu
(L,B)

µ§vgsrqLHJIes��ª©etSHR�ªs»sAv
q = 0 ¶ Ô µ(v Uq(g)

�
�»© ¶ µ��ªskMdv�uT¸�¥RQaHXqX�ªs M IXHDu MnIWómHRMnIXHDv�u�Õ>�âHit3©Uv ¶ Mdu M�©Uvo\ 1 ` ¶ sk�âH ¶ ¸WÒjv�MduÒM�©Uv��uEJ'1EJ'1Eñ �ª©JQeI

(L,B)
sLIAu·µ§vgs1qLHJIesØt�Q MnIAu�HR�O�´Mdvgs$I�MhsAu�IesAµ��ªs��»sAv�u�I�Mhs��O�ªs,¨D¸�Q M Òís$�ªsLI

t3©Uv ¶ MduÒM�©Uv'IwIAµrMd¨JHDv�u¬sLI��\ Ì ` ûù©Uµ1IVHD¨D©Uv'I
ẽiL ⊂ L

sAu
f̃iL ⊂ L

«�©Uµ�QÓu¬©Uµ(u
i
\3sAuqHRMdv'I�M

ẽi
¿ f̃i Mdv ¶ µrMnIesAv�u

¶ sLI·sAv ¶ ©J�»©JQ�«�K�MnI��»sLI ¶ s L/qL ¿ ¶ ¸LI�M|¥Dvg¸LIí«'HRQg�ªsLI��»½��»sLIÝIA¾)�iqA©J�ªsLI ` E\�� ` ûù©Uµ1I&HD¨D©Uv'I
ẽiB ⊂ B t {0}

sAu
f̃iB ⊂ B t {0}

E
\ Ï ` ´�©JM�sAv�u

b ¿ b′ ∈ B sAu
i ∈ I " HR�ª©JQeI b′ = ẽib

I�MòsAuìIesAµr�ªs��»sAv�u�I�M
f̃ib

′ = b
E

æ�hRd"Z©`ehidr`
i
s�ahibnÕR^"hi^"W©Û'UXW ÙXocÙXl�UX^1`eW

b
U�`
b′
Û"U
B
��YRZìd"^"U[H�=m[L\"U

b
i
−→ b′

WSb
b′ = f̃ib

\ÒÙXÖ¦d"bây)YRonUm^¦`÷w
b = ẽib

′ ` �¦íkhid"WPh Ô `eUm^"hi^"W�YRbc^"WSb�d"^�ÕiZSYR�"\"UV^¦d"l�ÙXZSh)`eÙRsonUh¥RQSHA«�K�srt�Q MnIAuêHR�O�´Mdv
Û'U
B
�qxÝ^'U

i
�RtLK'HMLdvgsÝUXW¾`�d"^"UØ[XhRl��uhiWeY)^¦`SUØ[Xhi^'^"UA'rUÜÛ"d

ÕiZSYR�"\"U��uhid"Z�onUmW
i
é�H�=X[L\"UmWXsu[RÞãUXW¾`aéTw�é_Û"bcZSU

b0
◦

i
−→ · · · · · ·

i
−→

bn
◦

Y�yiUm[
ẽib0 = 0

s
f̃ibν = bν+1

\
0 ≤ ν < n

` U�`
f̃ibn = 0

��-�Y Ô YRWaU&[XZabnW¾`LYRoconbn^'U
BUXW¾`koáY>ZSÙmd"^"bchi^$Û'bnWW�ahRbn^1`eUwÛ'UXW

i
é_[L\"Y��á^"UmWV��hid'Z�d"^

i
àI'rÙ#ìuYRbc^"WSb s'��Y)Z�ZeYR�"�uhiZ¾`zw

[L\�YRÖ¦d"U
i
oáY�Wa`SZSd"[�`ed"ZaU�[mhil Ô bc^�Y)`ehRbnZSU&Û"U

B
UmWa`�`eZc=XW�WSbnl��"ocUR� × Um��Um^"Û�YR^1`Xs�onY

Wa`SZSd"[�`ed"ZaU�[Xhil Ô bn^�Y)`ShibnZaUÝÛ'UgoáY Ô YRWaUg[XZabnWa`eYRonocbn^"U
B
UXW¾`�`eZc=XW�ZSbc[L\"UgonhRZSWSÖ¦d"Ugo ÞßhR^

[XhR^"WSbcÛ7=XZaU�`Shid"WVonUmW
i
wÜonY>f�hibnWm�

íÝh)`ehi^"W
εi(b) = max{n ≥ 0 ; ẽi

nb 6= 0}
Um`
ϕi(b) = max{n ≥ 0 ; f̃i

nb 6=

0}.
× UXWk^"hil Ô ZaUXWV[XhRZSZSUmWS�uhi^"Û"Um^1`9w

\� '� Ì � � `
◦

i
−−→ · · ·

i
−−→

︸ ︷︷ ︸

εi(b)

b
◦

i
−−→ · · ·

i
−−→

︸ ︷︷ ︸

ϕi(b)

◦

æ�hRd"Z
b ∈ Bλ

s"Û"Ù�à�^"bcWSWShR^"WÝocUn«�©JM ¶ I�Û"U b ��YRZ wt(b) = λ
��V ochiZSW�hR^$Y

\� '� Ì � Ï `
〈hi,wt(b)〉 = ϕi(b)− εi(b)

Û/ÞßYR�"Zc=XW�onUØocUXl�l�U>�r� ��� ÌiÌ ìÉÛ"UØ�"ond'W�onYÚonhi^'Õid"UXd'ZwÛ"UÜoáY
i
é_[L\�Y��n^"UØ[XhR^¦`SUX^�Y)^¦`

bUXW¾`
ϕi(b) + εi(b)

�
® »!¼�·'Ây¯R¹ À éÖ²¬°
²ãâ �#³ ´�©JMdu

(Lν , Bν)
µ(vgsGqLHJIesGt�Q�MnIAu�HR�O�´Mdvgs ¶ Ô µ(v Uq(g)

�_�»©J�
¶ µ��ªs�Mdv�u¬¸�¥RQaHXqX�ªs Mν

\
ν = 1 ¿ 2

` E>ñ �ª©JQeI
(L1, B1) ⊗ (L2, B2)

sLIAu·µ§vgsOqLHJIes



-AÆ!Å?@I�c�d���FB��W���a���c������É¤��� �&�
t�Q MnIAuêHR�O�´Mdvgs ¶ s M1 ⊗M2

«�©UµrQg�âHX¹¤µ�s��O�ªs��ªsLI&HA«X«u�´M�tSHDuÒM�©Uv'I
ẽi
sAu
f̃i
Ie©Uv�u

\� '� Ì �! `
ẽi(b1 ⊗ b2) =

{
(ẽib1)⊗ b2

I�M
ϕi(b1) ≥ εi(b2),

b1 ⊗ (ẽib2)
I�Mdvg©Uv

,

\� '� Ì � � `
f̃i(b1 ⊗ b2) =

{
(f̃ib1)⊗ b2

I�M
ϕi(b1) > εi(b2),

b1 ⊗ (f̃ib2)
I�Mdvg©Uv

.Ý·sí«u�Ìµ1I
εi(b1 ⊗ b2) = max

(
εi(b1), εi(b2)− 〈hi,wt(b1)〉

)
,

\� '� Ì �ßz `
ϕi(b1 ⊗ b2) = max

(
ϕi(b1) + 〈hi,wt(b2)〉, ϕi(b2)

)
.

\� '� Ì � Í `
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ áw^FWaU>ZeYRli=X^'UØYRdF[�Y)WwÛ"U

sl2
sÉÛ/ÞãhfFocU&ZSÙmWSd"oâ`LY)`wÛ/Þ Y)�"ZR=mW

onUw`S\"ÙXhRZR=Xl�U��r� Ï � �r�
� hibc[Xb onUmW&Û"Umd('
`S\"ÙXhiZc=Xl�UXW>�'ZSbn^'[Xbn�"YRd('þWSd"Z&o�ÞãUA'rbnW¾`eUX^'[XUÚU�`>o�Þãd"^"bc[Xbâ`eÙ�Û"UÚoáY

Ô YRWaU�[XZSbcWa`eYRonocbn^"U#ì�^"hid'WkZaUX^1yih}vRhi^"W0w ^ �()I_ �uhid"Z�ocUXW�Û"Ùml�hi^'Wa`eZSY)`ebchi^"Wm�
® »!¼�·'Ây¯R¹ À éÖ²¬°
²�é Ä *�Kq� +m0�* � .i* È ��³ ´�©JMdu

λ
µ§vr«�©JM ¶ I ¶ ©J�ØMdvuHDv�u�E\ Ì ` Ú��Isc¼iMnIAu¬sÓµ§vgs÷µ(v�M�¹¤µ�síqLHJIes[t�Q MnIAuêHR�O�´Mdvgs

(L(λ), B(λ)) ¶ µ��»© ¶ µr�ªs V (λ) =

Uq(g)uλ
uTs��O�ªsx¹¤µ�s

(L(λ)λ, B(λ)λ) = {uλ}
E

\�� `iº H?qLHJIes
B(λ)

sLIAu�¸�¥1HR�ªs[Õ
{f̃i1 · · · f̃i`uλ ; ` ≥ 0

sAu
i1, . . . , i` ∈ I}\{0}

E
\ Ï `iº s0¨Ds3tAuTsAµ�Q

uλ
sLIAu �RÔ µ(v�M�¹¤µ�s

b ∈ B(λ)
u¬s��Z¹¤µ�s

ẽib = 0
«�©UµrQ0u¬©Uµ§u

i
E�{÷s

¨Ds3tAu¬sAµrQ·sLIAu ¶ Mdu ¶ sí«u�Ìµ1IgK'HDµ§uZ«�©JM ¶ I λ E

® »!¼�·'Ây¯R¹ À éÖ²¬°
²�êÅÄ � � � .1�O0}� È ��³ ´�©JM�sAv�u
M

µ§v
Uq(g)

�_�»© ¶ µr�ªs Mdv�u¬¸�¥RQaHXqX�ªs
¶ s Oint sAu (L,B)

µ§vgs qLHJIes t�Q MnIAu�HR�O�´Mdvgs ¶ s M EÓÚ��ísc¼iMnIAu¬s HR�ª©JQeIrµ§v MnIe©J�»©JQ �
«�K�MnI��»s

M −→∼
⊕

ν V (λν)
uTs���¹¤µ�s

(L,B)−→∼
⊕

ν(L(λν), B(λν))
E

.gZ&�R[mUwYRd('�`S\"ÙXhiZc=Xl�UXW¤[mbâéêÛ"UXWaWSd"Wms'oáY�Û"ÙX[mhil���hiWabc`Sbnhi^�UX^�[mhil��uhiWSYR^1`eUXW�WSbclÜé
�"ocUXW�Û/Þãd"^

Uq(g)
é_l�hrÛ"d'onUwÛ"U

Oint
WmÞßUApÉUm[m`Sd"U�Û'U�fÒY<ëXhi^å[Xhil Ô bn^�YJ`ehibcZSUR�

®g·'Â�·'¯_¯�°�²_Â�À�é#²¬°
²Tð �4³ ´�©JMdu
(L,B)

µ§vgs>qLHJIes>t�Q MnIAuêHR�O�´Mdvgs ¶ Ô µ§v Uq(g)
�_�»© ¶ µ��ªs

M ∈ Oint
ELñ �ª©JQLI

\� '� Ì �ß~ `
M '

⊕

b∈Bh

V (wt(b)),
HD¨Ds3t

Bh:={b ∈ B ; ẽib = 0
«�©UµrQ�u¬©Uµ(u

i}.



�  ÁIÂ ��Ã¤�Ä�d�W�b-Æ&@7�c�d���FB��W���a���c������É¤���g���� Uq(g) � �ÖÊk�AÏ¤�����
®g·'Â�·'¯_¯�°�²_Â�À�é#²¬°
²�õ �4³ ´�©JM�sAv�u

λ ¿ µ ¶ sAµD¼ù«�©JM ¶ I ¶ ©J�ØMdvuHDv�u�IXEMñ �ª©JQLI
\� '� Ì � C `

V (λ)⊗ V (µ) '
⊕

b∈B(µ),
εi(b)≤〈hi,λ〉

V (λ+ wt(b)).

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ p�hibc`
B = B(λ)⊗B(µ)

�7V ochiZSW
Bh = {b1 ⊗ b2 ; εi(b1 ⊗

b2) = 0
��hid'Z¤`ehid'`

i}
�LáwZ

εi(b1 ⊗ b2) = max
(
εi(b1), εi(b2) − 〈hi,wt(b1)〉

) s
Û"hi^'[

εi(b1 ⊗ b2) = 0
WSb�Um`kWaUXd"ocUXl�UX^1` Wab

εi(b1) = 0
Um`
εi(b2) ≤ 〈hi,wt(b1)〉

�
]_oÉWmÞßUm^"WSd'bc`�Ö¦d"U

Bh = {b1⊗ b2 ; b1 = uλ
s
εi(b2) ≤ 〈hi,wt(b1)〉

�uhid"Z¤`Shid'`
i}
�

�ì^'à�^
wt(uλ ⊗ b2) = λ+ wt(b2)

s'Û/ÞßhD$ocUgZSÙXWad"oc`eY)`��

2 ÊcÆqÊ #��J� +m0� ��ZK +Q��� g

xÝ^èt�Q MnIAu�HR��WSd'Z
g
UXW¾`kd"^$Um^"WSUml Ô ocU

B
l>d'^"bqÛ/ÞßYR�"�"ocbn[�YJ`ebnhR^"W

wt : B −→ P,

εi : B −→ Z t {−∞},

ϕi : B −→ Z t {−∞},

ẽi : B t {0} −→ B t {0},

f̃i : B t {0} −→ B t {0},
hf

0
UXW¾`¨d'^�ÙmonÙml�Um^¦`ìfÒY)^¦`��il�URsiWSY)`ebcWafÒYRbcWeYR^1` �uhid"Z©`ehRd'`

i ∈ I
YRd§'ÜWSb£'�YU'rbnhil�UXW

WSd'bcy)YR^1`eW�ø
\ Ì `

ẽi0 = f̃i0 = 0
�

\�� ` -�UmW!YR�"�"ocbn[�YJ`ebnhR^"W
ϕi
s
εi
s
wt

Wahi^1`�ZSUmonbnÙmUXWq��Y)Z
ϕi(b) = εi(b)+〈hi,wt(b)〉

�
\ Ï ` prb

b ∈ B
UXW¾`V`eUXoqÖ¦d"U

ẽib 6= 0
s�YRochiZSW

εi(ẽib) = εi(b)− 1,

ϕi(ẽib) = ϕi(b) + 1,

wt(ẽib) = wt(b) + αi.

\� ` prb
b ∈ B

UXW¾`V`eUXoqÖ¦d"U
f̃ib 6= 0

s�YRonhiZaW
εi(f̃ib) = εi(b) + 1,

ϕi(f̃ib) = ϕi(b)− 1,

wt(f̃ib) = wt(b)− αi.



-AÆ � Á �W�!�a����ÏON÷�dÏ�
g

�|�
\�� ` æ�hid"Z

b1
s
b2 ∈ B

s�^"hid'WÝY�yRhi^"W
b2 = f̃ib1

WSbqU�`VWSUmd"onUml�Um^¦`kWab
ẽib2 = b1

�
\ z ` prb

ϕi(b) = −∞
s�YRonhRZSW

ẽib = f̃ib = 0
�

]_[Xb si^"hid'W�Y)�"�"onbcÖ¦d"hi^"WìonYw[Xhi^1yiUm^1`ebnhR^
−∞+n = n+(−∞) = −∞

��hRd"Z©`ehidr`
n ∈ Z t {−∞}

�
æ�Y)Z�UA'rUXl��"onU)s"d"^"U Ô Y)WSU�[XZabnWa`eYRonocbn^"UkÛ/Þãd"^

Uq(g)
é_l�hrÛ'd"onUwbc^1`eÙXÕRZeY Ô ocUwUXW¾`Vd"^

[XZabnW¾`LYRo �
æ�hRd"Z�Û'UXW¨[mZSbcWa`LY)d('

B1

s
B2

s¦d"^ �»©JQ�«�K�MnI��»s ¶ s�t�Q MnIAuêHDµ<¼ ψ : B1 −→ B2

UXW¾`
d"^"U�YR�'�"onbc[�Y)`Sbnhi^

ψ : B1 −→ B2
`eUXoconUwÖ¦d"Uiø

\ Ì ` æ�hid"Z `ehRd'`
b ∈ B1

hi^ Y
wt(ψ(b)) = wt(b)

s
εi(ψ(b)) = εi(b)

U�`
ϕi(ψ(b)) = ϕi(b)

�
\�� ` æ�hid"Z�`Shid'`

b
s
b′ ∈ B1

Wab
b′ = f̃ib

Y)onhiZaW
ψ(b′) = f̃iψ(b)

�
]_o/UmWa`kfÒYR[XbconU Û'U�yRhibnZ�Ö¦d"U�onUmW�[XZabnWa`eYRd('�f�hRZSl�UX^1`Vd"^"U�[�YJ`eÙXÕRhiZSbcUR�

ç Ài¹û°�ÂX½1¿�Àoé#²�ÙZ²¬° �4³ �wYR^"Wå^ �§) � �§5 � �§B � � E _ s�d'^,l�hiZS�"\'bnWSl�U�Û"UÝ[XZSbcWa`eYRd('
UXW¾`wÛ"Ù�à�^"b�[Xhil�l�U�d"^"U>YR�"�"ocbn[�YJ`ebnhR^

ψ : B1 t {0} −→ B2 t {0}
WeY)`SbnW¾fÒYRbnWSYR^1`

w&[mUXZa`eYRbn^'W�YU'rbnhil�UXW�WSbcl�bcoáYRbcZSUXWm�X-�Y&Û"Ù�à�^"bc`Sbnhi^,UXl��"onh}viÙmUwÛ�YR^'W¤^"hR`SZSUwocbcy�ZSUkUXW¾`
�"ocd"W�WSbcl��"ocUR�

� UÑ^"hil Ô ZSUmd"WSUmW$^"h)`ebnhR^"WÚ�uhid"Z�onUmW [XZSbcWa`eYRd(' Wad"Z
sl2
s�yrd'UXWåÛ�YR^"W oáY
WaUX[ é

`ebchi^Ñ�r� Ï s�WSU>`eZSYR^"Wa��hiZ¾`eUm^¦`�bcl�l�ÙXÛ'báY)`SUXl�UX^1`kÛ�YR^"WgocU>[�YRWgÛÉÞßd"^'UÜYRonÕf= Ô ZSU
g
Û"U

t�YR[�é�j$h�hrÛ'v>Wav�l�Ù�`eZabnWeY Ô onU)� × bâ`ehi^'W�^"h)`LYRl�l�Um^1` onUk�"ZSh�Û"d"bâ`P`SUX^"WahiZSbcUXo�Û"Uk[XZabnW¾é
`LY)d('�s�o�ÞßYRWaWSh�[XbáYJ`ebcy�bâ`eÙÜÛ"UÚ[mU��"ZSh�Û"d"bâ`&`eUm^"WShRZSbnUmo�s�YRbn^'WSbPÖ�d'U�onUXW�f�hiZSl&d"onUmW&�uUXZ¾é
l�Um`S`eYR^1`VÛ"U�[�YRoc[Xd"ocUXZ

wt
s
εi
s
ϕi
s
ẽi
s
f̃i
Wad"ZVonUg�"ZahrÛ"d'bc`¤`SUX^"WahiZSbcUXoqÛ"U�[XZabnW¾`LYRd('��

xÝ^�l�hRZS�"\"bcWSl�U
ψ : B1 → B2

UXWa`
e
��IAu Q M�tAun\ÒZaUXWS�É�

f
��IAu Q M�tAu ` Wab�o Þ YR�'�"onbc[�Y)`Sbnhi^

YRWaWSh�[XbnÙmU
B1 t {0} −→ B2 t {0}

\�Ö¦d"b��"ZShiochi^"ÕiU
ψ
�"YRZ

ψ(0) = 0
` [mhil�l&d'`eU

Y�yiUm[Ýo Þ YR[�`ebchi^>Û"UmW
ẽi
\�ZSUXWa�/�¦Û"UXW

f̃i
` �R]_o�UXWa`�IAuÒQ M�tAu©onhiZaWSÖ¦d/Þãbno"UmWa`÷wgoáY f�hibcW

e
é_W¾`eZabn[m`

Um`
f
é_W¾`eZabn[m`X��prb�o Þ Y)�"�"onbc[�Y)`SbnhR^

B1 −→ B2

UXWa`>bn^U�aUm[m`ebâyiU)s�^"hRd"W&Û"bcZShi^'W&Ö¦d"U
ψUXW¾`�d"^,«u�ª©Uv§¥§s��»sAv�uVUm`gÖ¦d"U

B1

UXW¾`�d"^ûIe©Uµ1I��Rt�Q�MnIAu�HR� Û"U
B2

�/xÝ^F�"ochi^"ÕiUml�Um^¦`
Û"U�[XZabnW¾`LYRd('�UXWa`[«u�ªs�Mdv WmÞßbco/UXW¾`kWa`eZabn[�`��
6!hid'`�WShRd"W¾éêUX^"WaUXl Ô ocU

B′ ÛÉÞßd"^�[XZabnWa`eYRo B UXW¾`�ZaUXÕ1YRZaÛ"Ù [Xhil�l�Uìd"^�Wahid"W�é_[XZabnW¾`LYRo
Û"U
B
Û"U onY�fÒYDëmhi^,Wad"bcy)YR^1`SU·ø¦onUXW¨YR�"�"ocbn[XY)`ebchi^"W

wt
s
εi
s
ϕi
Wahi^1`�onUmW�ZaUXW¾`eZSbc[m`Sbnhi^"W

Û"U$[XUXoconUmW�Û'U
B
U�`,ocUXWGH�=X[L\"UmWÚÛ"U

B′ Wahi^1`Ú[XUmonocUXW�Û"U B Û"hi^1`,ocUXW�WShil�l�Um`eW
YR�"�"YRZa`SbnUX^'^"UX^1`åw

B′ ��-qU��"onhR^"ÕiUXl�UX^1` B′ ↪→ B
^/ÞßUmWa`Ý��YRW�`ehRdU�ahid"ZaW��"onUmbn^/�



� � ÁIÂ ��Ã¤�Ä�d�W�b-Æ&@7�c�d���FB��W���a���c������É¤���g���� Uq(g) � �ÖÊk�AÏ¤�����
xÝ^�[XZabnWa`eYRo�UXW¾`ÝIes��ØMO�¬vg©JQ ��HR�uWSb

εi(b) = max{n ≥ 0 ; ẽi
nb 6= 0}

Um`
ϕi(b) =

max{n ≥ 0 ; f̃i
nb 6= 0}

��hRd"Z�`Shid"W
b ∈ B

Um`
i ∈ I

� × Um[Xb¨WabnÕi^'bcà�U�Ö�d'U
B
s

[XhR^"WSbcÛ"ÙXZaÙ�[XhRl�l�U$[mZSbcWa`LY)oÝWad"Z
Uq(g)i

sPUXW¾`ÚbcWShil�hiZS�'\"U�Y)d [XZabnWa`eYRokYRWSWahr[mbnÙOw
d"^

Uq(g)i
é_l�h�Û"d"onU,bn^1`eÙmÕiZeY Ô onUR�©íÝhR`Shi^"WÜÖ¦d"Uå`Shid'`Ü�"ochi^"ÕiUml�Um^1`�ÛÉÞßd"^Å[XZabnW¾`LYRo

WSUml�b é_^"hRZSl�YRo�Û"YR^"WVd"^å[XZSbcWa`eYRo/WSUml�b é_^"hRZSl�YRo�UmWa`Ý�"onUmbn^/�
æ�hRd"Z�`Shid'`�WShRd"W¾éêUX^"WaUXl Ô ocU

J ⊂ I
s�WShibâ`

Uq(gJ)
oáY WShRd"W¾é_YRonÕf= Ô ZSUÜÛ"U

Uq(g)UX^'ÕiUX^"Û'ZSÙXU���YRZ
ei
s
fi
\
i ∈ J

` U�`
qh

\
h ∈ P ∗ ` � × ÞßUmWa`Ýo�ÞßYRonÕf= Ô ZSUgUm^1yiUXochi�"��Y)^¦`SUÖ¦d�YR^1`ebcÖ¦d"U�YRWSWahr[mbnÙXU?w

(J, P )
�'æ�hid'ZV`Shid'`V[mZSbnW¾`LYRo

B
s"^"hR`Shi^"W

ΦJ(B)
onUg[mZSbnW¾`LYRo

B
ZSUXÕiYRZSÛ"Ùg[mhil�l�Ug[mZSbnW¾`LYRoÉWSd"Z

Uq(gJ)
�

íÝhRd"WVÛ"ÙXl�hi^1`eZaUXZShR^"WVoáY>�"Zahi��hRWSbc`Sbnhi^�Wad"bcy)YR^1`SUg�"ond"WVochibn^/s'YRd�� C � Ï �
î Â�·)Áq·"±J²�¶�²S·"¸ é#²�ÙZ²�Ù �4³ � ©Uµ�Q�uT©Uµ§uzt�Q MnIAu�HR�

B ¿ MO�L¾,Ho¸R¹¤µ�Md¨JHR�ªsAvgt3sxsAv�uÒQ3s&�\ Ì `�� ©Uµ�Q?uT©Uµ§uPIe©Uµ1I��RsAv'Ies��iqX�ªsÖÒjv�M
J ¶ s I u¬s���¹¤µ�s��âHÚ��HDu Q M�t3sgIA¾J�»¸Au Q M�¹¤µ�s

((αi, αj))i,j∈J
Ie©JMdu ¶ ¸WÒjv�M�sG«�©}I�MduÒMd¨Ds,\3t�ÔÄsLIAuÒ��ÕR� ¶ MOQ3s gJ ¶ s ¶ MO�»sAv'I�M�©Uv1Òjv�M�s ` ¿�ªs±t�Q MnIAu�HR�

ΦJ(B)
sLIAuØMnIe©J�»©JQ¬«�K�sÑHDµ t�Q MnIAuêHR��HJILIe©et�M�¸1Õ µ§v

Uq(gJ)
�_�»© ¶ µ��ªsMdv�u¬¸�¥RQSHXqX�ªsXE

\�� `iº H�t3©Uv ¶ MduÒM�©Uvb«uQ3¸3t3¸ ¶ sAv�u¬shsLIAuÓ¨D¸�Q M Òí¸3s>«�©Uµ�Qùu¬©Uµ(u J HD¨Ds3t&HDµr«u�Ìµ¦I ¶ sAµ<¼¸��ª¸��»sAv�uOIXE
íÝh)`ehi^"W�Ö¦d"U�WShid'W�o Þß\1v���h)`e\7=mWSUO\

1
` Wad"Z

J
[mbâé_Û'UXWSWad"WXsq`Shid'`

Uq(gJ)
é_l�hrÛ"d'onU

bn^1`SÙXÕiZSY Ô onUwYR�"��YRZ¾`ebcUX^1`zw
Oint

Û/ÞßYR�"ZR=mWVo�ÞãUA'rUXZa[Xbn[mU Ï � Ï �
xÝ^ [mZSbnW¾`LYRoÉUXWa`VÛ'bc`�vg©JQ ��HR��WXÞãbno/WSY)`ebcWafÒYRbâ`[wØoáY>[mhi^"Û"bâ`ebnhR^Ø\

2
` Û'UgoáY>�"Zahi��hRWSbâé

`ebchi^/�

2 Ê ) Êiþ Kq* % ��(�*r+Ø��*F.i�J�Ò+m0} ��LK
:<; Ài¹ Á�¯ÒÀ é#²ãâL²¬° ��³ æ�hid'ZV`Shid'`V[mZSbnW¾`LYRo

B
s"^"h)`ehi^"W

B∨ onUg[mZSbnW¾`LYRo�h Ô `SUX^¦d$Um^ZSUm^1yiUXZaWeYR^1`ØocUXW0H�=m[L\"UXWm��V bc^"WSb
B∨ = {b∨ ; b ∈ B}

Y�yRUX[
wt(b∨) = −wt(b)

s
εi(b

∨) = ϕi(b)
s
ϕi(b

∨) = εi(b)
s
ẽi(b

∨) = (f̃ib)
∨ Um`

f̃i(b
∨) = (ẽib)

∨ �!íÝhid'WY�yihi^'W YRochiZSW
(B1 ⊗B2)

∨ ' B∨
2 ⊗ B

∨
1

�
× Um`a`eU�[mhi^"Wa`SZSd"[�`ebchi^ [XhiZaZSUXWa��hR^"Û�w o�ÞßYRd'`ehRl�hiZa�"\"bcWSl�U

φ
Û'U�oáY

K
é�Y)onÕf= Ô ZSU

Uq(g)
Ö�d'bì��UmZSl>d'`SU

ei
U�`
fi
Um`�UX^1yRhibnU

q(h)
WSd'Z

q(−h)
�Z-�Y ^"hR`Sbnhi^FÛ"U Ô Y)WSU

[XZabnW¾`LYRoconbn^'UìUXWa`©bn^1y)YRZSbnYR^1`eU¨�"YRZ
φ
�Ræìond'W��"ZaÙX[XbcWSÙml�Um^¦`XsR�uhid"Z!`ehid'`

Uq(g)
é_l�hrÛ'd"onU

M
Wahibc`

Mφ onUkl�hrÛ"d'onU {uφ ; u ∈M}
l>d'^"b�Û"U o Þ YR[�`ebchi^ÜÛ"U

Uq(g)
Û'Ùmà�^"bcU ��Y)Z

a ·uφ = (φ(a)u)φ
\
a ∈ Uq(g)

` �§V onhRZSW¨Wab
M

UmWa`¨d"^
Uq(g)

é_l�hrÛ'd"onUVbn^1`SÙXÕiZSY Ô onU
Um` WSb

(L,B)
UXWa`wd"^"U Ô Y)WSU>[mZSbnW¾`LYRoconbc^"U�Û"U

M
s�WShi^Fbcl,Y)ÕiU

(Lφ, Bφ)
��YRZ

φ
UXW¾`
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B��W���a���cÏON � !
d"^"U Ô YRWSUg[mZSbcWa`LY)ononbc^"UVÛ"U

Mφ ì'Um^�hid'`eZaU Bφ UXW¾`�bnWahil�hRZS�"\"Unw B∨ UX^Ú`LY)^¦`¤Ö�d'U[XZabnW¾`LYRo �
TVUXl�YRZSÖ¦d"hi^'W©Ö¦d"U

(φ⊗φ)◦∆ = r◦∆◦φ
sRhf

r
UmWa` o�Þãbn^1yRhiond'`Sbnhi^�Û"U

Uq(g)⊗

Uq(g)
Û"Ùmà�^'bnUg��YRZ

r(x⊗ y) = y ⊗ x
��VÝbn^"Wab

(M1 ⊗M2)
φ ' (M2

φ)⊗ (M1
φ)
�

prb
(Lν , Bν)

UmWa`�d"^"U Ô YRWaU�[mZSbnW¾`LYRoconbc^"U&Û"U
Mν

\
ν = 1

s
2
` s�YRonhiZaW (

(L1, B1) ⊗

(L2, B2)
)φ
' (L2

φ, B2
φ)⊗ (L1

φ, Bφ
1 )
�

:<; Ài¹ Á�¯ÒÀ é#²ãâL²�Ù ��³ æ�hid'Z�`Shid'`��uhibnÛ'W/Û"hil�bn^�Y)^¦`
λ
s��uhiWahi^"W

B(−λ)=B(λ)∨
�

V ochiZSW
B(−λ)

UmWa`ÝYRWaWSbnl�bnocÙXU0wÜoáY Ô YRWSU�[XZabnWa`eYRonocbn^"UÝÛ"dål�h�Û"d"ocUwWSbcl��"ocU
V (−λ)WSd'Z

Uq(g)
Û"U��"ocd"W Ô YRWV�uhibnÛ"W

−λ
� × U�[XZSbcWa`eYRoqUXW¾`Ý^'hiZSl�YRo��

:<; Ài¹ Á�¯ÒÀ é#²ãâL²ãâ ��³ prhibâ`
λ
d"^$��hibcÛ"WX�
� Ù�à�^"bcWSWShR^"W

Tλ = {tλ}
U�`

wt(tλ) =

λ
s
εi(tλ) = ϕi(tλ) = −∞

s
ẽitλ = f̃itλ = 0

� × UX[mb!l&d"^"bc`
Tλ

Û/Þãd"^"U�Wa`SZSd"[�`ed"ZaU
Û"U¤[mZSbcWa`LY)o�\�^"hi^ØWSUml�b é_^"hRZSl�YRo ` yiÙmZSbâà�YR^1`

Tλ⊗Tµ ' Tλ+µ
�uhid"Z�`ehid"W

λ
s
µ ∈ P

�
� U �"ond'WXsV��hRd"Zå`Shid'`å[XZabnW¾`LYRo

B
onUXWå[XZabnW¾`LYRd('

T0 ⊗ B
s
B ⊗ T0

Um`
B
Wahi^1`

bnWahil�hiZS�"\'UXW �"YRZ o Þ YR�'�"onbc[�Y)`Sbnhi^
t0 ⊗ b ↔ b ⊗ t0 ↔ b

���Ýhi^"[
T0

UXWa`wd"^Fh Ô �aU�`
^"Umd'`eZaU��uhid"ZVocUg�"ZSh�Û"d"bâ`¤`eUm^"WShiZabnUmo��
:<; Ài¹ Á�¯ÒÀ é#²ãâL²�é ��³ prhibâ`

C = {c}
ocUw[XZabnWa`eYRoÉÛ'Ùmà�^"bÉ��YRZ

wt(c) = 0
s
εi(c) =

ϕi(c) = 0
Um`
ẽic = f̃ic = 0

�#V ochiZSW
C
UmWa`ÜbnWahil�hiZS�"\'Uäw

B(0)
�ìæ!hid"Z>`Shid'`

[XZabnW¾`LYRo�WSUml�b é_^"hRZSl�YRo
B
s�hi^�Y

C ⊗ B ' B ⊗ C ' B
�g� hR^"[

C
UXW¾`wd"^$h Ô �aU�`

^"Umd'`eZaU�Û'U�onYØ[�Y)`SÙXÕihiZabnU `SUX^"WahiZSbcUXoconUgÛ"UmWk[mZSbcWa`LY)d(' WSUml�b é_^"hRZSl�YRd('��
:<; Ài¹ Á�¯ÒÀ é#²ãâL²�ê ��³ � Ùmà"^"bnWaWShi^"W¨d"^,[mZSbnW¾`LYRo4\�^"hi^,WaUXl�bâéê^"hiZSl�YRo `

Bi

[mhil�l�U
Ùm`eYR^1`ko�ÞãUX^"WaUXl Ô ocU

{bi(n) ; n ∈ Z} t {0}
l>d"^'bqÛ"U

wt(bi(n)) = nαi
Um`

εj(bi(n)) =

{
−n

WSb
j = i

s
−∞

WSb
j 6= i

s ϕj(bi(n)) =

{
n

WSb
j = i

s
−∞

Wab
j 6= i

s
YRbc^"WSb/Ö¦d"U�Û"UmWÝhR��ÙmZeY)`Sbnhi^"W

ẽjbi(n) =

{
bi(n+ 1)

WSb
j = i

s
0

Wab
j 6= i

s f̃jbi(n) =

{
bi(n− 1)

WSb
j = i

s
0

WSb
j 6= i

�
íÝh)`ehi^"W��"YRZkYRbnoconUXd'ZSW

bi = bi(0)
�7-�U�ÕiZSYR�"\"Ug[mZSbcWa`LY)ononbc^�YRWaWSh�[XbnÙgUmWa`

\� '� Ï � Ì `
· · ·

i
−→ bi(1)

i
−→ bi(0)

i
−→ bi(−1)

i
−→ · · ·

�ì^ hid'`SZSU)sÉ�uhid"Z
i ∈ I

U�`
λ ∈ P

suonUXWÝ[XZabnWa`eYRd('
Tλ ⊗ Bi

U�`
Bi ⊗ Tsiλ

Wahi^1`
bnWahil�hiZS�"\'UXW���YRZ

tλ ⊗ bi(n)↔ bi(n+ 〈hi, λ〉)⊗ tsiλ

�



A$ ÁIÂ ��Ã¤�Ä�d�W�b-Æ&@7�c�d���FB��W���a���c������É¤���g���� Uq(g) � �ÖÊk�AÏ¤�����
:<; ÀiÂ}µi²Sµ�ÀäéÖ²¬° �4³ �wÙmZSbcà"U¤S�onUmW�ÙX^"hi^'[XÙXWkÛ�YR^'Wko ÞßUk'rUXl��"onU0 "� Ï � Ì �
:<; ÀiÂ}µi²Sµ�ÀäéÖ²�Ù �4³ prhibâ`

B
d"^$[XZabnWa`eYRo��I� ÙXl�hi^1`eZaU¤S�Ö¦d"U�ocUXWVÛ"Umd('$[Xhi^'Û"bc`Sbnhi^"W

WSd'bcy)YR^1`eUmWkWahi^1`kÙXÖ¦d"bcy)YRocUX^1`eUmW�ø
\ Ì ` -�U�[mZSbnW¾`LYRo

B
UmWa`kWSUml�b é_^"hiZal,Y)o��

\�� ` -�U�[mZSbnW¾`LYRo
B
WSY)`ebcWafÒYRbâ`�YRd('Ú`eZShRbnW�[XhR^"Û"bc`Sbnhi^'W¤WSd'bcy)YR^1`eUmWùø

\ÒY ` -�UmWVUX^1`ebcUXZSW
εi(b)

s
ϕi(b)

WShi^1`k�uhiWSbâ`ebcf�W¨��hid'Z¤`ehid"W
b ∈ B

U�`
i ∈ I

�
\ Ô ` prb

εi(b) > 0
s�YRochiZSW

ẽib ∈ B
�

\ Ô Þ ` prb
ϕi(b) > 0

s�YRochiZSW
f̃ib ∈ B

�
:<; ÀiÂ}µi²Sµ�ÀäéÖ²ãâ �4³ prhibcUX^1`

λ ∈ P
U�`
i ∈ I

�M� Ùml�hi^1`SZSU¤SØÖ¦d"UØWab
Bi ⊗ Tλ

UXW¾`
bnWahil�hiZS�"\'U0w

Bi
YRonhiZaW

λ = 0
�

:<; ÀiÂ}µi²Sµ�ÀäéÖ²�é �4³ � ÙXl�hi^1`eZaU¤S�Ö¦d"U
Tλ

∨ ' T−λ
s
C∨ ' C

Um`
Bi

∨ ' Bi
�

:<; ÀiÂ}µi²Sµ�ÀäéÖ²�ê �4³ � ÙXl�hi^1`eZaU¤S�Ö¦d"U�WSbqd"^å[XZabnWa`eYRo
B
UXW¾` WaUXl�bâéê^"hiZSl�YRo�\ÒZaUXWS�É�

^"hiZal,Y)o ` srYRochiZSW�ocUg[XZSbcWa`eYRo
B∨ UmWa`ÝYRd"WaWSb�WSUml�b é_^"hRZSl�YRo#\�ZSUmWS�/��^"hRZSl�YRo ` �

:<; ÀiÂ}µi²Sµ�ÀäéÖ²Tð �4³ � ÙXl�hi^1`eZaU¤S�Ö¦d"U
Bi ⊗ Bi '

⊔

n∈Z

Bi ⊗ Tnαi

�
:<; ÀiÂ}µi²Sµ�ÀäéÖ²�õ �4³ � ÙXl�hi^1`eZaU¤SÝÖ�d'UÝ`ehRd'`¤l�hiZS�'\"bnWal�U�Û"UÝ[XZabnWa`eYRd('�WSUml�b é_^"hRZ¾é
l�YRd('�UmWa`kWa`SZSbc[m`��
:<; ÀiÂ}µi²Sµ�ÀäéÖ²ãö �4³ prhibâ`

C
oáY�[XY)`eÙmÕihiZabnU Û'UXW¤[mZSbnW¾`LYRd§',à�^'bnW¨^'hiZSl�YRd('�WSd'Z

g =

sl2
�
\ Ì ` � ÙXl�hi^1`eZaU¤S�Ö¦d/ÞßbcoqUA'rbnW¾`eU�d"^åd"^"bcÖ�d'U�bcWShil�hiZa�"\"bnWal�U

R(B1, B2) : B1 ⊗ B2−→∼ B2 ⊗ B1

f�hi^"[�`ehiZabnUmo/UX^
B1

Um`
B2 ∈ C

�
\�� ` � ÙXl�hi^1`eZaU¤S�Ö¦d"U

R(B2, B1) ◦R(B1, B2) = idB1⊗B2

�
\ Ï ` � ÙXl�hi^1`eZaU¤SVÖ¦d"UV��hid'Z

B1 = B2 = B3 = B(V1)
onU�Û'báYRÕiZSYRl�l�U�WSd"bâyRY)^¦`

vgs·t3©J�Ø�hµ§uTs[«'HJIiø

B1 ⊗B2 ⊗ B3

R(B1 ,B2)⊗B3 //

R(B1 ,B2⊗B3) **UUUUUUUUUUUUUUUUU
B2 ⊗B1 ⊗ B3

B2⊗R(B1 ,B3)
��

B2 ⊗B3 ⊗ B1



-Æ �/�_N���ÖÃ¤��������
B��W���a���cÏON E#
\� ` � ÙXl�hi^1`eZaU¤S�Ö¦d"UÚ�uhid"Z&`Shid"W

B1
s
B2
s
B3 ∈ C

onUÚÛ"bnYRÕiZSYRl�l�UÜWSd"bây)YR^1`
[XhRl�l>dr`eUi\ÒÙmÖ¦d�Y)`ebchi^ Û"U98�YR^"Õ)é Î YU'�`eUmZ ` ø

B1 ⊗ B2 ⊗ B3
R(B1 ,B2)⊗B3

uulllllllllllll
B1⊗R(B2 ,B3)

))RRRRRRRRRRRRR

B2 ⊗ B1 ⊗B3

B2⊗R(B1,B3)
��

B1 ⊗ B3 ⊗B2

R(B1 ,B3)⊗B2

��
B2 ⊗ B3 ⊗B1

R(B2 ,B3)⊗B1 ))RRRRRRRRRRRRR
B3 ⊗ B1 ⊗B2

B3⊗R(B1 ,B2)uulllllllllllll

B3 ⊗ B2 ⊗ B1íÝh)`ehi^"WkÖ¦d"U�oáYÜ[Xhil�l>d'`eY)`ebâyrbâ`eÙwÛ'd�Û"bnYRÕiZeY)l�l�UwÛ�YR^'W·\
3
` ��hRd"Zk`Shid'`

B1
s
B2
s

B3

UX^1`eZSY��á^'UgoáYØ[Xhil�l>d'`eY)`ebây�bc`eÙÝÛ"dåÛ"báYRÕRZeYRl�l�UÝÛ�YR^"Wù\
4
` �

:<; ÀiÂ}µi²Sµ�ÀäéÖ²¬ú �4³ � bnWa[Xd'`SU¤SFÛ"UmWÚÙX^'hi^"[XÙmW�WSbcl�bcoáYRbcZSUXWGw
[mUXd(' Û"U o ÞßUk'rUXZS[mbn[mU
�"ZaÙX[XÙmÛ"UX^1` ��hid'Z

g = sl3
\�bno/Uk'rbnWa`SU&d"^

R
WSY)`ebcWafÒYRbcWeYR^1`zw�\

1
` U�`h\

2
` s�l�YRbnW¤��YRW

Û"U
R
WSY)`ebcWafÒYRbcWeYR^1`iw�\

1
` U�`bwFo ÞßÙmÖ�d"Y)`ebchi^ Û"U 8�Y)^"Õ)é Î YU'�`eUXZ�\

4
` UX^ �"ZSUm^�YR^1`

B1 = B(Λ1)
s
B2 = B(Λ2)

Um`
B3 = B(Λ1 + Λ2)

` �
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gln

]_oiUmWa` Ô bnUm^�[mhi^"^¦d&Ö¦d"U ocUXW�ZSUm�"ZSÙmWSUX^1`eY)`ebchi^"W!bnZSZaÙXÛ"d'[m`eb Ô onUmWqÛ"U Û"bnl�UX^'WSbnhR^wà�^"bnU
Û"U

gln
Wahi^1`�Û"ÙX[mZSbâ`eUXW��"YRZ¤onUmW¨Û"bnYRÕiZSYRl�l�UXWPÛ"Uå8PhRd"^"Õ"srUm`�Ö¦d"UgocUXd"Z�Û"bnl�UX^"Wabnhi^

UXW¾` ÙXÕ1Y)onU Y)d ^"hil Ô ZaU Û"U�`eY Ô ocU�YRd(' Û"U�8PhRd"^"Õ WSUml�b é_W¾`LYR^"Û"YRZSÛ"Wm�í-qUXW Ô YRWSUmW
[XZabnW¾`LYRoconbn^'UXW¤Y)�"��hRZa`eUm^1`nwØ[mUm`S`SU�`S\"ÙXhRZSbnUgd'^$^"hRd'yiUmoqÙX[XonYRbnZSYRÕiU)�

5 Ê � Êr*  þ��*¦������+X* � 0} r0��Ò- � + *�.R0}-��J�Ò*�(Ò(Ò*
æ�hRd"Z

g = gln
s"onU `SZSUmbnonocbnW Û"UmWk�uhibcÛ"W¤UXW¾`

P =
⊕n

i=1 Z εi
ì"bno�UXW¾`Vl>d"^"b/ÛÉÞßd"^'U

f�hiZal�U Ô bconbn^'Ù�YRbcZSU>W¾vrl�Ùm`SZSbcÖ�d'U
( · , · )

Û"Ù�à�^"bcU���Y)Z
(εi, εj) = δi,j

��-qUXW&ZSYR[Xbc^"UXW
WSbcl��'onUXW

αi = εi− εi+1

WShR^¦`�bn^'Û"UA'rÙXUmW¨��Y)Z
I = {1, . . . , n−1}

�§� oconUmW yRÙXZabcà�Um^¦`
YRbc^"WSb

(αi, αj) =







2
WSb
i = j

s
−1

WSb
|i− j| = 1

s
0

WSb
|i− j| > 1

�
-qUXWÝ[Xh)éêZeYR[mbn^"UmWkWabnl��"onUmW

hi
WShR^¦`Ý`eUmononUmWVÖ�d'U

〈hi, λ〉 = (αi, λ)
��-qU�Û"bnYRÕiZSYRl�l�U

Û"U?�Ýv�^7�¦bn^åÛ"U
gln

UmWa`
1
◦

2
◦ · · · · · ·

n−1
◦

-qUXW���hibcÛ"W�f�hi^"Û�YRl�UX^1`eYRd('
Λj = ε1+· · ·+εj

\
1 ≤ j ≤ n

` Wahi^1`©[mhi^"Wa`SZSd"bâ`eW�Y)à�^
Û/ÞßY�yihibcZ

〈hi,Λj〉 = δi,j
\
1 ≤ i ≤ n−1

` �1íkhid"WìY�yRhi^"W
P+ =

∑n−1
i=1 NΛi+ZΛn

�
íÝh)`ehi^"WVUm^'à�^

P̃+ =
∑n

i=1 NΛi

�
æìd"bnWaÖ¦d"U

〈hi,Λn〉 = 0
�uhid"Zì`ehidr`

i ∈ I
s1onUVl�h�Û"d"ocU

V (mΛn)
UXW¾`¨Û'UkÛ'bnl�UX^ré

WSbchi^
1
U�`
V (λ) ⊗ V (mΛn) ' V (mΛn) ⊗ V (λ) ' V (λ + mΛn)

�uhid"ZÝ`ehid'`
λ ∈ P+

�
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gln

-�YØZSUX�'ZSÙXWaUX^1`LYJ`ebnhR^
V (Λ1)

s�YR�"�uUXocÙXUÜQ&s¬«uQ3¸LIesAv�u�HDuÒM�©Uv1¨Ds3tAuT©JQ M�s��O�ªs�s"UmWa`kÛ"U�Û"bâé
l�UX^"Wabnhi^

n
Um`kWaU�Û"Ùm[Xhil��uhiWSUgWahid"WkoáY&f�hiZal�U

V (Λ1) =
⊕n

j=1Kuj
Y�yiUm[

q(h)uj = q〈h,εj〉uj, eiuj = δi,j−1uj−1

U�`
fiuj = δi,juj+1.

-qU�yiUX[�`eUmd"Z
u1

UXWa`�Û"Uå�"ond'W�\"YRd'`���hRbnÛ"Wm�j-!Y Ô YRWaU
{uj ; 1 ≤ j ≤ n}

^"hid"W
f�hid"Za^"bc`¤d"^"U Ô YRWaU�[mZSbnW¾`LYRoconbc^"U Û"U

V (Λ1)
s�Û"U�ÕiZSYR�"\"U

B(Λ1) : u1
1
−−→ u2

2
−−→ · · ·

n−2
−−−→ un−1

n−1
−−−→ un .

�ì^'à�^
wt(uj) = εj

s
εi(uj) = δi,j−1

U�`
ϕi(uj) = δi,j

�
�wYR^'WkocUg[�YRWVÛ"U

gl3
U�`Ý�uhid"Z

λ = Λ1 + Λ2

s"onUgl�h�Û"d"onU
V (λ)

UXW¾`kÙXÕ1YRoZw

〈uλ, f1uλ, f2uλ, f1f2uλ, f2f1uλ, f
(2)
1 f2uλ, f

(2)
2 f1uλ, f1f

(2)
2 f1uλ=f2f

(2)
1 f2uλ〉

Um`kÛ"hR^"[�Û"U�Û"bnl�UX^"Wabnhi^�\¦d"bâ`���-�YØÛ"UmZS^"b�=XZSU�ÙmÕ1YRonbâ`eÙwÛ'ÙX[XhRd"onU�Û"U�oáY&f�hRZSl>d"ocU
\���� Ì � Ì `

f
(n)
1 f

(m+n)
2 f

(m)
1 = f

(m)
2 f

(m+n)
1 f

(n)
2

Ö¦d"bÉUmonocU�é_limXl�UVWSUgÛ"Ùml�hR^¦`SZSUw�"YRZ¨ZaÙX[Xd'ZSZSUm^"[XU�w>o Þ Y)bnÛ"UkÛ"UwonY�ZSUmoáY)`Sbnhi^�Û"U�prUmZSZaU
f

(2)
1 f2 − f1f2f1 + f2f

(2)
1 = 0

��-qU
Uq(g)1

é_l�hrÛ"d'onU
V (λ)

WSU�Û"Ùm[Xhil���hRWSU�UX^

V (λ) = 〈uλ, f1uλ〉⊕〈f2uλ, f1f2uλ, f
(2)
1 f2uλ〉⊕〈f

(2)
2 f1uλ, f1f

(2)
2 f1uλ〉⊕Kw,

hf ocU�yRUX[m`SUXd"Z
w:=f2f1uλ −

q

1 + q2
f1f2uλ

UXW¾`w`eUmo�Ö¦d"U
e1w = 0

�M� U>limXl�URs
onU
Uq(g)2

éêl�h�Û"d"ocU
V (λ)

UXWa`

V (λ) = 〈uλ, f2uλ〉⊕〈f1uλ, f2f1uλ, f
(2)
2 f1uλ〉⊕〈f

(2)
1 f2uλ, f2f

(2)
1 f2uλ〉⊕Kw

′,

hf onU yRUX[m`SUXd"Z
w′:=f1f2uλ −

q

1 + q2
f2f1uλ

UXWa` `SUXo�Ö¦d"U
e2w

′ = 0
�>� hR^"[

(L(λ), B(λ))
UXW¾`ÝonY Ô YRWSU�ochr[XYRonUgY)WSWSh�[XbcÙ�wØoáY Ô YRWaU

{uλ, f1uλ, f2uλ, f1f2uλ, f2f1uλ, f
(2)
2 f1uλ, f

(2)
1 f2uλ, f1f

(2)
2 f1uλ}

Û"U
V (λ)

�gá Ô WSUmZayihR^"WgÖ¦d"UØoáY�ZSUXonY)`ebchi^�Um^1`eZSUØocUXWÝÛ"UXd(' Û"ÙX[mhil���hiWabc`Sbnhi^"Wk^"U>WaU
`eZahid'yRU��"YRWVUX^

q = 1
l,Y)bnW¤Um^

q = 0
�

-�Y�à�ÕRd"ZSUw�r� Ì ZSUm�"ZSÙmWSUX^1`SUgonUkÕiZeYR�'\"U [mZSbnW¾`LYRoconbc^�Ö¦d"UÝ^"hid"W�yiUX^'hi^"W¤Û/Þãh Ô `SUX^"bcZX�
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uλ
◦

	

1

R

2

◦f1uλ

R

2

◦ f2uλ

	

1

◦f2f1uλ

R

2

◦ f1f2uλ

	

1

◦f
(2)
1 f2uλ

R

2

◦ f
(2)
2 f1uλ

	

1

◦

f1f
(2)
2 f1uλ = f2f

(2)
1 f2uλ

S�T8UWVCX�Y¢¡]\H^_\¤£�a�¥ s_¦ k�§maphqnpi�¥Arjrjhjl�e_k B(Λ1 +Λ2) s c&f_a g = gl3 s ¥Aaf_lok©¨ª¥&ndk©e_k¬«�k§midkmf_adn�k�® s rjhq§mhjidk
5 ÊcÆqÊ�¯  7��(�*� 7�ZK �!*±°�-
� � �
íÝhRd"W YRoconhi^'W$Û"Ùm[XZabnZSUþonUmW�ZSUm�"ZSÙmWSUm^¦`eY)`ebchi^"W�f�hR^"Û�YRl�UX^1`LY)onUXW

V (Λj)
Um^ôonUXW

�"ochi^"ÕiUXYR^1`ØÛ�YR^"WØocUÚ�"ZahrÛ"d'bc`>`SUX^"WahiZSbcUXo¤Û"U�[mhi�"bcUXWØÛ"U�onY�ZSUm�"ZSÙmWSUX^1`eY)`ebchi^ÅyRUX[ é
`ehRZSbnUmonocU

V (Λ1)
� × hi^"WabnÛ"ÙmZShi^"W�onU�yiUX[�`eUmd"Z

1 ⊗ · · · ⊗ j
Û'U

B(Λ1)
⊗j sqY�yiUm[

��YRZkÛ"Ù�à�^"bc`Sbnhi^
j = uj

� × ÞãUXW¾`gd"^$yRUX[�`eUXd'ZwÛ"U&�'ond"Wk\�YRd'`Ý�uhibnÛ"W
Λj

s�Û"hi^'[&oáY
Ô YRWaU¨[mZSbnW¾`LYRoconbc^"U

B(Λj)
UXW¾`ìbnWahil�hiZS�"\'UÓwkoáYÝ[mhil���hiWSYR^1`eU�[Xhi^"^'UA'rU¤Û"U

B(Λ1)
⊗j[XhR^¦`SUX^�Y)^¦`

1 ⊗ · · · ⊗ j
��æìond"WV�"ZaÙX[XbcWSÙml�Um^¦`?ø

î Â�·)Áq·"±J²�¶�²S·"¸ êM²�ÙZ²¬° �4³ º H�qLHJIes[t�Q MnIAu�HR�O�´Mdvgs
B(Λj)

sLIAuÉMnIe©J�»©JQ�«�K�s�«'HRQP�RÔ HA«u�
«u�´M�tSHDuÒM�©UvÑt�MO� ¶ sLILIAµ¦IxÕ,�RÔÄsAv'Ies��iqX�ªs ¶ sLI a1 ⊗ · · · ⊗ aj ∈ B(Λ1)

⊗j uTs�� Ix¹¤µ�s
1 ≤ a1 < a2 < · · · < aj ≤ n

E

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ p�hibc`
B′ =

{
a1 ⊗ · · · ⊗ aj ∈ B(Λ1)

⊗j ; 1 ≤ a1 <

a2 < · · · < aj ≤ n
} �g�&Þ Y)�"ZR=mWwonUmW `e\"ÙmhiZR=ml�UmWn "� Ì �! ÚUm`9 "� Ì � �rsuoáY��"ZShR��hiWabc`Sbnhi^
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WSUmZeYÜÛ"ÙXl�hi^1`eZaÙXU�d"^"Ugf�hibcW�Ö¦d"U�^"hid"WkYRd"Zahi^"W�yiÙmZSbâà�Ù�Ö�d'U
ẽiB

′ ⊂ B′ t {0},

f̃iB
′ ⊂ B′ t {0},

(B′)h:={b′ ∈ B′ ; ẽib
′ = 0

�uhid"Z¤`Shid'`
i} = { 1 ⊗ · · · ⊗ j }.

prd"�'��hiWahi^"W�Ö�dÉÞßbco�Uk''bcWa`SU
b = a1 ⊗ · · ·⊗ aj

`SUXoÉÖ¦d"U
b′ = f̃i( a1 ⊗ · · ·⊗

aj ) /∈ B′ t {0}
Y�yiUm[

1 ≤ a1 < · · · < aj ≤ n
��VÝonhiZaW

b′ = a1 ⊗ · · · ⊗

f̃i( ak ) ⊗ · · · ⊗ aj
�uhid"Z�d"^ [XUmZa`eYRbn^

k
��æìd"bcWSÖ¦d"U

b′ 6= 0
sqhi^þY

ak = i
U�`

f̃i( ak ) = ak + 1
�gáwZ

b′ /∈ B′ s�Û"hi^'[ k < j
Um`
ak + 1 = ak+1

��V bn^'WSbq^"hid'W
YRd"Zabnhi^'W

f̃i( ak ⊗ ak+1 ) = f̃i( i ⊗ i+ 1 ) = i+ 1 ⊗ i+ 1
s�[mU,Ö¦d"b

UXW¾`ÝY Ô WSd'ZSÛ"U#ì�Û/ÞãhfåonU�WSUm[Xhi^'Û��uhibn^1`��7-!YØ�"ZaUXl�bª=mZSU�YRWaWSUXZ¾`ebchi^$WaU�Û"ÙXl�hi^1`eZaU�Û'U
limXl�UR�
prhibâ`

b = a1 ⊗ · · ·⊗ aj ∈ (B′)h
�§-�UkfÒYRbc`PÖ¦d"U

ẽib
WShibâ`¨^¦d"oubnl��"onbcÖ¦d"UVÖ�d'U

ẽi( a1 )
o�ÞãUXWa`PÙmÕ1YRonUml�Um^1`��uhid"Zì`Shid'`

i
s¦Û"hi^'[

a1 = 1
�(áwZ

2 ≤ a2 < · · · < aj ≤

n
Um`
ẽi( a2 ⊗ · · · ⊗ aj ) = 0

�uhid"Z�`ehid'`
i ≥ 2

s"Û"hi^'[
a2 = 2

�7� ^�bâ`eÙmZeYR^1`�ocU
�"Zahr[mUXWSWad"WXs�^"hRd"WVh Ô `eUm^"hi^"WkonUgZaÙXWad"oc`eY)`VUXWa[Xhil��'`eÙ)�
prhibâ`

λ =
∑n

j=1 λjΛj ∈ P̃+

Y�yiUm[
λj ∈ N

�L-�Y Ô YRWSUØ[mZSbcWa`LY)ononbc^"U
B(λ)

WmÞßbc^ré
�aUX[�`eUgÛ�Y)^"W

B(Λ1)
⊗λ1 ⊗ · · · ⊗B(Λn)

⊗λn
��Y)Z

uλ 7→ u⊗λ1
Λ1
⊗ · · · ⊗ u⊗λn

Λn

�"j�YRbnW
�"d"bcWSÖ¦d"U

B(Λj)
WXÞãbn^U�aUm[m`eUÜÛ�Y)^"W

B(Λ1)
⊗j sqoáY Ô Y)WSU�[XZSbcWa`eYRonocbn^"U B(λ)

WXÞãbn^y�aUX[m`SU
à�^�Y)onUXl�UX^1` Û�Y)^"W

B(Λ1)
⊗N Y�yiUm[

N =
∑n

j=1 jλj
�(��Þßhf�d"^��"onhi^'ÕiUXl�UX^1` �"ocUXbn^

\���� �r� Ì `
B(λ) −→ B(Λ1)

⊗N , uλ 7→ 1
⊗λ1
⊗

(
1 ⊗ 2

)⊗λ2 ⊗ · · ·
l `Shid'`

λ =
∑n

j=1 λjΛj ∈ P̃+

[mhiZSZaUXWa��hi^'Ûþd"^ÑÛ"bnYRÕiZSYRl�l�U
Y (λ)

sÉYR�"�uUXocÙ
¶ MÒHe¥RQaHR�Ø�»s ¶ s±²M©Uµ§v§¥ÚÛ"U�f�hRZSl�U λ � × ÞãUXW¾` d'^"U�[mhionocUX[�`ebnhR^�Û"U Ô hM�c`eUmW4�ad"Wa`Sbcà�ÙmUw$ÕiYRd"[L\"U)s�`eUmonocU�Ö¦d"UÚocU�^'hil Ô ZaU,Û"U Ô hM�c`eUmW�Û"Ùm[XZahM�n`·w$[L\�YRÖ¦d"U�ocbnÕi^'U�WaUXochi^
oáY
ZR=mÕionUGø�oáY

j
é_b�=Xl�UgonbnÕR^"UgUXW¾`wÛ"U�onhi^'Õid"UXd'Z

λj + · · ·+ λn
\�[RÞãUXWa`¾éTwJéêÛ"bnZaU�Y}yRUX[

λj[XhRonhi^"^'UXWVÛ"U�onhi^'Õid"UXd'Z
j
` ��æ�Y)ZkUk'rUXl��"onU

Y (Λ1 + Λ2) = , Y (Λ1 + 2Λ2) = , Y (2Λ1 + Λ2) = .

� UÝ�"ond"Wms7w�`Shid'`�ÙXocÙXl�UX^1`¤Û"U
B(Λ1)

⊗λ1 ⊗B(Λ1)
⊗2λ2 ⊗ · · ·

[XhiZaZSUXWa��hR^"Û�d"^
u�HXqX�ªsSHDµ ¶ s³²M©Uµ(v§¥
Û"U�f�hiZal�U λ s©[RÞãUXW¾`aé¬wJé_Û"bcZSU�d"^ÅÛ"bnYRÕiZeY)l�l�UÚÛ"Ub8Phid"^'Õ Û'Uf�hiZal�U

λ
Û"hi^1` [L\�YRÖ¦d"U Ô h��n`eU¨[Xhi^1`ebcUX^1`Pd"^ÜUX^1`ebcUXZì[mhil��'ZSbnW�UX^1`eZaU Ì U�`

n
�1æ�Y)WSWSUmZ

Û/Þãd"^ `LY Ô ocU�YRd Û'Uä8PhRd"^"ÕØwFd"^ �"ZSh�Û"d"bâ`>`eUm^"WShiZabnUmo�Û"UÚyiUm[m`eUmd"ZSW�Û�YR^"W
B(Λ1)
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ZSU�y�bnUX^1`iw�`SZeYRÛ"d'bnZSU,o�ÞãUA'r�"ZSUmWSWabnhi^ Û"d yiUm[m`SUXd"ZÜÛ�YR^'WØo�ÞãÙX[XZabc`Sd"ZSU?�SY)��hi^"YRbnWaU1\ÒÛ'U
\�YRdr`VUX^ Ô YRWVUm`kÛ"U�Û"Zahibc`SU�wÜÕiYRd"[L\"U ` ��V bc^"WSb

4 2 1

5 3

WaU�`SZeYRÛ'd"bc`V��Y)Z
1 ⊗ 2 ⊗ 3 ⊗ 4 ⊗ 5

�
-qUkyRUX[�`eUXd'Z

uλ
Û"U �"ocd"WP\�YRd'`���hRbnÛ"WP[XhiZaZSUmWS�uhi^"Û���YRZPonUk�"ochi^"ÕiUml�Um^¦`n\ �r� ��� Ì `

YRd>`eY Ô onUXYRd>Û"UÓ8PhRd"^"ÕgÛ"U¤f�hiZal�U
λ
Û"hR^¦` onY

j
é_b�=Xl�U�ocbnÕi^"U�UXW¾` ZSUXl��"ocbnUPÛ"U

j
�iæ�YRZ

UA'rUml��"ocUÚonUmW&yiUm[m`SUXd"ZaW
uΛ2

s
u2Λ1

U�`
uΛ1+Λ2

[mhiZSZaUXWS�uhi^"Û'UX^1`ÜZSUmWS�uUX[m`SbcyRUXl�UX^1`
YRd('Ú`LY Ô ocU�YRd§'�Û"U98Phid"^'Õ 1

2

s
1 1

Um` 1 1

2

�
æ�hRd"Z¨Û"Ù�`eUmZSl�bn^"UmZ¨[XhRl��"o�=m`SUXl�UX^1`

B(λ)
s�bno�^"hid'W¨fÒYRd'`¨[Xhil��"ZSUm^"Û"ZaU o�ÞßYR[�`ebnhR^

Û"UmW
ẽi
Um`¤Û"UXW

f̃i
�"æ!hiWShR^"W

b = a1 ⊗ · · ·⊗ a`
�7-qUmW¨yiUm[m`eUmd"ZSW

ẽib
U�`
f̃ib

Wahi^1`
[�Y)on[Xd'onÙXW&��YRZØhiZaÛ"bn^�YJ`eUXd'Z>ÕiZ&�)[XUow o�ÞßYRonÕRhiZSbâ`e\"l�U,\ �r� Ï � C ` � × Um��Um^"Û�YR^1`XsPhR^ ond"b
�"ZaÙmf�ÙXZaUXZSY��uhid"Z�Û"UmWÝ[XYRon[md"onW�ä9wØonY>l,YRbc^ÜçÚo�ÞßYRonÕRhiZSbâ`e\"l�UÝWad"bcy)YR^1`?ø
|û^"ÙXÕRonbnÕRUXZ¤ocUXW

ak
YRd'`eZaUXWVÖ¦d"U

i
Um`
i + 1

ì
|û^"ÙXÕRonbnÕRUXZ¤ocUXW

i ⊗ i+ 1
ì

|èw�[mU&Wa`eYRÛ"U)s�bcoqZSUXW¾`eU�d"^ ÙXocÙXl�UX^1`ÝÛ"U�onYÜf�hRZSl�U
i+ 1 ⊗ · · · ⊗ i+ 1 ⊗

i ⊗ · · · ⊗ i
�ÖVÝonhiZaW

ẽi
[L\�Y)^"ÕiU onU

i+ 1
onU��'ond"WGwÑÛ"ZShRbc`eU�Um^

i
U�`
f̃i[L\�YR^'ÕiU>onU

i
ocU&�"ocd"W0w,Õ1Y)d"[L\"UØUX^

i+ 1
�/prb�Û'U&`eUmonW

i + 1
Um`
i
^/ÞãUA'rbcWa`eUm^1`

��YRWms�o�ÞãÙXocÙXl�UX^1`�UXW¾`Ý`SZeYR^'Waf�hiZal�ÙgUm^$ocUwyiUX[�`eUmd"ZÝ^¦d"o �
-qUXW �"ZaUXl�bnUXZ,Um`åWSUm[Xhi^"Û �uhibn^1`eW�Û'ÙX[XhRd"onUm^¦`åÛ"d fÒYRbâ`�Ö¦d"UÑonUXW�yRUX[m`SUXd"ZaW$Um^

Ö¦d"UXW¾`ebchi^ YR�'��YRZa`SbnUm^"^"UX^1`»wþonY ZaUX�"ZaÙXWSUm^1`LY)`Sbnhi^Å`eZSbây�báYRocU���YRZÜZeYR�'��hiZ¾`bwÑoáY
i
é

H�=m[L\"UR�
:<; Ài¹ Á�¯ÒÀÑêM²�ÙZ²�Ù ��³ æìZSUX^'hi^"W

b = 1 ⊗ 2 ⊗ 2 ⊗ 4 ⊗ 3 ⊗ 2
��-qUXW

[L\�Y��n^"UXWV[mhi^1`eUX^"YR^1` [mU�yRUX[�`eUXd'ZÝWahi^1` Y)onhiZaW
1 ⊗ 2 ⊗ 1 ⊗ 4 ⊗ 3 ⊗ 1

1
−→ 1 ⊗ 2 ⊗ 2 ⊗ 4 ⊗ 3 ⊗ 1

1
−→ 1 ⊗ 2 ⊗ 2 ⊗ 4 ⊗ 3 ⊗ 2 ,

1 ⊗ 2 ⊗ 2 ⊗ 4 ⊗ 3 ⊗ 2
2
−→ 1 ⊗ 3 ⊗ 2 ⊗ 4 ⊗ 3 ⊗ 2

2
−→ 1 ⊗ 3 ⊗ 2 ⊗ 4 ⊗ 3 ⊗ 3 .
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xÝ^>`eY Ô ocU�YRdØÛ"UÓ8PhRd"^"ÕgUXW¾` Û"bc`�Ies��ØMO��IAuêHDv ¶ HRQ ¶ WSb'onUXW�^"hil Ô ZaUXWìbc^"WS[mZSbc`SW©Û�YR^'WonUmW Ô hM�c`eUmWP[mZShibcWSWaUX^1`¨Û'UÝÕ1Y)d"[L\"Uåw�Û"Zahibc`SU�Um`�[XZahibnWaWSUX^1`�Wa`SZSbn[�`eUml�Um^¦`PÛ"Uk\�YRdr`�Um^
Ô YRWm�

® »!¼�·'Ây¯R¹ ÀÑêg²�ÙL²ãâ �#³ � HRQ¤�ªs4«u�ª©Uv§¥§s��»sAv�u[\ �r� ��� Ì ` ¿ �âHùqLHJIesnt�Q MnIAu�HR�O�´Mdvgs B(λ)sLIAuqM ¶ sAv�uÒM Òí¸3szÕ��RÔÄsAv'Ies��iqX�ªs ¶ sLI[u�HXqX�ªsSHDµ<¼ ¶ s´²M©Uµ§v§¥gIes��ØMO��IAu�HDv ¶ HRQ ¶ I ¶ s�óQ©JQ �»s
λ
E

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ p�hibc`
B′ o�ÞãUX^"WaUXl Ô onUgÛ"UmW¤`LY Ô ocU�YRd§'�Û"Un8Phid'^"ÕØWSUml�b é_Wa`eYR^réÛ�YRZaÛ"WwÛ"U>f�hRZSl�U

λ
��-qU&`e\'ÙXhiZc=Xl�U>WSUmZeYÚÛ"Ùml�hi^1`SZSÙ>d"^'U>f�hibnWÝÖ�d'UØ^"hid"WgY)d"ZShi^'W

l�hi^1`eZSÙåÖ¦d"U
ẽiB

′ ⊂ B′ t {0}
s
f̃iB

′ ⊂ B′ t {0}
Um`�Ö�d'U

(B′)h := {b′ ∈

B′ ; ẽib
′ = 0

�uhid"Z¤`Shid'`
i}
UXW¾`&ÙmÕ1YRojw o�Þãbnl�YRÕiU>Û"U

uλ
��YRZ�onUØl�hiZa�"\"bnWal�UØÛ'U

[XZabnW¾`LYRd('Ø\��r� �r� Ì ` �
-qUXWÚÛ'UXd(' �"ZSUml�bcUXZSW���hRbn^1`eW�WSUFÛ"Ùml�hi^1`SZSUX^1`�Û'U oáYûlimXl�U fÒYDëXhi^É��prd"�'��h)é

WShR^"W&Ö¦d/ÞãbnoPUA'rbnW¾`eU
b′ = f̃ib /∈ B′ t {0}

Y�yiUm[
b ∈ B′ ��TkYR�"�uUXochi^"W�Ö¦d"U b UXW¾`d"^F`LY Ô onUXYRdFÛ"hi^1`�onUmWg[¤}0~�[XbcUX^1`eW�[XZahibnWaWSUm^¦`�Û'U�ÕiYRd"[L\"UGw�Û"Zahibc`SU>Um`�[mZShibcWSWSUm^1`

Wa`SZSbc[m`eUml�Um^1`gÛ"UØ\�YRdr`gUX^ Ô YRWm�qæìd"bnWaÖ¦d"U
B(Λ1)

⊗λ1 ⊗ · · · ⊗ B(Λn)
⊗λn

UXW¾`�d"^
[XZabnW¾`LYRo s1oáY��"ZShi�uhiWabc`ebchi^,�r� ��� Ì UX^1`eZSY��á^"Ukd"^"UÝ[XZahibnWaWeYR^"[mUÝyRUXZa`Sbn[XYRonUkWa`SZSbn[�`eUÝÛ"U

b′
�

æ�Y)Z�\¦v��uhR`e\I=XWSU)s�onUw`LY Ô onUXYRd�ZSUm�"ZSÙmWSUX^1`eYR^1`
b
[mhi^1`ebcUX^1`Vd"^åWShid"W�éê`eY Ô onUXYRd

x yY�yiUm[
x ≤ y

Um^¦yRh}viÙ��"YRZ
f̃i
WSd"ZÜd"^ÅWShRd"W¾é�`LY Ô ocU�YRd

x′ y′

Y�yiUX[
x′ > y′

�©]_o
WXÞãUX^'WSd"bâ`�Ö¦d"U

x = i
s
x′ = x + 1 = i + 1

Um`
y = y′ = x = i

�÷VÝbn^"Wab
b[XhR^¦`SbnUm^¦` ocU�WShid'W¾éê`eY Ô ocU�YRd

i i
s1UX^1yRh�vRÙ Wad"Z onU¤Wahid"W¾é�`LY Ô onU�Y)d

i + 1 i
�X� hi^'[

b = b1⊗ i ⊗ b2⊗ b3⊗ i ⊗ b4
srhf

b2
\ÒZaUXWS�É�

b3
` UXWa`¨oáY���YRZ¾`ebnUVÛ"UÝoáY�[Xhiochi^"^"U

YRdréêÛ"UXWaWShid'WkÛ'U
y = i

\ÒZaUXWa�/��YRdréêÛ"UXWaWSd"WkÛ"U
x
` s'Um`V^"U�[XhR^¦`SbnUm^¦`V�"YRWVÛ"U

i
�
áw^åY

Û"U��"ond'W
f̃ib = b1 ⊗ i ⊗ b2 ⊗ b3 ⊗ i+ 1 ⊗ b4

��p�Þßbco�^"U�à"Õid"ZSU���YRWkÛ"U
i + 1Û�YR^'W

b2⊗b3
YRonhRZSW

f̃i( i ⊗b2⊗b3⊗ i ) = i+ 1 ⊗b2⊗b3⊗ i
si[XUVÖ¦d"b�UXW¾`

Y Ô Wad"ZSÛ'UR�§� hi^"[VocUk^'hil Ô ZaU
i+1

YR�"��YRZSY��n`©Û�YR^"W
b2⊗b3

��-�Y�[mZShibcWSWSYR^"[XUkWa`SZSbc[m`eU
Û"UmW�[mhionhi^'^"UXW�bnl��"ocbnÖ¦d"U>Ö¦d"U

b2
UXW¾`&ÙmÕ1YRojw

i+ 1 ⊗ b′2
��æ�Y)Z�[mhi^"WSÙmÖ¦d"UX^1`�s!onU

`LY Ô onUXYRd
b
[Xhi^1`SbnUX^1`VocUgWShid"W�éê`eY Ô onUXYRd

i i

z i + 1
.

áwZ
i < z

\Ò�"YRZ [XZShRbnWSWSYR^"[mU Wa`SZSbc[m`eUkÛ"UmW¨[XhRonhi^"^'UXW ` Um`
z ≤ i+1

\Ò��Y)Z�[mZShibcWSWeY)^"[XU
Û"UmW¨onbcÕi^"UmW ` sRÛ"hi^"[

z = i+1
�§VÝbn^"Wab

b = b1⊗ i ⊗ b2⊗ b3⊗ i ⊗ i+ 1 ⊗ b′4
�

j�YRbcW�[mUX[mbrUmWa`ìY Ô WSd"ZaÛ"URsJ�"d"bcWSÖ¦d"U
f̃ib = b1⊗ i ⊗b2⊗b3⊗ i+ 1 ⊗ i+ 1 ⊗b′4

�
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prhibâ`

b = a1 ⊗ · · · ∈ (B′)h
�Ö-ìÞßÙmÕ1YRocbc`eÙ

ẽib = 0
��hid'Z>`ehid'`

i
bcl��"ocbnÖ¦d"U

a1 = 1
�']_o�Û"ÙX[mhid"ocUwÛ"UgoáY�[XZShRbnWSWSYR^"[mUwÛ"UXW�ocbnÕi^'UXW¨Ö¦d"UgonY&�"ZaUXl�bª=XZaUwonbcÕi^"UkÛ"d�`LYJé

Ô ocU�YRd�YRWaWSh�[XbnÙzw
b
UmWa`P[Xhil��uhiWSÙmUkd'^"bnÖ¦d"Uml�Um^¦`PÛ"U Ì ��-�Yg[XZahibnWaWeYR^'[XUVWa`SZSbn[�`eUVÛ"UmW

[XhRonhi^"^'UXW¤Um^¦`SZeY��n^"UwÖ¦d"UgonY&WSUm[Xhi^"Û'UgonbnÕR^"U UmWa`V[XhRl��uhiWSÙmUwÛ"Uw^'hil Ô ZaUXW�[XhRl��"ZabnW
UX^1`SZSU �$U�`

n
�©íÝh)`ehi^"W

b′
onUÜ`LY Ô onU�Y)d
bnWaWSd
Û"U

b
�'ZSbcyRÙÚÛ"U�WeY �"ZaUXl�bª=XZaU�ocbnÕi^'UR�

V ochiZSW
ẽib

′ = 0
�uhid"ZÝ`Shid'`

i ≥ 2
suUm` UX^ bâ`eÙXZSYR^1` ocU&�"Zahr[mUXWaWSd"Ww^'hid"Wwh Ô `eUX^'hi^"W

oáY&f�hRZSl�UgZSUX[L\'UXZS[L\'ÙXU&�uhid"Z
b
�

1 2

3

1 3

2

2 2

3

1 3

3

2 3

3

1 1

2

µ ¶

¶µ

µ¶

¶ µ

1 1

3

1 2

2

S�T8UWVCX�Y¢¡]\jZ]\¤£�a�¥ s_¦ k�§maphqnpi�¥Arjrjhjl�e_k B(Λ1 +Λ2) s c&f_a g = gl3 s ¥Aarqkn/i�¥A¨_rqk%¥Afg®´e_k¬·?c&f_l_¸

®g·'Â�·'¯_¯�°�²_Â�ÀèêM²�ÙL²�é �4³ º H ¶ MO�»sAv'I�M�©Uv ¶ µ Uq(g)
�_�»© ¶ µ��ªs V (λ)

sLIAu>¸�¥1HR�ªs>HDµ
vg©J�iqXQ&s ¶ s�u�HXqX�ªsSHDµD¼ ¶ s¹²M©Uµ(v§¥�Ies��ØMO��IAu�HDv ¶ HRQ ¶ I ¶ sÖóQ©JQ �»s λ E
ç Ài¹û°�ÂX½1¿�À±êM²�ÙZ²�ê �4³ TkUml,YRZaÖ¦d"hi^"W!Ö¦d"U¨Û"U�^"hil Ô ZSUXd'WSUXW�hi�uÙXZeYJ`ebnhR^"W�WSd"Z�onUXW
`LY Ô onUXYRd('ûÛ"Ur8Phid"^'Õ"s�[mhil�l�U,ocUXW��"ZSh�[XÙmÛ"d"ZSUmWÜÛ/Þßbc^"WSUmZa`Sbnhi^
�"YRZ>onbcÕi^"U�hid ��YRZ
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[XhRonhi^"^'U,Um`>onU9�aUXd Û"U,`eYRÖ¦d"bn^És��uhiWSWc=XÛ"Um^1`Üd"^"UÚbc^¦`SUXZa�"ZSÙ�`LY)`Sbnhi^
Um^
`eUmZSl�UXW&Û'U
[XZabnW¾`LYRd('Ø\�yihRbnZ�^ �X_a` �"íÝhid"WVUm^åyRUXZSZahi^"Wk[XUmZa`LY)bn^"UmWkUm^$Uk'rUXZS[mbn[mUR�

5 Ê ) Êi� �¦�u(Ò*��!* * �O0�0�(�*_º>-/-/� $ � �Ò.)%� "�J��+m- �
íÝhRd"W�Wahil�l�UmW�l�YRbn^1`SUX^�YR^1`Ów�limXl�UVÛ"U Û"Ùm[XZabnZSUkoáY�Û"Ùm[Xhil���hRWSbc`Sbnhi^�Û"d��"ZSh)é

Û"d"bâ` `eUX^'WShiZabnUXo
V (λ)⊗V (µ)

Um^,[XhRl��uhiWeY)^¦`SUXW�WSbnl��"ocUXWX��-�Ygf�hiZSl&d"onUVÖ¦d"U ^'hid"W
h Ô `SbnUm^"Û"ZShR^"W�WSUmZeYÜÙXÖ¦d"bcy)YRocUX^1`eU?wØ[XUmonocUgÛ"U?-�bâ`S`SonU@�h�hrÛré_Tkbc[L\�YRZaÛ"WShi^É�
-ìÞßÙmonÙml�Um^¦`

a
\
1 ≤ a ≤ n

` UXW¾`�H ¶ �ØMnILI�M�qX�ªsØ��YRZgZSYR�"�uhiZa`gYRdFÛ"báY)ÕiZeYRl�l�UÛ"UO8Phid'^"Õ
Y
WSbwocU�Û"bnYRÕiZSYRl�l�U

Y + a
s¤h Ô `eUm^�d Um^ Ye�ahid'`LY)^¦` d'^"U Ô h��n`eUOw

o�ÞãUA'�`SZSÙXl�bc`SÙ&Û"Zahibc`SU>Û"UÜoáY
a
é_bª=ml�U&onbnÕR^"U&Û"U

Y
s/UXW¾`�UX^"[mhiZSUÜd"^ÑÛ"bnYRÕiZSYRl�l�U�Û"U

8Phid"^'Õ"�>� hi^"[ WSb
Y = Y (λ)

Y�yiUX[
λ =

∑

j λjΛj
sVo�ÞßYRÛ"l�bnWaWSb Ô bnonbâ`eÙ Û"U

aÙXÖ¦d"bây)YRd'`÷w
a = 1

hid
λa−1 = 〈ha−1, λ〉 > 0

��-ìÞãÙXonÙml�Um^1`
a1 ⊗· · ·⊗ am

UXW¾`
H ¶ �ØMnILI�M�qX�ªsk��YRZ ZSYR�"�uhiZa`Ów Y WSb

ak
UXW¾`�YRÛ"l�bnWaWSb Ô onU���Y)Z�ZSYR�"�uhiZa`÷w

(· · · (Y +

a1) + · · ·+ ak−1)
�uhid"Z�`ehRd'`

1 ≤ k ≤ m
�

6!hid'`VÛ/ÞßY Ô hiZSÛ/s�h Ô WSUmZayihR^"WÝÖ¦d"UGø
\ Ì ` -�UgyRUX[m`SUXd"Z

uλ ⊗ i
UXW¾`kÛ"U��"ond"WV\�Y)d'`V��hRbnÛ"W�WabqUm`kWSUmd"onUml�Um^¦`kWab

iUXW¾`ÝYRÛ"l�bnWSWab Ô ocUw��YRZ�ZSYR�"�uhiZa`zw
Y (λ)

���ì^åUp�Um`

εj(uλ ⊗ i ) = max
(

εj(uλ), εj( i )− 〈hj,wt(uλ)〉
)

= max
(
0, δj,i−1 − 〈hj, λ〉

)
= 0

�uhid"Z¤`ehRd'`
j ∈ I

UXWa`kÙmÖ�d'bcy)YRonUm^1`zw
i = 1

hRd
〈hi−1, λ〉 > 0

�
�wYR^'W¤[XUg[XYRWXsronU �uhibcÛ"W¨Û"U

uλ⊗ i
UXW¾`

λ+ εi
Um`¤[XU yRUX[m`SUXd"ZVUmWa`�ZaUX�"ZaÙXWSUm^1`eÙ

��YRZ�ocUgÛ"báY)ÕiZeYRl�l�U Û"U98Phid"^'Õ
Y (λ) + i

�
\�� ` -�UÝyiUX[�`eUmd"Z

uλ⊗ b1⊗ · · ·⊗ b`
UXW¾`�Û"Uw�'ond"W�\�YRd'`¨��hibcÛ"W¨WabÉU�`¤WSUmd"onUml�Um^1`

WSb�onUmW�yiUm[m`SUXd"ZaW
uλ⊗ b1⊗ · · ·⊗ bk

WShR^¦`¤Û"U �"ocd"W¨\"YRd'`��uhibnÛ'W��uhid"ZP`ehid'`
k ≤ `

�
\ Ï ` � hi^"[gocUÝyiUm[m`SUXd"Z

uλ⊗ a1 ⊗ · · · ⊗ aN
UmWa`�Û'Uw�"ond'W¤\�YRd'`¤��hibcÛ"W¨WabÉU�`

WSUmd"onUml�Um^1`ÝWab
a1 ⊗ · · · ⊗ aN

UmWa`ÝYRÛ"l�bnWaWSb Ô onUw��Y)Z�ZeYR�"�uhiZ¾`zw
Y (λ)

�
× UXWVZaUXl�YRZSÖ¦d"UmWk�uUXZal�U�`S`SUX^1`kÛ/Þßh Ô `eUm^"bnZVonU

® »!¼�·'Ây¯R¹ ÀÑêg²ãâ�²¬° �#³ � ©Uµ�Q
λ ∈ P̃+

sAu
µ =

∑n
j=1 µjΛj ∈ P̃+

¿ �ªs9«uQ&© ¶ µrMduu¬sAv'Ie©JQ�M�s�� ¶ sLI��»© ¶ µr�ªsLI V (λ)
sAu
V (µ)

Ies ¶ ¸3t3©J�n«�©}Ies Ie©Uµ1I��âHzóQ©JQ �»s

V (λ)⊗ V (µ) '
⊕

V (λ+ εa1 + · · ·+ εaN
),



�kÆ �#Ç
��ÍR���Z��Wy<�Ä�d�W����»7Ê3Êk� � Ç
��B Â �����A�dÊRÉ � #
©ED

N =
∑

j jµj
sAu��âH,Ie©J�Ø�»sGsLIAu�IAµrQ��RÔÄsAv'Ies��iqX�ªs ¶ sLI a1 ⊗ · · · ⊗ aN ∈

B(µ) ⊂ B(Λ1)
⊗N H ¶ �ØMnILI�M�qX�ªsLIÓ«'HRQgQaHA«X«�©JQkuíÕ Y (λ)

E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ ��Þ YR�'ZR=XW ocU�[XhiZahiononYRbnZaU÷ "� Ì � Í sRocU��"ZSh�Û"d"bâ`

V (λ)⊗V (µ)
UmWa`

bnWahil�hiZS�"\'Urw ⊕
V (wt(b))

s�hDûoáY WShRl�l�U�UmWa`�WSd"Z�o�ÞãUX^"WaUXl Ô onU�Û"UXW�ÙXonÙml�Um^1`eW
b
Û"U �"ocd"W,\"YRd'`���hibcÛ"W,Û'U

B(λ) ⊗ B(µ)
� × UmWÚÙXocÙXl�UX^1`eW�WShi^1`ÚÛ'U oáYÑf�hiZSl�U

b = uλ ⊗ b′
Y}yRUX[

b′ = a1 ⊗ · · · ⊗ aN ∈ B(µ)
�4�&Þ Y)�"ZR=mW&o�Þãh Ô WaUXZ¾yRYJ`ebnhR^

\
3
` [mbâéêÛ"UXWaWSd"Wms'onUVyiUm[m`SUXd"Z

b
UXW¾`¤Û"U �"ond"WP\�YRdr`¤�uhibnÛ"WPWSbuUm`¨WSUmd"onUml�Um^¦`¤WSb

a1 ⊗
· · · ⊗ aN

UXWa` YRÛ"l�bnWaWSb Ô onUÝ��YRZ�ZeY)�"��hRZa`zw
Y (λ)

�
æ�Y)Z UA'rUml��"ocURs�[Xhi^"WabnÛ"ÙmZShi^'WwonU�[�YRW

g = gl3
Y}yRUX[

λ = Λ2

U�`
µ = Λ1 + Λ2

�
-qUXWVÙXocÙXl�UX^1`eWVÛ"U

B(µ)
Wahi^1`
1 1

2
, 1 2

2
, 1 3

2
, 1 1

3
,

1 2

3
, 1 3

3
, 2 2

3
, 2 3

3
.

V ochiZSW
(

( + 1) + 1
)

+ 2 = ( + 1) + 2 = + 2 = .

æ�Y)Zk[mhi^1`eZaURs
(

( + 2) + 1
)

+ 2 = ( + 1) + 2,

Um` ^/ÞãUXW¾` ��YRWìd"^ØÛ'báYRÕiZSYRl�l�U Û"U÷8PhRd"^"Õ"�D� ^Ü[mhi^1`ebn^¦d�Y)^¦`©[XUm`a`eU��"Zahr[mÙXÛ"d'ZSURs
^"hid'WVyRÙXZabcà�hi^'WkÖ¦d"U�WSUmd"onUml�Um^1`

1 1

2
, 1 3

2
, 1 1

3
∈ B(µ)

[XhR^¦`SZSb Ô d"UX^1`ÝYRd �"ZahrÛ"d'bc`�`eUm^"WShRZSbnUmo�����Þßhf à�^�Y)onUXl�UX^1`

⊗ = ⊕ ⊕ .

��''YRl�bc^"hi^"W�Û"UXd('ØÕiZeYR�'\"UXW [XZabnW¾`LYRoconbn^'W�h Ô `eUX^¦d"W ��Y)Zìo�ÞßYRonÕihRZSbc`S\"l�U�[mbâé_Û'UXWSWad"WX�
�ì^�h Ô WaUXZay)YR^1`�onY�à�Õid'ZSU��r� Ï Û"U

B(2Λ1)
�uhid"Z

gl4
s'hR^,yiÙmZSbcà"UgÖ�dÉÞßbco�[mhi^1`ebnUm^1`

onUåÕiZSYR�"\"U$Û"U
B(2Λ1)

�uhid"Z
gl3

\�UX^ Wahi^ ^"bâyiU�Y)d bn^'f�ÙmZSbcUXd"Zmsì[RÞãUXWa`¾éTwJéêÛ"bnZaU$Um^
��YRZ¾`LYR^1`�Û"d �'ond"W�\�YRd'`��uhibnÛ'W�U�`,Um^ [XhR^"WSbcÛ"ÙXZSYR^1`,d"^'bnÖ¦d"UXl�UX^1`,o�ÞßYR[m`Sbnhi^ Û"UmW
hi�uÙXZSY)`eUmd"ZSW

f̃1

U�`
f̃2
` �[-ìÞßhi�uÙXZSY)`eUmd"Z

f̃3

s¨Ö�d"YR^1`ow ocd"b�s�YRd"ÕRl�Um^¦`SUFo�ÞßYRoc`Sbc`Sd"Û"U
Û�YR^'WkocUgÕiZeY)�"\"UR�
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1
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3

OO
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3

OO
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2
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3

OO
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3
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S�THUWVCX�Y[¡]\7¼�\¤£�a�¥ s_¦ k½§maphqnpi�¥Arjrjhjl�e_k B(2Λ1) s c&f_a g = gl4

-�Y�à�Õid'ZSUÜ�r�! ÚÛ"U
B(2Λ1 + 2Λ2)

�uhid"Z
g = gl3

��UmZSl�Um`gÛÉÞ YR�'�"ZSÙm\"UX^"Û'UXZgoáY
Wav�l�Ùm`SZSbnU Û"UwoáY Ô YRWSU [XZSbcWa`eYRonocbn^"U)srY)bn^"Wab�Ö¦d"UgocU Z��RonU Û'd�YRoÉÛ'UXW¤yiUm[m`SUXd"ZaWkÛ'Ug�"ond"W
\�YRdr`VUm`kÛ"U��"ond'W Ô YRWV��hibcÛ"WX�
-ìÞßÙ�`ed"Û'UFÛ"d [�YRW

g = gln
UmWa`åYRbc^"WSb YR[L\"U�yiÙXU)�Væ�hid'Z�onUXWÚYRonÕf= Ô ZSUmW�Û"U1-qbnU

Û"U>`_v��uU
spn

Um`
son

s/Û"UmWg`LY Ô ocU�YRd§'FÛ"Ux8Phid'^"Õ Um`�Û"UmW�Zc=XÕiocUXWgÛ"Ui-qbc`a`eocU@�hrh�Ûré
TVbn[L\�YRZaÛ"WShR^åWabnl�bnonYRbnZaUXWPUA'rbnW¾`eUX^1`·\�yRhibnZ�^ �§J7_ U�`ù^ Æ E _d` �

:<; ÀiÂ}µi²Sµ�ÀØêg²¬° �4³ � ÙXl�hi^1`eZaU¤S�oáY>f�hiZal>d"ocUG\��r� Ì � Ì ` �
¾¤lÀ¿&ÁJÂ%Ã&ÄpÂ&Å3Å�Æ�¿EÆ�ÇoÈ&ÉMÊ�Ã´ÃEÂ&ÉgËmÌgÆ�knpi<rqk�eghÍ¥A¸|a�¥AÎ�ÎKk�c&¨_idkml�f�kml�kml_rqkm«|¥AlEi3f_l

s kmiphji¤eghÍ¥A¸|a�¥AÎ�ÎKk3e_k©·?c&f_l_¸5Ï�f_l s rjfon ¸|adc|n�eghÍ¥A¸|a�¥AÎ�ÎKk<e_kÐ·?c&f_l_¸(rqkÑ§c&lEidkmlª¥Al�i%ÒÓ¬kÑÔJ¥&Õc&l�Ö×�f_hj«&¥Arqkml�idk|Ø�nphWrqk<eghÍ¥A¸|a�¥AÎ�ÎKk�§c&lEiphqkmlEi½f_lokÑ¨�cAÙqidk3kml s c|nphjiphqc&l (i, j)
kmi

f_lok¬¨�cAÙqidk�kml s c|nphjiphqc&l (i′, j′)
Øo¥Arqc&adn�hjr�§c&lEiphqkml�iQf_lok�¨]cAÙqidk©kml s c|nphjiphqc&l (i′′, j′′)

e_Ún
×�fok

i ≤ i′′ ≤ i′
kmi
j ≤ j′′ ≤ j′

ÒoÛ�§mhCrÍ¥ s c|nphjiphqc&l (i, j)
nphj¸|l_h7Üªk<Ï3rÍ¥

i Ý hqÚmÎKkÐrjhj¸|lok½kml
s ¥Aapi�¥AlEi©egf ¦ ¥Af_i¬kmi¬Ï�rÍ¥ j Ý hqÚmÎKk<§c&rqc&l_lok3kml s ¥Aapi�¥AlEi©e_kÑrÍ¥K¸E¥Afo§ ¦ k|Ò�`
¥Aa©k�®_kmÎ s rqkkmi ndc&l�i<e_kn<eghÍ¥A¸|a�¥AÎ�ÎKkn�e_k�·?c&f_l_¸Þ¸E¥Afo§ ¦ kn%Ø
Î�¥Ahqn lCßàkml�knpi
s ¥&n/f_lCÒ
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S�THUWVCX�Y±¡]\âáC\Q£�a�¥ s_¦ k½§maphqnpi�¥Arjrjhjl�e_k B(2Λ1 + 2Λ2) s c&f_a g = gl3

ã c&hji
Y
f_läeghÍ¥A¸|a�¥AÎ�ÎKk�e_k5·?c&f_l_¸¹¸E¥Afo§ ¦ k|Òx¾Ql³å�Â�æ�çjÆdÂ&ÉÀ¿EÆäÇoÈ&ÉMÊ�Ã¢Ã�Â&É_Ë�ÌgÆ�e_kÔJc&apÎKk

Y
knpi½f_l�eghÍ¥A¸|a�¥AÎ�ÎKk5e_k�·?c&f_l_¸Þ¸E¥Afo§ ¦ k5e_k�ÔJc&apÎKk Y e_c&lEi3§ ¦ ¥&×�fok�¨�cAÙqidk§c&lEiphqkml�i½f_l¹kml�iphqkma½§c&Î s aphqnÐkmlEipadk 1

kmi
n
Ò�¾¤l�i�¥A¨_rqk%¥Af[e_k<·?c&f_l_¸�¸E¥Afo§ ¦ k(knpi©eghjindkmÎ�h Ý npi�¥Aloeo¥Aadeènph rqk�loc&ÎÑ¨_adk�eo¥Alon�rqknK¨�cAÙqidkn(¥Af_¸|ÎKkml�idk�e_k�¸E¥Afo§ ¦ k�Ï¹egadc&hjidk�kmi¥Af_¸|ÎKkmlEidkÑnpipaphq§midkmÎKkmlEi�e_k ¦ ¥Af_iQkml�¨ª¥&n%Òã c&hji

Y
f_l�eghÍ¥A¸|a�¥AÎ�ÎKk¤e_k/·?c&f_l_¸Ð¸E¥Afo§ ¦ k�Ï N ¨]cAÙqidkn%Ò|é�c&idc&lon

B(Y )
r�ßàkmlondkmÎ½¨_rqk

e_kn
i�¥A¨_rqk%¥Afg®<e_kê·?c&f_l_¸¬¸E¥Afo§ ¦ knbndkmÎ�h Ý ndi�¥Aloeo¥Aade_nbe_k?ÔJc&apÎKk Y Ò&`�c&f_aWf_l�c&adegadk�idc&i�¥Ar
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gln

ord
npf_a�r�ßàkmlondkmÎ½¨_rqk�e_knF¨�cAÙqidkn
e_k

Y
Ø1ndc&hji

Rord : B(Y ) −→ B(Λ1)
⊗N r�ß�¥ s_s rjhq§%¥Aiphqc&l×�f_hWkml�«�c&hqk

b
npf_a

a1 ⊗ · · · ⊗ aN
Ø�c&ë

ak
kndi�rqk<loc&ÎÑ¨_adkKeo¥Alon¬rÍ¥

k Ý hqÚmÎKk<¨�cAÙqidkì s c&f_a/r�ßàc&adegadk ord í egf´i�¥A¨_rqk%¥Af b Òªî¤l�¥ s_s kmrjrqkÐ§kmipidk½¥ s_s rjhq§%¥Aiphqc&l�f_lokKçjÆpË%å*É�ÄdÆmÒî¤l¹eghji½×�fCß f_l[c&adegadkKidc&i�¥Ar
ord

ì c&f[×�fok�rÍ¥�rqk§mipf_adk�¥&ndndcM§mhqÖk í knpiÑ¥&egÎ�hqndnphj¨_rqk�nphrqc&adnd×�fCß f_lokÐ¨�cAÙqidk
x
kndi/ÔJ¥Ahj¨_rqkmÎKkml�i¬¥Af Ý e_kn�npfon¤kmi ÔJ¥Ahj¨_rqkmÎKkml�i¬Ï�egadc&hjidkÑe�ß f_lokÐ¨�cAÙqidk

y
Øo¥Arqc&adn rÍ¥3¨]cAÙqidk

x
knpi/hjlgÔJÖmaphqkmf_adkÐc&f�Öm¸E¥Arqk½Ï

y s c&f_a ord Ò
:<; ÀiÂ}µi²Sµ�ÀØêg²�Ù �4³ prhibâ`

Y
d"^ Û"bnYRÕiZeY)l�l�U�Û'Uä8PhRd"^"ÕFÕ1YRd'[L\"UR�j� Ùml�hR^¦`SZSUS

Ö¦d/Þãbno�UA'rbcWa`eUVd"^'UÝU�`�d'^"UVWSUXd'ouW¾`eZad"[m`Sd"ZSUkÛ"UV[XZabnWa`eYRo�^"hiZal,Y)o"WSd"Z
B(Y )

`SUXonocU�Ö¦d"U
`ehRd'`eU�onUm[m`Sd"ZSU�YRÛ'l�bcWSWSb Ô onU

B(Y ) −→ B(Λ1)
⊗N Wahibc`¤d"^$�'onhi^"ÕRUXl�UX^1`V�"onUmbn^/�

ïQkmÎ�¥Aad×�foc&lon ×�fok¬rqkÐ§maphqnpi�¥Ar
B(Y )

lCßàkndi s ¥&n�Ô*c&ad§ÖmÎKkml�i¤§c&l_lok�®_k|ÒðF¥¹rqk§mipf_adk�kmÎ s rqc%ñ�Ök¢eo¥Alon�§k�§ ¦ ¥ s hjipadk�knpi5¥&egÎ�hqndnphj¨_rqk|Ò�î¤l�r�ß�¥ s_s kmrjrqk[çqÆpËå*ÉMÄpÆò ÂRógÈ&ÊôÂ|ÁÍõ%ÆmÒxÛör k�®Mhqnpidk´f_lok�¥Af_ipadk�rqk§mipf_adk�¥&egÎ�hqn�nphj¨_rqk�kmÎ s rqc1ñ�Ök s ¥Aa,ÔJc&hqn%ØbrÍ¥�çqÆpËå*ÉMÄpÆÂ&ÄpÂEædÆmØFeo¥Alon¬rÍ¥&×Efokmrjrqk3rqk s ¥Aad§c&f_adnÐkndi¬k�÷�k§mipfoÖ�e_k3egadc&hjidk�Ï(¸E¥Afo§ ¦ kKkmi©e_k ¦ ¥Af_iÐkml¨ª¥&n%Ò
é�c&idc&lonÐ×EfokKrqkn©rqk§mipf_adkn ød¥ s c&lª¥AhqndkKkmi½¥Aa�¥A¨�kKndc&lEiÑÎKkmlEiphqc&l_loÖkn<eo¥Alon�ùûúgüêndc&fonrqkn�loc&ÎKnÐý/§c&rjf_Î�l5þêc&ade�ÿKkmiÐý adc%þ þêc&ade�ÿ�adkn s k§miphj«�kmÎKkml�i%Ò_ðF¥Ðrqk§mipf_adk¬eo¥Alon�§kmic&f_«Ma�¥A¸�kÐknpi eo¥Alon/rÍ¥�eghjadk§miphqc&lÞc s_s c|n�ÖkÐÏ<rÍ¥3l � ipadk|Òã c&hqkmlEi

Bj
f_l�§maphqnpi�¥Ar�kmi

bj ∈ Bj (j = 1, 2)
Ò�é�c&idc&lon

Cj
rÍ¥½§c&Î s c|n�¥Al�idk¤§c&l_lok�®_ke_k

Bj
§c&lEidkmlª¥AlEi

bj
Òôî¤l�eghji¤×�fok

b1
kmi
b2
ndc&lEi����mÉMÁ��OÂ|çjÆ�ÊôåHõ3n%ß hjr�k�®MhqnpidkÐf_l´hqndc&ÎKc&a Ý

s_¦ hqnpÎKk�e_k�§maphqnpi�¥Afg® C1−→∼ C2
kmlE«�c1ñE¥AlEi

b1
ndf_a

b2 � c&l�Ö§maphji3¥Arqc&adn b1 ≡ b2
Ò�ðF¥

adkmrÍ¥Aiphqc&l�e�ßàÖ×Ef_hj«|¥Arqkmlo§k(×�fokKr�ßàc&l�c&¨_iphqkmlEi�npf_aÐrqk s adcMegf_hji½idkmlondc&aphqkmr�e�ßàÖmrqÖmÎKkmlEidn3e_k
B(Λ1)

knpi©¥ s_s kmrqÖk�Ö×�f_hj«|¥Arqkmlo§k�e_k
	¬l�f_i ¦ ì «�c&hjaKùûúMü í Ò�ðxßàk�®_kmad§mhq§k�npf_hj«|¥AlEi¬ÔJc&f_apl_hjif_l�¥Arj¸�c&aphji ¦ ÎKk s c&f_a¤e_ÖmidkmapÎ�hjlokma¬Ï�×�fokmrFi�¥A¨_rqk%¥AfÞndkmÎ�h Ý npi�¥Aloeo¥Aade�knpiQÖ×�f_hj«&¥Arqkml�iQrqk
s adcMegf_hji idkmlondc&aphqkmrFe�ß f_l´ipaph s rqkmi¤e�ßàÖmrqÖmÎKkmlEidn�e_k B(Λ1)

e_c&l_loÖ|Ò
:<; ÀiÂ}µi²Sµ�ÀØêg²ãâ Ä �§���!� +  �(Ò* � .i*���* } � ��0}% ^ � � 5I_ È ��³ æ�hRd"Z

1 ≤ a, b, c ≤

n
`eUmonW�Ö¦d"U

a < b
Um`
c ≤ b

s�Û"Ùml�hi^1`SZSU¤S�Ö¦d"U

a

c b
:≡ a ⊗ b ⊗ c ≡







b ⊗ a ⊗ c ≡ a b

c

WSb
a < c ≤ b

s

a ⊗ c ⊗ b ≡ c a

b

WSb
c ≤ a < b

�

� ßàknpiCrqk?§%¥&nCrqk s rjfon
nphjÎ s rqkxe_k¤ý�ø,kmfÑe_kxi�¥&×�f_hjl¬ÿ ì «�c&hja�ùûúMü í Ø1×�f_hEknpiFf_lÑ¥Arj¸�c&aphji ¦ ÎKk
s c&f_aÑipadc&f_«�kma�rqk(i�¥A¨_rqk%¥Af�e_k�·?c&f_l_¸�Ö×�f_hj«&¥Arqkml�iKÏ�f_l�i�¥A¨_rqk%¥Af�e_k(·?c&f_l_¸Þ¸E¥Afo§ ¦ kndkmÎ�h Ý npi�¥Aloeo¥Aade�e_c&l_loÖ|Ò
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`
c&f_a�f_l5i�¥A¨_rqk%¥Af´e_kQ·?c&f_l_¸�¸E¥Afo§ ¦ k©ndkmÎ�h Ý ndi�¥Aloeo¥Aade�e_c&l_loÖ|Ø_§ ¦ c&hqnphqndndc&lon�f_l�§c&hjlhjlEidÖmaphqkmf_a%ØE§|ßàknpi Ý Ï Ý eghjadk�f_lok�¨]cAÙqidk ¦ c&adnbegf�eghÍ¥A¸|a�¥AÎ�ÎKk/¸E¥Afo§ ¦ k�idkmrjrqk�×�fok�rqknW¨]cAÙqidknxÏegadc&hjidk?kmi
kml Ý e_kndndc&fon
e�ßàkmrjrqk?ndc&hqkml�i
§c&l�idkmlEfoknbeo¥AlonFrqk?eghÍ¥A¸|a�¥AÎ�ÎKkê¸E¥Afo§ ¦ k|Ò � c&lonphqe_Ö Ýadc&lon�rqk¬§c&hjl5hjlEidÖmaphqkmf_aQ§c&Î�ÎKk�f_lok¬¨�cAÙqidk¤«Mhqe_k|Òoî¤l�ÔJ¥Ahji�¸|rjhqndndkma�f_lok¬e_k¬ndkn�«�c&hqnphjlokn

e_k�egadc&hjidk�c&f�e_k5e_kndndc&fon3Ï�rÍ¥ s rÍ¥&§k5e_k�rÍ¥�¨]cAÙqidk(«�hqe_k|ØWe_k�ndc&apidk�Ï�§k5×�fok�rqk(i�¥ Ý¨_rqk%¥Af[adÖndf_rji�¥AlEiÑn�c&hji½ndkmÎ�h Ý npi�¥Aloeo¥Aade�Ò � k§mhê§madÖÖ�f_lok�loc&f_«�kmrjrqkK¨�cAÙqidk�«�hqe_k�eo¥AlonÐrqkeghÍ¥A¸|a�¥AÎ�ÎKk|Øx¥«�k§5rÍ¥&×�fokmrjrqk5c&l±adÖ s Úmidk�rqk s adcM§kndnpfon ì kml�¸|rjhqndn�¥Al�i3f_lok�e_k�ndkn<«�c&h Ýnphjlokn¬Ï�nR¥ s rÍ¥&§k í ÒCî¤lÞ§c&l�iphjlEfok¤ø,fond×EfCß�Ï(§k½×�fCß hjr
lCß ñ�¥Ahji s rjfon�e_kÑ«�c&hqnphjlok<Ï(egadc&hjidkc&f�kml Ý e_kndndc&fon%Ò]é�c&fon¬¥Aapaphj«�c&lonÐ¥Arqc&adnÐÏ�f_l¢i�¥A¨_rqk%¥Af¹e_kÐ·?c&f_l_¸5¸E¥Afo§ ¦ k|ÒFî¤lÞadÖ s Úmidk§k s adcM§kndnpfonÑkml±§ ¦ c&hqnphqndn�¥Al�i3e�ß�¥Af_ipadkn<§c&hjlonÑhjlEidÖmaphqkmf_adn%Øôø,fond×EfCß�Ï�¥Aapaphj«�kma3Ï´f_l[i�¥ Ý¨_rqk%¥Af¹e_kÑ·?c&f_l_¸�¸E¥Afo§ ¦ k�n�¥Alon©§c&hjl�hjl�idÖmaphqkmf_a%ØC§|ßàknpi Ý Ï Ý eghjadk3f_l¢i�¥A¨_rqk%¥Af¹e_k<·?c&f_l_¸oÒðCk s adcM§kndnpfon�idc&i�¥Ar�knpi¤¥ s_s kmrqÖ�ý?ø,kmf´e_k¬i�¥&×�f_hjl(ÿ]Ò`W¥Aa¤k�®_kmÎ s rqk|Ø s adkmloc&lon a

c b

§c&Î�ÎKkÐÎKkmÎÑ¨_adkÑe_k½¸E¥Afo§ ¦ k½eo¥Alon¤r�ßàk�®_kmad§mhq§k�gÒ��
§mh Ý e_kndnpfon1ÒªðCc&adnd×�fok a < c ≤ b

ØorqkÐi�¥A¨_rqk%¥AfÞ¸E¥Afo§ ¦ k a

c b

§ ¦ ¥Al_¸�kÑkml a

c b
s f_hqn

kml�rqkÐndk§c&loe´ÎKkmÎ½¨_adk a b

c

Ò_é�c&idc&lon ×�fok c a

b

lCßàknpi s ¥&n ndkmÎ�h Ý ndi�¥Aloeo¥Aade�Ò
ðCc&adnd×�fok

c ≤ a < b
Øxrqk�i�¥A¨_rqk%¥AfÀ¸E¥Afo§ ¦ k a

c b

§ ¦ ¥Al_¸�k¢kml c a

b
s f_hqn�kml

c a

b

Ò

:<; ÀiÂ}µi²Sµ�ÀØêg²�é Ä�� *§� ��*�0} ��g��� � È ��³ � ÙXl�hi^1`eZaU¤SÑÖ¦d"UF��hRd"ZÚ`ehidr`Ú`LY Ô onU�Y)d
Û"U 8Phid"^"ÕþÕ1YRd"[L\"U�WSUXl�bâéêWa`eYR^"Û�YRZaÛ U�`,�uhid"Z�^/Þßbcl��uhiZ¾`eU onUmÖ�d'UXokÛ"U�WaUXWÚ[mhibn^"W
bn^1`SÙXZSbcUXd"ZaWXs�onUÜ�"Zahr[mUXWaWSd"W>[mbâéêÛ"UXWaWSd"W>UmWa`&d"^"bnÖ¦d"U�Um`&[Xhi^'Û"d"bc`ùwåd"^û`LY Ô onUXYRdþÛ'U
8Phid"^'Õ�ÕiYRd"[L\"U�WSUml�b é_Wa`eYR^"Û�Y)ZSÛ�ÙXÖ¦d"bây)YRonUm^¦`kY)då`eY Ô onUXYRd Û"U�Û"ÙX�"YRZa`X�

:<; ÀiÂ}µi²Sµ�ÀØêg²�ê Ä �!�J-/.i�r�����J*��ò�â� � +m*��}0���- � �! "��(Ò�Ò� � * ^ � � 5I_ È
\ Ì ` � ÙXl�hi^1`eZaU¤S�Ö¦d"U$��hRd"Z�`Shid'`SU$Wad"bc`SU$Û"Ùm[XZahibnWaWeYR^1`eU

a1 ≥ · · · ≥ am
U�`

�uhid"Z¤`ehRd'`
c < a1

hR^$Y

c ⊗
(

a1 ⊗ · · · ⊗ am

)

≡
(

a1 ⊗ · · · ⊗ ak−1 ⊗ c ⊗ ak+1 ⊗ · · · ⊗ am

)

⊗ ak

hf
k
UXW¾`ØonU��"ond"W�ÕiZeY)^"Û
UX^1`SbnUXZ�`eUmo�Ö¦d"U

c < ak
\
c
WXÞãbn^'WR=XZaU w$onY$�"onYR[XU�Û"U

ak
` �



�  ÁIÂ �cÃ�Ä�d�W�?�kÆ Á �c�
gln

\�� ` � ÙXl�hi^1`eZaU¤S�Ö¦d"U$��hRd"Z�`Shid'`SU$Wad"bc`SU$Û"Ùm[XZahibnWaWeYR^1`eU
a1 ≥ · · · ≥ am

U�`
�uhid"Z¤`ehRd'`

c > am
hi^åY

(

a1 ⊗ · · · ⊗ am

)

⊗ c

≡ ak ⊗
(

a1 ⊗ · · · ⊗ ak−1 ⊗ c ⊗ ak+1 ⊗ · · · ⊗ am

)

hf
k
UmWa`PonU¤�'ond"W©�uUm`Sbc`ìUm^1`ebnUmZ©`eUmo"Ö¦d"U

c > ak
\
c
WXÞãbn^'WR=XZaUzwwoáYw�"onYR[XU¤Û'U

ak
` �

\ Ï ` � ^Åd'`SbnonbcWeYR^1`ØonYFonUX[�`ed"ZaUåYRZeY Ô U Um`O\
1
` s©Û'hi^"^"US$d"^ YRocÕihiZSbâ`e\"l�U1\��"ZShJé

[XÙmÛ"d"ZaUåÛÉÞßbc^"WSUmZa`ebchi^ ��YRZ&onbnÕR^"U ` WSd"ZØocUXW>`LY Ô onUXYRd('ûÛ"U»8Phid"^"ÕFf�hid'ZS^"bcWSWeY)^¦`>d"^
bnWahil�hiZS�"\'bnWSl�U

B(Λ1)⊗ B(λ)−→∼
⊔

1≤j≤n

j = 1 ÊRÏ λj−1 > 0

B(λ+ εj).

\� ` l o�ÞßYRbnÛ'U&Û"Uo\
2
` s�Û"hi^"^'U¤SØd"^ YRocÕihiZSbâ`e\"l�Ugf�hid"Za^"bnWaWeYR^1`�d"^F�"ochi^"ÕiUml�Um^1`

B(λ+ εj) ↪→ B(Λ1)⊗B(λ)
�

:<; ÀiÂ}µi²Sµ�ÀØêg²Tð
Ä �!�J-/.i�r�����J*��ò�â� � +m*��}0���- � �! "��.i-u(�- ��� * ^ � � 57_ È
\ Ì ` � ÙXl�hi^1`eZaU¤S�Ö�d'U��uhid"Z�`ehRd'`eU�WSd'bc`eU�W¾`eZSbc[m`SUXl�UX^1`k[XZShRbnWSWSYR^1`eU

a1 < · · · <

am
Um`k�uhid"Z¤`Shid'`

c ≤ am
hi^åY

(

a1 ⊗ · · · ⊗ am

)

⊗ c

≡ ak ⊗
(

a1 ⊗ · · · ⊗ ak−1 ⊗ c ⊗ ak+1 ⊗ · · · ⊗ am

)

hf
k
UmWa` onU¨�"ond"Wì�uUm`Sbc`�UX^1`ebcUXZ©`eUmo"Ö¦d"U

c ≤ ak
\
c
WXÞãbn^"Wc=XZaU>w�onY �"onYR[XU¤Û'U

ak
` �

\�� ` � ÙXl�hi^1`eZaU¤S�Ö�d'U��uhid"Z�`ehRd'`eU�WSd'bc`eU�W¾`eZSbc[m`SUXl�UX^1`k[XZShRbnWSWSYR^1`eU
a1 < · · · <

am
Um`k�uhid"Z¤`Shid'`

c ≥ a1

hi^åY

c ⊗
(

a1 ⊗ · · · ⊗ am

)

≡
(

a1 ⊗ · · · ⊗ ak−1 ⊗ c ⊗ ak+1 ⊗ · · · ⊗ am

)

⊗ ak

hf
k
UXW¾`ØonU��"ond'W&ÕiZSYR^"Û
Um^¦`SbnUmZ�`eUmo¨Ö¦d"U

c ≥ ak
\
c
WXÞãbn^"Wc=XZaUäw�oáY �"onYR[XU�Û"U

ak
` �
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\ Ï ` × hil�l�U Û�YR^"W�o�ÞãUA'rUmZS[Xbc[XU$�"ZSÙm[XÙXÛ'UX^1`�s�Û"hi^"^"US�Um^ d'`SbnonbcWeYR^1`ÜonY ocUX[m`Sd"ZSU

�SYR�uhi^�YRbcWSUØd"^ûYRonÕRhiZSbâ`e\"l�U \Ò�'ZSh�[XÙXÛ'd"ZSU�Û/Þãbn^"WaUXZa`Sbnhi^ ��YRZ�[mhionhi^'^"U ` WSd'Z�ocUXW�`LYJé
Ô ocU�YRd('ÚÛ"U98Phid"^"ÕÜf�hid"Za^"bnWaWeYR^1`Vd"^åbnWahil�hiZS�"\'bnWSl�U

B(λ)⊗ B(Λ1)−→∼
⊔

1≤j≤n

j = 1 ÊRÏ λj−1 > 0

B(λ+ εj).

\� ` � hi^"^"USFd"^ YRocÕihiZabc`e\'l�U�f�hid"Za^"bnWaWeYR^1`,d"^ �"ochi^"ÕiUml�Um^¦`
B(λ + εj) ↪→

B(λ)⊗ B(Λ1)
�

:<; ÀiÂ}µi²Sµ�ÀØêg²�õ �4³ prhibâ`
Y
d"^ Û"bnYRÕiZeY)l�l�U�Û'Uä8PhRd"^"ÕFÕ1YRd'[L\"UR�j� Ùml�hR^¦`SZSUS

Ö¦d"U
B(Y )

UXWa`>[Xhi^"^'UA'rUØ\ÒÛ"hR^"[,^"hR^
yrbcÛ"U ` WSb�Um`>WaUXd"ocUXl�UX^1`ØWmÞßbco�WSY)`ebâfÒYRbc`�YRd('
[XhR^"Û"bc`Sbnhi^'W¤WSd"bây)YR^1`eUXW?ø
\ Ì ` 6�hid'WkocUXWV[XhRonhi^"^'UXW�WShR^¦`kÛ"U�ochi^"ÕiUmd"Z�bn^'f�ÙmZSbcUXd"ZaUghid ÙXÕ1YRocU�w

n
�

\�� ` -�U�Û'báYRÕiZSYRl�l�UÜh Ô `SUX^¦d w ��YRZa`SbnZ�Û"U
Y
UX^ UX^'onUmy)YR^1`ØocUXWØ[mhionhi^'^"UXW>Û'U

onhR^"Õid"Umd"Z
n
UXW¾`Úd"^ Û'báYRÕiZSYRl�l�U�Û"U 8Phid"^"Õþhid Ô bnUX^ oáYÑZShR`eY)`ebchi^ �"YRZ

180 ◦Û/Þãd"^åÛ"báYRÕRZeYRl�l�UÝÛ"U98Phid"^"Õ'�





õ���ï�� ø/ú öùó �

îðïòñ�óôñ � ü � îðïýüûóôñ � óôñ
Uq(g) > � ����� üþó ñ

�Rd"WaÖ�dÉÞÜw l�YRbn^1`SUX^�YR^1`Xs!^'hid"WØY�yihR^"W>Û"Ùm[XZSbâ`>Û"UmW Ô YRWaUXWØ[mZSbnW¾`LYRoconbc^"UXWmsq[RÞãUXWa`¾éTwJé
Û"bcZSU¤Û"UmW Ô YRWaUXWìonh�[�Y)onUXW�UX^

q = 0
�f�ì^ØfÒYRbâ`�sJ^"hid"Wì�uhid'yRhi^"Wì[XhR^"Wa`SZSd"bcZSU¤Û"U¤y�ZSYRbnUmW

Ô YRWaUXWkÛ"UXWVZaUX�"ZaÙXWSUm^1`LY)`Sbnhi^"W
V (λ)

\
λ ∈ P+

` �

B Ê � Ê�¯ �J����(�*10Ø�§�����Ò(Ò���!���
xÝ^

K
é_UXWa��YR[mUwyiUX[�`ehiZabnUmo

V
UmWa`¤y�d�[XhRl�l�UÝd'^Úà Ô ZSÙÝyiUX[�`ehiZabnUmo/YRdréêÛ"UXWaWSd"W�Û'U

o�ÞãUXWa��YR[mU>�"ZShy�aUX[m`Sbcf
P1 Û"U>Û'bnl�UX^"Wabnhi^ 1

Um`wÛ"Ùmà�^'b�WSd'Zwd"^F�uhibn^1`ÝÕiÙX^"ÙmZSbcÖ�d'URsÉU�`
d"^

A
éêl�h�Û"d"ocU

L
UXW¾`�y�d [Xhil�l�U>d"^Fà Ô ZaÙ>yiUX[�`ehiZabnUmoìÛ"Ùmà�^'bìWSd"Zgd"^ÑyihRbnWSbc^�YRÕiU

Û"U�o�ÞãhiZSbcÕibn^'UR�IVÝonhiZaW
L/qL

UmWa`ÝoáYØà Ô ZaU&YRd�é_Û"UmWSWSd'W Û"U�o�ÞãhiZSbcÕibn^'UR��p�b!ocUgà Ô ZSÙ�UXW¾`
Û"Ù�à�^"bqÕioch Ô YRocUXl�UX^1`¤Wad"Z

P1 Um`VWmÞßbco/UXW¾`V`eZSbây�báYRo s'YRochiZSW�`ehid'`VÙmonÙml�Um^¦`VÛ'U�onY&à Ô ZaUYRdréêÛ"UXWaWSd"W�Û"UÜo ÞßhiZabnÕibc^"U���Umd'`�WSUÜ�"Zahionhi^'ÕiUXZÝÛ"UØfÒYDëXhi^Fd'^"bnÖ¦d"UÜUX^Ñd"^'U�WaUX[�`ebnhR^
Õioch Ô YRocU�Û"dFà Ô ZSÙR���wYR^"Wg[mUØ[�YRWms/d"^"U Ô Y)WSUØonh�[�Y)onU�UX^

q = 0
^"hid'WgÛ"hi^"^"UØd'^"U

Ô YRWaU Û"U
V
��ë�hiZSl&d"onhi^'WìUX^�`SUXZal�UmW¤YRocÕiÙ Ô ZabnÖ¦d"UmWP[mUm`a`eU Wabc`Sd�Y)`ebchi^ÜÕiÙXhRl�Ù�`eZSbcÖ¦d"UR�

prhibâ`
K = k(q)

��æ�hiWahi^"W
A = {f ∈ K ; f

ZSÙmÕid"onb�=XZaUgUX^
q = 0}

Um`
A =

{f ∈ K ; f
ZaÙXÕid"ocbª=mZSUgUX^

q = ∞}
�Éprhibâ`

V
d"^

K
é_UmWS��Y)[XU&yRUX[m`ShiZSbcUXo �ÉæìZSUm^"hi^"W

d"^ Wahid"W�é
A
éêl�h�Û"d"ocU

L
s�d'^ WShid'W¾é

A
é_l�hrÛ'd"onU

L∞

Um` d"^�Wahid"W¾é
k[q, q−1]

é_l�hrÛ"d'onU
VZ

Û'U
V
`SUXonW�Ö¦d"U

V ∼= K ⊗A L ∼= K ⊗A L∞
∼= K ⊗k[q,q−1] VZ

�
î Â�·)Áq·"±J²�¶�²S·"¸ ð�²¬°M²¬° �4³ ûù©Uu¬©Uv'I

E = L∩L∞ ∩ VZ

E º sLI�¹¤µ"HDuÒQ&sxt3©Uv ¶ MduÒM�©Uv'IIAµ�Md¨JHDv�uTsLIwIe©Uv�u[¸R¹¤µ�Md¨JHR�ªsAv�uTsLI��
\ Ì `iº Ô HA«X«u�´M�tSHDuÒM�©Uv

E −→ L/qL
sLIAuòµ§v MnIe©J�»©JQ�«�K�MnI��»sXE

\�� `iº Ô HA«X«u�´M�tSHDuÒM�©Uv
E −→ L∞/q

−1L∞

sLIAuòµ(vFMnIe©J�»©JQ�«�K�MnI��»sXE
\ Ï `iº Ô HA«X«u�´M�tSHDuÒM�©Uv

(qL ∩ VZ)⊕ (L∞ ∩ VZ) −→ VZ

sLIAujµ§vFMnIe©J�»©JQ¬«�K�MnI��»sXE



�A$ ÁIÂ ��Ã¤�Ä�d�W���AÆA@7�c�d���MÍc�!Êc�Q���!�������� Uq(sl2) � �ÖÊk�Ï�����
\� `iº sLI HA«X«u�´M�tSHDuÒM�©Uv'I

A⊗kE −→ L ¿ A⊗kE −→ L∞
¿ k[q, q−1]⊗kE −→

VZ

sAu
K ⊗k E −→ V

Ie©Uv�u ¶ sLI�MnIe©J�»©JQ�«�K�MnI��»sLIXE
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ \

4
`
⇒

\
3
` øM-qU�ZaÙXWad"oc`eY)` UmWa` bnl�l�ÙmÛ"báY)`¤onhiZaWSÖ¦d"U&o Þãhi^$U�fáé

f�UX[�`ed"U onU �'ZSh�Û"d"bc`�`eUm^"WShiZabnUmoÉ��YRZ
E
Û"UmW�Û"UXd(',l�UXl Ô ZaUXW¤Û'U

(qA∩ k[q, q−1])⊕

(A ∩ k[q, q−1])−→∼ k[q, q−1]
�

\
3
`
⇒

\
1
` ø>-ìÞßbc^U�aUX[�`ebâyrbâ`eÙ Û'ÙX[XhRd"onUÑÛ"U

Ker(E −→ L/qL) = E ∩ qL =

qL ∩ L∞ ∩ VZ = 0
��p�hibc`

u ∈ L ⊂ K ⊗k[q,q−1] VZ

��]_o UA'rbnW¾`eU�d"^û�uhiocv�^��Rl�U
Û"U1-�YRd'ZSUX^1`

ϕ ∈ k[q, q−1]
^"hR^ ^�d'owUm`Ú`SUXoÝÖ�d'U

ϕu ∈ VZ

�¨íÝhid'WÚ��hRd'yihi^'W
WSd'�"��hRWSUXZ

ϕ ∈ k[q]
Um`
ϕ(0) = 1

�Éæìd"bcWSÖ¦d"U
ϕu ∈ L ∩ VZ ⊂ VZ

s�bco!Uk'rbnWa`SU>��YRZ
\1v���hR`S\7=XWaU

v1 ∈ qL∩VZ

Um`
v2 ∈ L∞∩VZ

`eUXocW�Ö¦d"U
ϕu = v1 + v2

�rj�YRbnW�YRochiZSW
v2 ∈ L∩L∞∩VZ = E

s�Um`�l�h�Û"d"och
qL

^"hRd"W�h Ô `eUX^'hi^"W
v2 ≡ ϕu ≡ ϕ(0)u ≡ u

�
�&ÞãhfåoáY>WSd'ZW�aUX[�`ebâyrbâ`eÙ)�
\
1
`
⇒

\
4
` ø�jåhi^1`eZShR^"W�ÛÉÞ Y Ô hiZaÛþÖ¦d"U���hRd"Zg`ehid'`�Um^¦`SbnUmZ

r ≥ 0
o�ÞßYR�"�"ocbn[�YJ`ebnhR^

⊕r
j=0 q

jE → L ∩ qrL∞ ∩ VZ

UmWa`�d"^ÑbnWahil�hiZS�"\'bnWSl�UR�
�#p�UX[m`Sd"hi^"W��uhid"Zw[mUXonY
d"^"UkZSÙm[Xd"ZaZSUm^"[XUwWad"Z

r
��-ìÞ Y)WSWSUmZa`Sbnhi^�UXWa`�`eZabcy�báYRocU¤�uhid"Z

r = 0
ì¦Wahibc`�YRochiZSW

r > 0
�

íÝhRd"WkY}yRhi^"Wkd"^"U�WSd'bc`eUgUk''YR[m`SU
0 −→ qL ∩ qrL∞ ∩ VZ −→ L ∩ qrL∞ ∩ VZ

−→ (L ∩ qrL∞ ∩ VZ)/(qL ∩ qrL∞ ∩ VZ) −→ 0.
áwZ

qL∩qrL∞∩VZ = q(L∩qr−1L∞∩VZ) '
⊕r

j=1 q
jE

Û/ÞßYR�"Zc=XWPo�Þã\1vr�uhR`S\7=XWaU
Û"UwZaÙX[md"ZSZaUX^"[mUR��æ�Y)ZVYRbnoconUXd'ZSW

E ⊂ L∩ qrL∞ ∩ VZ

Um`
(L∩ qrL∞ ∩ VZ)/(qL∩

qrL∞ ∩ VZ) ⊂ L/qL
s/Y�yiUm[

E ' L/qL
��Y)Z \1v���hR`S\7=XWaU#ìqÛ"hi^'[

(L ∩ qrL∞ ∩

VZ)/(qL∩qrL∞∩VZ) ' L/qL
Um`
L∩qrL∞∩VZ = E⊕(qL∩qrL∞∩VZ) =

E ⊕
⊕r

j=1 q
jE
�

æ�hRd"Z�`ehid"W
a ≤ b

su^'hid"WkY�yihi^"W

qaL ∩ qbL∞ ∩ VZ = qa(L ∩ qb−aL∞ ∩ VZ) = qa
b−a⊕

j=0

qjE =

b⊕

j=a

qjE.

æìd"bnWaÖ¦d"U
V =

⋃

a→−∞ qaL =
⋃

b→+∞ qbL∞

s'^"hid"Wkh Ô `SUX^"hi^'Wk�uhid"Z¤`Shid'`
a

qaL ∩ VZ =
⋃

b≥a

(qaL ∩ qbL∞ ∩ VZ) =
⊕

j≥a

qjE = qak[q]⊗ E,

Um`�YRbc^"WSb
VZ '

⋃

a q
aL ∩ VZ ' k[q, q−1] ⊗ E

�Z� hi^"[
V = K ⊗k[q,q−1] VZ '

K ⊗k E
�



�AÆ�Å��<�W��Ã¤�����
È¬Î3Ï¤��������WÈ �E#
íÝhRd"WÚY�yihR^"W

A ⊗ E ⊂ L
�¤j�Y)bnW,Wab

u ∈ L
s�bcokUk'rbnWa`SU

ϕ ∈ k[q]
`eUmoÝÖ¦d"U

ϕ(0) = 1
U�`
ϕu ∈ VZ ∩ L ' k[q]⊗k E

���Ýhi^"[
u ∈ ϕ−1k[q]⊗k E ⊂ A⊗k E

�
]_oqWXÞãUX^'WSd"bâ`ÝÖ¦d"U

L = A⊗ E
�
áw^�yiÙmZSbâà�U�Û"U�lrmml�UgÖ¦d"U

L∞ = A⊗k E
�

ç Ài¹û°�ÂX½1¿�À�ð�²¬°M²�Ù �4³ prhibc`
E
ocU à Ô ZSÙûyRUX[m`ShiZSbcUXo�WSd"Z

P1 = Spec(k[q]) ∪

Spec(k[q−1])
[mhiZSZaUXWa��hi^'Û�YR^1`>w

(L, L∞, VZ)
�§V onhRZSWPonUkWShid"W�é

A
é_l�hrÛ'd"onU

L
[XhiZ�é

ZSUmWS�uhi^"ÛûYRdûÕiUmZSl�U
E0

Û'U
E
Um^ûo ÞßhiZabnÕibc^"URs�onU�WShid'W¾é

A
é_l�hrÛ'd"onU

L∞

YRdþÕiUXZal�U
E∞

Û"U
E
Um^
∞
sqU�`�ocUØWShid'W¾é

k[q, q−1]
éêl�h�Û"d"ocU

VZ

w o�ÞãUX^"WaUXl Ô onUØÛ"UmW�WaUX[m`Sbnhi^'W
YRdréêÛ"UXWaWSd"WVÛ"U

P1 \ {0,∞}
�"æ!hid"Z¤`ehRd'`Vhid'yRUXZa`kÛ"U��/Y)ZSbnWc�¦b

U
^"hR^ y�bcÛ"UgÛ"U

P1 shi^åY
Γ(U ; E) = {s ∈ Γ(U \ {0,∞} ; OP1)⊗k[q,q−1] VZ ⊂ V ;

s ∈ L
Wab

0 ∈ U
suU�`

s ∈ L∞
WSb
∞ ∈ U}.� hi^'[�o ÞßUmWS��Y)[XUgyiUm[m`ehRZSbnUmo

E
[XhMt�^"[XbcÛ"U�Y�yiUX[�o�ÞãUX^'WSUXl Ô onU�Û"UmWkWaUX[�`ebnhR^"WVÕionh Ô YRonUmWX�

-�Yg[Xhi^"Û'bc`ebchi^�\
3
` UXWa`�ÙXÖ¦d"bây)YRonUm^¦`SUzw

H0(P1 ; E ⊗OP1(−{0})) = H1(P1 ; E ⊗

OP1(−{0})) = 0
�"]_[mb
OP1(−{0})

UmWa`konUgWahid"W¾é�fÒYRbnWa[XUXYRd Û"U
OP1

Û"UmWVf�hR^"[m`Sbnhi^"W
Ö¦d"b WmÞ Y)^"^¦d"onUm^¦`ÚUX^

q = 0
�÷�ì^ Up�Um`Xs¨WSYû[Xhi\'hil�hRonhiÕibcU�UXW¾`�bnWahil�hRZS�"\"U�wûonY

[XhR\"hil�hionhiÕRbnUVÛ"U��¨Um[L\åWaUXochi^�onUÝZSUX[mhid'y�ZSUml�Um^1`
(P1 \ {∞},P1 \ {0})

s�[RÞãUXW¾`aé¬wJé
Û"bcZSUg[XUmonocUgÛ"d$[mhil��"onUk''U

Γ(P1 \ {∞} ; E ⊗ OP1(−{0}))⊕ Γ(P1 \ {0} ; E ⊗ OP1(−{0}))

−→ Γ(P1 \ {0,∞} ; E ⊗ OP1(−{0})),Ö¦d"bq[Xh�tê^"[mbnÛ"U�Y�yiUm[
(qL ∩ VZ)⊕ (L∞ ∩ VZ)→ VZ

�
� ¼S³g¸�²�¶�²S·"¸�ð
²¬°
²ãâ ��³ xk^ `SZSbn�'onUm`

(L, L∞, VZ)
yiÙmZSbcà�YR^1`�ocUXWgÖ¦d�Y)`SZSU�[Xhi^'Û"bâé

`ebchi^"WPÙXÖ¦d"bâyRY)onUX^1`SUXW¤Û"U oáY��'ZShi�uhiWSbâ`ebchi^,zr� Ì � Ì UmWa`�Û'bc`ù¸R¹¤µ�MO�´M�qXQ&¸·\Sä Ô Y)oáYR^"[mUXÛ>ç ` �

�wYR^'WÚ[XU [XYRWXs�^"hR`Shi^"W
G : L/qL −→ E

o�ÞãbnWahil�hiZS�"\'bnWSl�U ZSÙm[Xbn�'ZSh�Ö�d'U�Û"U
[XUmond"b�Û"UØoáY,�'ZShi�uhiWSbâ`ebchi^Fz'� Ì � Ì \

1
` �qprhRbc`

B
d"^"U Ô YRWSUÜÛ"U

L/qL
��V ochiZSW

G(B)UXW¾`�d"^"U Ô YRWaUåÛ'd
k
é_UXWa��YR[mU

E
sìÛ"hi^"[

{G(b) ; b ∈ B}
UXW¾`�d"^"U Ô YRWaUåÛ'd

K
é

UXWa��YR[mU
V
s/Û"d

A
é_l�hrÛ"d'onU

L
s/Û'd

A
é_l�hrÛ'd"onU

L∞

Um`�Û'd
k[q, q−1]

éêl�h�Û"d"ocU
VZ

�
-ìÞßUm^"WSUml Ô ocU

{G(b) ; b ∈ B}
UXW¾`ÝYR�"�uUXonÙiqLHJIesz¥R�ª©DqLHR�ªs�Û"U

V
�

V �'�"onbcÖ�d'hi^"Wk[XUm`a`eU�`e\"ÙmhiZSbcU&YRd§'
Uq(g)

é_l�hrÛ'd"onUmWX�uprhibâ`
−
o Þ Y)d'`ehil�hiZa�"\"bnWal�U

Û"U�o�ÞßYR^"^'U�YRd
Uq(g)

àI''YR^1`ÝocUXW
ei
Um`
fi
U�`kUX^1yih}v1Y)^¦`

q
Um`
q(h)

Wad"ZVZSUXWa��Um[m`SbcyiU é
l�UX^1`

q−1 Um` q(−h) �æ�hRd"Z�`ehid'`V�uhibcÛ"W�Û"hil�bn^�Y)^¦`
λ ∈ P+

s�onUgl�hrÛ"d'onU
V (λ)

yiÙXZabcà�U
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\ zr� Ì � Ì `
V (λ) ' Uq(g)/

∑

h∈P ∗

Uq(g)(qh − q〈h,λ〉) +
∑

i∈I

Uq(g)ei +
∑

i∈I

Uq(g)f
1+〈hi,λ〉
i ,

Û"U�Û"ÙX^"hRl�bc^�Y)`eUmd"Z�bn^1y)YRZSbnYR^1`&��Y)Z
−
�©íkhR`ehR^"W>YRochiZSW

−
o�Þãbn^1yihiocd'`ebchi^ÑÛ"U

V (λ)Ö¦d"bqUX^1yRhibnU
Puλ

WSd'Z
Puλ

�uhid"Z¤`Shid'`
P ∈ Uq(g)

�
prhibâ`

(L(λ), B(λ))
onY Ô YRWSUå[XZabnW¾`LYRoconbn^'U,Û"U

V (λ)
�òág^ YFyrd w onYF��YRÕiU  Ì

Ö¦d"U
V (λ)Z:=Uq(g)Zuλ ⊂ V (λ)

UXW¾`�d"^ÑWShid"W�é
k[q, q−1]

é_l�hrÛ'd"onU�Û"U
V (λ)

Ö�d'b
UX^'ÕiUX^"Û'ZSU

V (λ)
[mhil�l�UgUXWa��YR[mU�yRUX[m`ShiZSbcUXo �7V�Û"l�Um`S`Shi^"WVonU

® »!¼�·'Ây¯R¹ Àèð
²¬°
²�é Ä ^ �§)I_ È ��³ º sØuÒQ MÜ«u�ªsAu
(L(λ), L(λ)−, V (λ)Z)

sLIAub¸R¹¤µ�MO�´MO�
qXQ&¸XE
íÝh)`ehi^"W

Gλ

o ÞßbcWShil�hiZa�"\"bnWal�UÝZSÙm[Xbn�'ZSh�Ö�d'UgÛ"U
L(λ) ∩ L(λ)− ∩ V (λ)Z−→∼ L(λ)/qL(λ).

-ìÞßUm^"WSUml Ô ocU
Gλ(B(λ)) = {Gλ(b) ; b ∈ B(λ)}

UXW¾`¨d"^'U Ô Y)WSUkÛ"U
V (λ)

Um`�YRbn^'WSb

V (λ) =
⊕

b∈B(λ)

KGλ(b),

L(λ) =
⊕

b∈B(λ)

AGλ(b),

V (λ)Z =
⊕

b∈B(λ)

k[q, q−1]Gλ(b).

æìond"WPÕiÙm^"ÙXZSYRonUml�Um^¦`Xs¦WShibâ`
M

d"^
Uq(g)

éêl�h�Û"d"ocU�bn^1`eÙmÕiZeY Ô onUVÛ"U Ô YRWSUÝ[XZSbcWa`eYRoâé
onbc^"U

(L,B)
�uprhRbc`

−
d"^"U�bn^1yihRond'`Sbnhi^�Û"U

M
WSY)`ebcWafÒYRbcWeYR^1`åw

(au)− = a u
��hid'Z

`ehRd"W
a ∈ Uq(g)

U�`
u ∈ M

�!prhRbc`
MZ

d"^ÑWahid"W¾é
Uq(g)Z

é_l�h�Û"d"onU�Û"U
M

Wa`eY Ô onU
��YRZ
−
`eUXoqÖ¦d"U

M ' k(q)⊗k[q,q−1] MZ

U�`
\ zr� Ì � � `

u− u ∈ (q − 1)MZ

��hRd"Z�`ehid'`
u ∈MZ

�
prbid'^�`SZSbn�'onUm`

(L, L,MZ)
UXWa`!ÙmÖ�d'bnonb Ô ZSÙ)sXhi^�Û"bâ`�Ö¦d"U

M
Y)Û"l�U�`qd"^"UåqLHJIes�¥R�ª©DqLHR�ªs��

�wYR^'W$[mUþ[XYRWXs�^"h)`ehi^"W
G : L/qL −→ E = L ∩ L ∩ MZ

o�ÞãbnWahil�hRZS�"\"bcWSl�U
ZSÙm[Xbc�"ZSh�Ö¦d"U�Û'U

E−→∼ L/qL
�Rp�b

B
UXW¾`�d"^'U Ô YRWaU�Û'U

L/qL
s)Y)onhiZaW

G(B)
Û"Umy�bnUm^1`

d"^"U Ô Y)WSU�Û"U
M
�Máw^åo Þ Y)�"��UmonocUgYRonhRZSW�qLHJIeså¥R�ª©DqLHR�ªsgÛ"U

M
�

� hi^'^"hi^"WVd"^"U�[mhi^"Û"bâ`ebnhR^�WSdI~�WeY)^¦`SU&�uhid"Z�Ö¦d"Ur\ zr� Ì � � ` Wahibc`�yRÙXZSbâà�ÙXU)�



�AÆ �#�<�W��Ã¤�����
È¬Î3Ï¤��������WÈ � à
× Ài¹ ¹ ÀÑð�²¬°M²�ê ��³ ´�µy«X«�©}Ie©Uv'In¹¤µÖÔ MO��sc¼iMnIAuTsåµ§vÚIe©Uµ¦I��

k
�_�»© ¶ µr�ªs F ¶ s MZ

u¬s��
¹¤µ�s

MZ = Uq(g)ZF
EZ´�M

u− u ∈ (q − 1)MZ

«�©UµrQ0u¬©Uµ§u
u ∈ F ¿ HR�ª©JQeIä\Òz'� Ì � � `sLIAuò¨D¸�Q�M Òí¸3sXE

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ íkhid"W Y�yihR^"W
a − a ∈ (q − 1)Uq(g)Z

��hid'Z,`ehidr`
a ∈

Uq(g)Z

s Û/Þãhf
au − au = (a − a)u + a(u − u) ∈ (q − 1)MZ

�uhid"ZÜ`ehid'`
u ∈ F

�
× Ài¹ ¹ ÀÑð�²¬°M²Tð ��³ º HäqLHJIeså¥R�ª©DqLHR�ªs ¶ s M ¨D¸�Q M Òís

G(b)− = G(b)
«�©Uµ�Q�uT©Uµ§u

b ∈ B
E

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ p�hibc`
u ∈ L ∩ L ∩MZ

�IV onhRZSW
u ∈ L ∩ L

s�Û"hi^'[
u− u ∈

L ∩ L ∩ (q − 1)MZ

ÛÉÞ YR�'ZR=XWVo Þß\1v���h)`e\7=mWSU�WSd"Z
MZ

s�Û/ÞßhD
(q − 1)−1(u− u) ∈ (q − 1)−1L ∩ (q − 1)−1L ∩MZ.æìd"bnWaÖ¦d"U

q− 1
UmWa`�bc^1yiUXZaWSb Ô onUÝÛ�YR^"W

A
Um`

(q− 1)−1L = q−1L
s�^"hid'W¤h Ô `SUX^"hi^'W

(q − 1)−1L ∩ (q − 1)−1L ∩MZ = L ∩ q−1L ∩MZ = 0
�

®g·'Â�·'¯_¯�°�²_Â�À�ð�²¬°
²�õ �4³ º sG¨Ds3tAu¬sAµrQ
G(b)

sLIAuk�RÔ µ§v�M�¹¤µ�s
u ∈ L ∩MZ

uTs��ò¹¤µ�s
u = u

sAu
b ≡ u mod qL

E
{ÝÙmoáYRWms�oáY Ô YRWSU�Õionh Ô YRonU�Û/Þãd"^

Uq(g)
é_l�hrÛ"d'onU�^/ÞãUXWa` UX^ ÕRÙX^"ÙmZeYRo!��YRWkfÒYR[XbconU?w

Û"Ù�`eUXZal�bc^"UXZm�
:<; Ài¹ Á�¯ÒÀèð�²¬°M²ãö ��³ �wYR^"W,onUå[�YRW

g = sl2
s�onY Ô YRWaU Õioch Ô YRocU�Û"U

V (λ)
UXW¾`

f�hiZal�ÙmUgÛ"UXW
f (n)uλ

\
0 ≤ n ≤ wt(λ)

` �
:<; Ài¹ Á�¯ÒÀèð�²¬°M²¬ú ��³ �wYR^"W�onUÜ[XYRW

g = sl3
s�oáY Ô YRWaU�Õioch Ô YRocUØÛ"U

V (λ)
\
λ ∈

P+
` UXWa`
{f

(`)
1 f

(m)
2 f

(n)
1 uλ ; m ≥ `+ n

Um`
n ≤ 〈h1, λ〉

s
m ≤ n+ 〈h2, λ〉}

⋃
{f

(`)
2 f

(m)
1 f

(n)
2 uλ ; m ≥ `+ n

U�`
n ≤ 〈h2, λ〉

s
m ≤ n + 〈h1, λ〉 }

�
áw^åY�Û�Y)^"WVonUg�"ZaUXl�bnUXZ¨[�YRW

f
(`)
1 f

(m)
2 f

(n)
1 uλ = Gλ(f̃

`
1 f̃

m
2 f̃

n
1 uλ) = Gλ(f̃

m−`
2 f̃n+`

1 f̃ `2uλ).íÝh)`ehi^"WÝÖ¦d"U
f

(`)
1 f

(`+n)
2 f

(n)
1 uλ = f

(n)
2 f

(`+n)
1 f

(`)
2 uλ

Wab
`
s
n ≥ 0

Um` Ö¦d"U>o�Þãbn^1`SUXZ¾é
WSUm[m`Sbnhi^åÛ"UXWVÛ"Umd('åUX^'WSUXl Ô onUmWkUmWa`Vf�hiZal�ÙmUgUA''YR[m`SUXl�UX^1`ÝÛ"U�[XUXWk[�Y)WX�
:<; Ài¹ Á�¯ÒÀèð�²¬°M²¬°�ü �#³ �wY)^"WVonUg[�Y)W

g = sl4
s'yihRbnZ�^ )Z�X_ �
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B ÊcÆqÊ�� �J-��!�J�Ò�10}��+Ø��*r+G�! �+X*�+��u(�-
�! �(�*�+
prhibâ`

M
d'^�l�hrÛ'd"onUìbc^¦`SÙXÕiZSY Ô ocUìYRÛ"l�Um`a`LYR^1`!d"^"U Ô YRWaU�ÕRonh Ô Y)onU©U�`�WSY)`ebcWafÒYRbcWeYR^1`

w
G(b)− = G(b)

�uhid"Z `ehid'`
b ∈ B

�"prd'�"��hRWShi^"W¨Û"U �"ocd"W¨Ö¦d"UÝ��hRd"Z�`Shid'`���hibcÛ"W
λ
ocUgl�h�Û"d"ocU

Mλ+nαi

UmWa`k^¦d"oqonhRZSWSÖ¦d"U
n
UXW¾`ÝYRWSWaU¤S�ÕiZeYR^'Û/�7V ochiZSW

fni M =
⊕

εi(b)≥n

KG(b), eniM =
⊕

ϕi(b)≥n

KG(b).

æìond"W��'ZSÙX[mbnWaÙXl�UX^1`�s�^"hid'WÝY�yRhi^"WkoáY
î Â�·)Áq·"±J²�¶�²S·"¸ ð�²�ÙZ²¬° �4³ ´�©Uµ¦I��ªsLI>K§¾3«�©UuOK�¦LIesLI9«uQ&¸3t3¸ ¶ sAv�uTsLI ¿ �âH1qLHJIes?¥R�ª©DqLHR�ªs
¶ s M ¨D¸�Q M Òís

\ zr� �r� Ì ` f
(n)
i M ∩MZ =

∑

m≥n f
(m)
i MZ =

⊕

εi(b)≥n
k[q, q−1]G(b),

e
(n)
i M ∩MZ =

∑

m≥n e
(m)
i MZ =

⊕

ϕi(b)≥n
k[q, q−1]G(b).

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ æìd"bcWSÖ¦d/Þãd"^�WSUmd"o
i
bn^1`SUXZay�bcUX^1`�s�ZeYRl�UX^'hi^"W¾éê^"hid"W¨YRd,[XYRW¨Û'U

sl2
Y�yRUX[

M =
⊕

m∈Z Mµ+mαi

�uhid"Z¤d'^
µ ∈ P

�I� ÙXl�hi^1`eZahi^"W�oáY&f�hRZSl>d"ocU ��Y)Z
ZSÙm[Xd"ZaZSUm^"[XUVÛ"UmWS[XUm^"Û�YR^1`SU WSd'Z

n
�¦prb

n� 0
sRonUXW�Û"UXd('Øl�Uml Ô ZSUmWìÛ"U?\ zr� �r� Ì ` Wahi^1`

^¦d"onWm�uprd"�"�uhiWahi^"WVonUmWkÙmÖ¦d�Y)`ebchi^"Wù\ zr� �r� Ì ` y�ZSYRbnUmWk�uhid"Z
n > n0

U�`kÛ"ÙXl�hi^1`eZahi^"W¾é
onUmW���hRd"Z

n = n0

�7V [mUm`S`SUgà�^/s�^"hid'WÝY�yRhi^"W Ô UmWShibc^åÛ'd
× Ài¹ ¹ ÀÑð�²�ÙZ²�Ù ��³ � ©UµrQ

b ∈ B ¿ vg©UuT©Uv'I ẽimaxb = ẽi
εi(b)b

ELñ �ª©JQeI
G(b) ∈ f

(εi(b))
i G(ẽi

maxb) +
∑

εi(b′)>εi(b)

k[q, q−1]G(b′)

I�M
εi(b) ≥ n0

E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ p�hibnUm^¦`

` = εi(b)
Um`
b0 = ẽi

maxb
\ÒÙmÖ�d'bcy)YRonUm^1` w

b =

f̃i
`b0
` ��VÝonhiZaW

L 3 G(b0) =
∑

k≥0 f
(k)
i uk

Y�yiUm[
eiuk = 0

s
u0 = b0 mod qL

U�`

uk ∈ qL
Wab
k > 0

�qj�Y)bnW
f

(`)
i G(b0) =

∑

k≥0

[
k + `

`

]

f
(k+`)
i uk

Um`
G(f̃i

`b0) ≡

f
(`)
i u0 mod qL

�
� hi^'[

v:=G(f̃i
`b0)−f

(`)
i G(b0)

Y)�"��YRZ¾`ebnUm^1`jw
(f `+1
i M+qL)∩MZ

�D�&ÞßYR�"ZR=mW
o�Þã\1v���hR`S\7=XWaU�Û"U�ZSÙX[md"ZSZaUX^"[mU
(f `+1
i M + qL) ∩MZ

=
(⊕

εi(b′)>`
KG(b′) +

⊕

εi(b′)≤`
qAG(b′)

)
∩

(⊕

b′ k[q, q
−1]G(b′)

)

=
⊕

εi(b′)>`
k[q, q−1]G(b′) +

⊕

εi(b′)≤`
qk[q]G(b′),



�AÆ ���X�WÊRÃA�W��È��WÈ��M������Q���d����ÍR��ÊR�¤�c����� � �
U�`wYRbc^"WSb

v ∈
⊕

εi(b′)>`
k[q, q−1]G(b′) +

⊕

εi(b′)≤`
qk[q]G(b′)

��j�YRbcW
v = v

Um`
��YRZ�[mhi^"WaÙXÖ¦d"UX^1`

v ∈
( ⊕

εi(b′)>`

k[q, q−1]G(b′) +
⊕

εi(b′)≤`

qk[q]G(b′)
)

⋂ ( ⊕

εi(b′)>`

k[q, q−1]G(b′) +
⊕

εi(b′)≤`

q−1k[q−1]G(b′)
)

⊂
⊕

εi(b′)>`

k[q, q−1]G(b′) +
⊕

εi(b′)≤`

(qk[q] ∩ q−1k[q−1])G(b′).

ágZ
qk[q]∩q−1k[q−1] = 0

siÛ/ÞãhfÜà�^�YRocUXl�UX^1`
v ∈

⊕

εi(b′)>l
k[q, q−1]G(b′)

�

� Mdv ¶ s��âH ¶ ¸��»©Uv'IAuÒQSHDuÒM�©Uv ¶ s��âH÷«uQ3©3«�©}I�MduÒM�©Uv�4REHG�EJ'1E³ prb
` = εi(b) ≥ n0

s�YRochiZSW
G(b) ∈ f

(`)
i G(ẽi

maxb) +
⊕

εi(b′)>`
k[q, q−1]G(b′)

ÛÉÞ YR�'ZR=XWåonUÑocUXl�l�UFzr� �r� �r�
�&Þãhf

G(b) ∈
∑

m≥` f
(m)
i MZ

Û/ÞßYR�"Zc=XW�o�Þã\¦v��uhR`e\I=XWSU�Û"U$ZaÙX[md"ZSZaUX^"[mUR�¤]_oV^"hid'W
ZSUmWa`SU»w�yiÙmZSbcà"UXZ�Ö�d'U

f
(n)
i M ∩MZ ⊂

∑

εi(b)≥n
k[q, q−1]G(b)

��æ!hid"Z�[XUÜfÒYRbnZaURs
[XhR^"WSbcÛ"ÙXZahi^"W,o ÞßUmWS��Y)[XU$yRUX[�`ehiZabnUXo

V = f
(n)
i M

U�`ÚWahi^ Wahid"W¾é
k[q, q−1]

é_l�hrÛ"d'onU
VZ = MZ∩V

�R]_or^"hid"WìWadI~Ü`ìÛ"U¤Û'ÙXl�hi^1`eZSUmZ©Ö¦d"U
VZ =

⊕

εi(b)≥n
k[q, q−1]G(b)

�
æ�hRWShi^"W

LV = L ∩ V
Um`
LV = L ∩ V

�4VÝonhiZaW�onU�Ö�d'hR`ebcUX^1`
LV /qLV

UmWa`&d"^
WShRd"W¾éêUXWS�"YR[XU ⊕

εi(b)≥n
k b

Û'U
L/qL

ÛÉÞ YR�'ZR=XW�ocUìonUXl�l�U �r� �r� Ì �r�e-ìÞßbcWShil�hiZa�"\"bnWal�U
L∩L∩MZ−→∼ L/qL

bn^"Û"d'bc`Pd"^"Ukbn^U�aUm[m`Sbnhi^
LV ∩LV ∩VZ −→ LV /qLV

�(ágZ
G(b) ∈ LV ∩LV ∩VZ

onhiZaWSÖ¦d"U
εi(b) ≥ n

s�Û"hi^'[ onUVl�hiZS�'\"bnWal�UVUXW¾`¤ÙmÕ1YRonUml�Um^1`
WSd'ZW�aUX[�`ebâf��r]_o�WXÞãUX^"Wad"bc`�Ö¦d"U onUÝ`SZSbc�"onU�`

(LV , LV , VZ)
UXWa`¤ÙXÖ¦d"bnocb Ô ZaÙ U�`

LV ∩LV ∩

VZ =
⊕

εi(b)≥n
kG(b)

s�[XU�Ö¦d"bqUX^1`SZeY��n^"U
VZ =

⊕

εi(b)≥n
k[q, q−1]G(b)

�
î Â�·)Áq·"±J²�¶�²S·"¸ ð�²�ÙZ²ãâ �4³ � ©Uµ�Q[u¬©Uµ¦I

b ¿ b′ ∈ B ¿ m ∈ Z
sAu
i ∈ I ¿ MO�
sc¼iMnIAu¬s ¶ sLI¸��ª¸��»sAv�uOI

F
(m) i
b,b′ ∈ q

−m(εi(b
′)−m)

i qk[q] ¿ E(m) i
b,b′ ∈ q

−m(ϕi(b
′)−m)

i qk[q]
u¬s�� Ix¹¤µ�s

f
(m)
i G(b) =

[
εi(b) +m

m

]

i

G(f̃i
mb) +

∑

εi(b′)>εi(b)+m

F
(m) i
b,b′ G(b′),

e
(m)
i G(b) =

[
ϕi(b) +m

m

]

i

G(ẽi
mb) +

∑

ϕi(b′)>ϕi(b)+m

E
(m) i
b,b′ G(b′),

sAu
F

(m) i
b,b′ = F

(m) i
b,b′

¿ E(m) i
b,b′ = E

(m) i
b,b′

E



�& ÁIÂ ��Ã¤�Ä�d�W���AÆA@7�c�d���MÍc�!Êc�Q���!�������� Uq(sl2) � �ÖÊk�Ï�����
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ × hRl�l�UX^7ëmhi^"W���Y)ZkZaUXl�YRZSÖ¦d"UmZ�Ö¦d"U

\ zr� �r� � `
f

(m)
i L ⊂

∑

k≥0 q
−km
i (L ∩ f

(m+k)
i M)

=
∑

k≥0, εi(b′)≥m+k

q−kmi AG(b′)

=
⊕

εi(b′)≥m

q
−(εi(b′)−m)m
i AG(b′).

�ì^ÚUp�Um`Xs�`Shid'`
u ∈ L

�uUXdr`¤WXÞãÙX[mZSbcZSU
u =

∑

k f
(k)
i uk

Y�yiUm[
eiuk = 0

Um`
uk ∈ L

�
V ochiZSW

f
(m)
i u =

∑

k≥0

[
m+ k

k

]

i

f
(m+k)
i uk ⊂

∑

k≥0 q
−km
i (L ∩ f

(m+k)
i M)

�
prhibâ`

n = εi(b)
�!æ�hiWahi^"W

b0 = ẽi
nb

\ÒÙmÖ�d'bcy)YRonUm^1`xw
b = f̃i

nb0
` U�`

G(b0) =
∑

k≥0 f
(k)
i uk

s�Y�yiUm[
eiuk = 0

s
u0 ∈ L

U�`
uk ∈ qL

Wab
k > 0

�
æìd"bnWaÖ¦d"U

G(b) − f
(n)
i u0 ∈ qL

s¨hi^ Y
f

(m)
i G(b) −

[
n +m

n

]

i

f
(n+m)
i u0 ∈

qf
(m)
i L

��æ�YRZkYRbnoconUmd"ZSWmsr^"hRd"WkY}yRhi^"W
G(f̃i

mb)− f
(n+m)
i u0 ∈ qL

���&Þãhf

w:=f
(m)
i G(b)−

[
n+m

n

]

i

G(f̃i
mb)

=
(
f

(m)
i G(b)−

[
n+m

n

]

i

f
(n+m)
i u0

)
−

[
n +m

n

]

i

(
G(f̃i

mb)− f (n+m)
i u0

)

∈ qf
(m)
i L +

[
n+m

n

]

i

qL = qf
(m)
i L + qq−nmi L

⊂
⊕

εi(b′)≥m

qq
−(εi(b

′)−m)m
i AG(b′) +

⊕

b′
qq−nmi AG(b′).

�&ÞßYRd'`SZSU���YRZ¾`�s"ocUgonUXl�l�Ugz'� �r� �>bcl��"ocbnÖ¦d"U

w = f
(m)
i

(
G(b)− f

(n)
i G(b0)

)
−

[
n+m

n

]

i

(
G(f̃i

mb)− f
(n+m)
i G(b0)

)

∈MZ ∩ f
(n+m+1)
i M ⊂

∑

εi(b′)>n+m

k[q, q−1]G(b′).ë�bc^�YRonUml�Um^1`�s'^'hid"WVh Ô `SUX^"hi^'W

w ∈
⊕

εi(b′)>n+m

(

k[q, q−1]
⋂(

qq
−(εi(b

′)−m)m
i A + qq−nmi A

))

G(b′)

⊂
⊕

εi(b′)>n+m

qq
−(εi(b

′)−m)m
i k[q]G(b′),

Û/ÞãhfåonUgZSÙmWSd"oâ`LY)`X��-ìÞ Y)WSWSUmZa`Sbnhi^ �uhid"Z
e
(m)
i G(b)

WaU�Û"ÙXl�hi^1`eZaU�Û'U�limXl�UR�



�AÆ ���X�WÊRÃA�W��È��WÈ��M������Q���d����ÍR��ÊR�¤�c����� � �
ç Ài¹û°�ÂX½1¿�À�ð�²�ÙZ²�é �4³ .Ü�Ó-�d'WRSm`SbnÕ�\�^ Æ 2 �ÜÆ 5I_d` Y
bc^1`eZSh�Û"d"bâ`ÚocUXW Ô Y)WSUXW Õioch)é
Ô YRocUXW \�Ö¦d/Þßbco�YFYR�"�uUXocÙXUmW Ô YRWSUmWÜ[�YR^"hR^"bnÖ¦d"UmW ` UX^ ZSÙXYRonbcWeYR^1`

U−
q (g)

[XhRl�l�U,ocU
K
é_ÕRZShid"�uU,Û'UXW>fÒYRbcWS[XUXYRd('þ[XhR^"Wa`SZSd"[�`eb Ô onUXW&WSd"Z>onY$y)YRZSbcÙm`SÙ,Û"UmWØ[�YRZaÖ�d'hibnW�ÙXÖ¦d"bâé

y)YRZSbnYR^1`eW �uhid"Z�Û"UXW YR[�`ebnhR^"W Û"U ÕiZahid"�uUXW�\OyihibcZFÙXÕ1YRocUXl�UX^1`�^ Æ B�_a` �9�wYR^"WF[mU
[XhR^¦`SUA'�`eU)s¤oáY Ô YRWaU [�Y)^"hi^"bcÖ�d'U�[XhRZSZSUmWS�uhi^"Û YRd§' fÒY)bnWS[mU�YRd§' �uUXZ¾yiUXZaWÚbnZaZSÙmÛ"d"[�é
`eb Ô onUmWX�

:<; ÀiÂ}µi²Sµ�À±ð
²¬° �4³ prhibâ`
M
d"^

Uq(g)
é_l�hrÛ'd"onU�bn^1`eÙmÕiZeY Ô onU©Û"U

Oint
l>d"^"bRÛ/Þßd'^"U

Ô YRWaUÜ[XZSbcWa`eYRonocbn^"U
(L,B)

�!prhibcUX^1`
ni
s
mi ∈ N

\
i ∈ I

` Um`
λ ∈ P

��� ÙXl�hi^1`eZaU¤S
Ö¦d"U
dim

(⋂

i∈I

(eni

i M ∩ f
mi

i M)
)

λ

= ]{b ∈ Bλ ; ϕi(b) ≥ ni
U�`
εi(b) ≥ mi

��hid'Z¤`ehid'`
i ∈ I},

dim
(⋂

i∈I

(eni

i M + fmi

i M)
)

λ

= ]{b ∈ Bλ ;
��hRd"Z¤`ehidr`

i ∈ I
s�hi^åY

ϕi(b) ≥ ni
hid Ô bnUm^

εi(b) ≥ mi},

⋂

i,j∈I

(eni

i M + f
mj

j M) =
(⋂

i∈I

eni

i M
)

+
(⋂

i∈I

fmi

i M
)
,

∑

i,j∈I

(eni

i M ∩ f
mj

j M) =
(∑

i∈I

eni

i M
) ⋂(∑

i∈I

fmi

i M
)
,

⋂

i,j∈I

(
Ker(eni

i : M →M) + Ker(f
mj

j : M →M)
)

=
(⋂

i∈I

Ker(eni

i : M →M)
)

+
(⋂

i∈I

Ker(fmi

i : M →M)
)
,

∑

i,j∈I

(
Ker(eni

i : M →M) ∩Ker(f
mj

j : M →M)
)

=
(∑

i∈I

Ker(eni

i : M →M)
) ⋂(∑

i∈I

Ker(fmi

i : M →M)
)
.

\Ò]_^'Û"bn[XY)`ebchi^1ø"hi^å��Umd'`kWSd"�'��hiWaUXZVÖ¦d"U
M

YRÛ'l�U�`Vd"^"U Ô YRWaU�Õioch Ô YRocUR� `





õ���ï�� ø/ú öùó �

îðï ñ,ó õ öùøqñÚúûï üþüûøuÿ�ó
B(∞)

� ó
ü��_ï ü�� 	 îðöùó

U−q (g)

6!hid'`�[Xhil�l�UØonUXWgl�h�Û"d"onUmW
V (λ)

\
λ ∈ P+

` sqo�ÞßYRocÕf= Ô ZaU
U−
q (g)

YRÛ"l�Um`�d'^"U
Ô YRWaU&[mZSbnW¾`LYRoconbc^"UR� × U�`S`SU Ô YRWaU>UXW¾`wUm^�fÒYRbc`kh Ô `eUX^¦d"U&[Xhil�l�U�ocbnl�bc`eUgÛ'U&[XUmonocU�Û'U
V (λ)

Ö¦d�Y)^"Û
λ
`eUX^'Û$yiUmZSWko�Þãbn^'à"^"b��

E Ê � Ê #�- � +m0��<�!.R0���- � ��*F(Ò ]�! �+X* B(∞)
prhibâ`

ξ ∈ Q−

d"^�ÙmonÙml�Um^¦`ÝÛ"då`eZSUmbnoconbnW¨Û"UXWÝZeYR[mbn^"UmWX�uæ�hid'ZÝ`ehRd'` �uhibcÛ"WVÛ"hil�bâé
^�YR^1`

λ ∈ P+
s�onUgocUXl�l�U Ï � ��� Í Y<~�ZSl�UgÖ¦d"U

V (λ)λ+ξ ' U−
q (g)ξ

/∑

i

U−
q (g)ξ+(1+〈hi,λ〉)αi

f
1+〈hi,λ〉
i .

áwZ
ξ + (1 + 〈hi, λ〉)αi /∈ Q−

��hid'Z
〈hi, λ〉 � 0

�Z�Ýhi^"[iw
ξ
à(''Ù

U−
q (g)ξ

U�`
V (λ)λ+ξ

Wahi^1`kbnWShRl�hiZa�"\"UmW�onhiZaWSÖ¦d"U
〈hi, λ〉 � 0

�uhid"Z¤`Shid'`
i
�

TVUXl�YRZSÖ¦d"hi^'W�Ö¦d"U��uhid"Z�Û"UXd§' ��hibcÛ"W�Û"hil�bn^�Y)^¦`SW
λ
Um`
µ
ocUØ[XZabnWa`eYRo

B(λ +

µ)
WmÞßbc^U�aUX[�`eUØÛ�Y)^"WwonU&[XZSbcWa`eYRo

B(λ) ⊗ B(µ)
[XhRl�l�U&Wahid"W¾éê[XZabnWa`eYRo��'onUXbc^ ��YRZ onU

l�hiZS�"\'bnWSl�U
B(λ + µ) 3 uλ+µ 7→ uλ ⊗ uµ ∈ B(λ) ⊗ B(µ)

�L�&ÞßYRd'`SZSU���YRZa`Xs
[XhR^"WSbcÛ"ÙXZahi^"WVonUgWahid"W¾éêUX^"WaUXl Ô onU

B(λ)⊗ {uµ} ⊂ B(λ)⊗B(µ)
�

× Ài¹ ¹ À±õ�²¬°M²¬° ��³ \ Ì `�� ©Uµ�Q·u¬©Uµ(u
b ∈ B(λ) ¿ �ªsLI·¨Ds3tAu¬sAµ�QLI ẽi(b ⊗ uµ) sAu

(ẽib)⊗ uµ
Ie©Uv�u[¸�¥1HDµD¼¦E

\�� ` ´�M
b ∈ B(λ)

¨D¸�Q M Òís
f̃ib ∈ B(λ) ¿ HR�ª©JQeI f̃i(b⊗ uµ) = (f̃ib)⊗ uµ

E
\ Ï ` ûù©Uµ1I&HD¨D©Uv'I

B(λ)⊗ {uµ} ⊂ B(λ+ µ)
E



! $ ÁIÂ �cÃ¤�Ä�d�W���3Æ&@7���d�xB��W���a���c�����!É� B(∞) ��L�ÌË �c��Íc����W� U−

q (g)

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ \
1
` Û"ÙX[mhid"onU&Û"U

ϕi(b) ≥ 0 = εi(uµ)
s�Um`i\

2
` Û'U

ϕi(b) >

0 = εi(uµ)
��\

3
` UXW¾`Ýd'^"U�[mhi^"WaÙXÖ¦d"UX^'[XU>Û"U»\

2
` U�`kÛ"U

B(λ) = {f̃i1 · · · f̃inuλ} \

{0}
�

× Ài¹ ¹ À±õ�²¬°M²�Ù ��³ � ©UµrQ1u¬©Uµ¦I
λ ¿ µ ∈ P+

¿ �RÔ HA«X«u�´M�tSHDu M�©Uv B(λ) ⊗ Tµ ↪→
B(λ+ µ) ¶ ¸WÒjv�M�«'HRQ b⊗ tµ 7→ b⊗ uµ

sLIAuÖµ§vi«u�ª©Uv§¥§s��»sAv�u
e
��IAuÒQ M�tAuò\¾��HRMnIò«'HJI

f
��IAuÒQ M�tAu>sAv ¥§¸Avg¸�QaHR� ` E

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ íkhid"W�Y�yihi^"W
ϕi(b⊗ tµ) = max

(
ϕi(b)+ 〈hi, µ〉,−∞

)
=

ϕi(b)+〈hi, µ〉
Um`
ϕi(b⊗uµ) = max

(
ϕi(b)+〈hi, µ〉, 〈hi, µ〉

)
= ϕi(b)+〈hi, µ〉�uhid"Z¤`ehRd'`

b ∈ B(λ)
s"Û"hR^"[�o�ÞßYR�"�"ocbn[�YJ`ebnhR^,UXW¾` [mhil���Y)`eb Ô onU Y�yiUX[

ϕi
�

æ�Y)Z¤YRbcononUmd"ZSW
ϕi(b) ≥ εi(tµ) = −∞

s'Û'hi^"[
ẽi(b⊗ tµ) = (ẽib)⊗ tµ

�I�&Þ Y)d'`eZaU
��YRZ¾`�siocU�onUml�l�U¨�"ZaÙX[mÙXÛ"Um^¦`�bnl��"ocbnÖ¦d"U¨Ö¦d"UVocUXW©yiUm[m`SUXd"ZaW

ẽi(b⊗uµ)
Um`

(ẽib)⊗uµWShR^¦`kÙmÕ1YRd('���V bc^"WSb s"o�ÞßYR�"�'onbn[XY)`ebchi^,[mhil�l>d'`eU�Y�yRUX[�o�ÞßYR[m`Sbnhi^ÚÛ'UXW
ẽi
�

-qUXWØY)d'`eZaUÚYU'rbnhRl�UmW&Û"UmWØl�hiZa�"\"bcWSl�UXW�Û"UÚ[XZabnW¾`LYRd('ûWSU�yiÙXZabcà�Um^1`�YRbnWaÙXl�UX^1`��

-�YÚonbcl�bâ`eU�bn^"Û"d'[m`ebâyiUØÛ"UØ[mZSbcWa`LY)d('FUmWa`�Û"Ùmà"^"bnUØ[mhil�l�U>Wad"bc`X��prhibâ`
J
d"^ UX^ré

WSUml Ô ocU>hiZSÛ'hi^"^"Ù>à�oâ`eZSYR^1`��M� ^ÑÛ/ÞßYRd'`SZSUmWw`eUXZal�UmW
J
UXW¾`�d"^ÑUX^"WaUXl Ô onU>hiZaÛ"hi^"^'Ù

^"hi^�yrbcÛ"U¨`SUXo'Ö¦d"U¨��hid'Z�`ehRd'`eU¤�"YRbnZaU¨Û/ÞãÙXocÙXl�UX^1`eW
j
s
k
Û"U
J
bno�UA'rbnW¾`eU¤d'^ØÙXonÙml�Um^1`

`
Û"U

J
`eUmo�Ö¦d"U

j ≤ `
U�`
k ≤ `

�Éprhibâ`
{Bj}j∈J

d"^�Wav�Wa`R=Xl�UØbn^"Û"d'[m`ebâf©Û"U�[XZabnW¾é
`LY)d('�su[)ÞßUmWa`¾éTwJéêÛ"bnZaUgd"^"U�[XhioconUX[�`ebchi^

Bj
Û"U�[XZabnWa`eYRd('ål>d'^"bnW�Û"U�l�hiZS�"\'bnWSl�UXW�Û'U

[XZabnW¾`LYRd('
ψkj : Bj −→ Bk

\
j ≤ k ∈ J

` `SUXonW�Ö¦d"U
ψjj = idBj

Um`
ψkjψji = ψki

�
íÝh)`ehi^"W

B
oáY�onbcl�bâ`eU�bn^'Û"d"[m`SbcyRU UX^'WSUXl Ô onbcWa`eUÝÛ"UXW

Bj

�'prhibâ`
ψj

o Þ Y)�"�"onbc[�Y)`Sbnhi^ØÛ'U
Bj

Û�YR^"W
B
�I-qUmW�YR�"�"ocbn[XY)`ebchi^"W

wt
s
εi
s
ϕi
WSd"Z

Bj

WaUw�"Zahionhi^'ÕiUX^1`¤Um^�Û"UXW¤YR�"�"ocbâé
[�YJ`ebnhR^"W Wad"Z

B
�Éæ�hid"Z

b ∈ B
sÉhi^ Û'Ùmà�^"bâ`

ẽib
[Xhil�l�U�Ùm`eYR^1`gÙXÕiYRo�w

ψj(ẽi(bj))WXÞãbnouUA'rbcWa`eU
bj ∈ Bj

`eUmoÉÖ¦d"U
ψj(bj) = b

U�`
ẽi(bj) 6= 0

�I�ì^ÚfÒYRbâ`�[mUm`a`eUwÛ"Ù�à�^"bâ`ebnhR^
^"UgÛ"Ùm��Um^"Û ��YRW�Û"d [L\"hRb|',Û"U

bj
�"p�ÞßbcoÉ^/ÞãUA'rbcWa`eUg�"YRW�Û"Uw`eUmo

bj
s"hi^��uhiWSU

ẽib = 0
�

áw^,Û"Ù�à�^"bâ`
f̃i : B −→ B t{0}

Û"UÝfÒY<ëXhi^�WSbnl�bnonYRbnZaUR�<V onhRZSW
B
UmWa`¤d'^Ú[XZabnWa`eYRo�Um`

[L\�YRÖ¦d"U
ψj

d"^Ñl�hiZS�"\'bnWSl�U&Û'UØ[XZSbcWa`eYRd('����ì^Ñ�"ond'W
B
UXWa`�onY,onbcl�bâ`eU�bn^'Û"d"[m`SbcyRU

Û"U
{Bj}j∈J

Û�YR^"WVonY>[�Y)`SÙXÕihiZabnUgÛ"UmWÝ[mZSbcWa`LY)d('��
-qU��"onhR^"ÕiUXl�UX^1`ÜÛ"dÅonUml�l�U Í � Ì � �rs�`SUX^"WahiZSbcWSÙowFÛ"ZShRbc`eU��"YRZ

T−(λ+µ)
s©^"hid'W

f�hid"Za^"bc`¤d"^$�'onhi^"ÕRUXl�UX^1`
e
é_W¾`eZSbc[m`

\ Í � Ì � Ì `
Iλ+µ,λ : B(λ)⊗ T−λ ↪→ B(λ+ µ)⊗ T−λ−µ
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Ö¦d"b#w

uλ ⊗ t−µ
YRWaWSh�[XbnU

uλ+µ ⊗ t−(λ+µ)
�Éæ!hid"Z

λ
s
µ
s
ζ ∈ P+

s�ocU�Û"bnYRÕiZSYRl�l�U
WSd'bcy)YR^1`VUXW¾` [mhil�l&d'`LY)`Sbcfjø

B(λ)⊗ T−λ

Iλ+µ,λ //

Iλ+µ+ζ,λ ++VVVVVVVVVVVVVVVVVVV
B(λ+ µ)⊗ T−(λ+µ)

Iλ+µ+ζ,λ+µ

��
B(λ+ µ+ ζ)⊗ T−(λ+µ+ζ)

-ìÞßUm^"WSUml Ô ocU
P+

Û"UmW��uhibnÛ"W�Û"hRl�bc^�YR^1`eW�UXW¾`�hRZSÛ"hi^'^"Ù¨��Y)Z
λ ≤ µ⇐⇒ µ−λ ∈

P+

� × U�`¨hRZSÛ"ZaUÝUmWa`Pà�oc`SZSÙR�¦æ�YRZPo�Þãh Ô WSUmZay)Y)`Sbnhi^�[Xb é_Û"UmWSWSd'W
{B(λ)⊗T−λ}λ∈P+

UXW¾`
d"^åWav�Wa`R=Xl�U�bc^"Û"d"[�`ebâf��uhid"Z�ocUXWV�"ochi^"ÕiUml�Um^¦`SW?\ Í � Ì � Ì ` �
� ¼S³g¸�²�¶�²S·"¸ õ�²¬°
²ãâ ��³ prhRbc`

B(∞) = lim
−→
λ∈P+

B(λ)⊗ T−λ

�

íÝh)`ehi^"W
u∞

o�Þãbnl�YRÕiUÝÛ"U
uλ ⊗ t−λ

Û�YR^"Wk[XU�`S`eU�ocbnl�bc`eUkbn^'Û"d"[m`SbcyRUR�
î Â�·)Áq·"±J²�¶�²S·"¸�õ�²¬°M²�é �4³ \ Ì `rº Ô HA«X«u�´M�tSHDuÒM�©Uv

B(λ)⊗T−λ ↪→ B(∞)
sLIAu�µ(v

«u�ª©Uv§¥§s��»sAv�u ¶ sht�Q MnIAuêHDµ<¼ e ��IAuÒQ�M�tAu�E\�� `iº sLI��»©JQ�«�K�MnI��»sLI
f̃i
¨D¸�Q M ÒísAv�u

f̃i(B(∞)) ⊂ B(∞)
\3t�ÔÄsLIAuÒ��ÕR� ¶ MOQ&s f̃ib 6=

0
«�©Uµ�Q0u¬©Uµ(u

b ∈ B(∞)
` E

\ Ï ` ´�©JMdu
ξ
µ§vo«�©JM ¶ I " HR�ª©JQLI&�RÔ HA«X«u�´M�tSHDuÒM�©Uv (B(λ) ⊗ T−λ)ξ −→ B(∞)ξ

sLIAu
µ§vFMnIe©J�»©JQ¬«�K�MnI��»sw�ª©JQeI¤¹¤µ�s

〈hi, λ〉 � 0
«�©Uµ�Q�uT©Uµ§u

i
E

\� `
B(∞)

sLIAuí¸�¥1HR��Õ
{f̃i1 · · · f̃i`u∞ ; ` ≥ 0

sAu
i1, . . . , i` ∈ I}

E
\�� `�� ©Uµ�Q�uT©Uµ§u

b ∈ B(∞) ¿ vg©Uµ1I&HD¨D©Uv'I εi(b) = max{n ∈ N ; ẽni b 6= 0}
E

\ z ` Ú��jvgÔÄsc¼iMnIAuTsä¹¤µÖÔ µ(v IesAµr�[¸��ª¸��»sAv�u ¶ s B(∞)
HDv�v�µ��ª¸ù«'HRQruT©Uµ1IÚ�ªsLI

ẽi
¿ ÕIXHD¨D©JMOQ

u∞
E

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ æ!hid"Zg`ehRd'`���hibcÛ"W�Û"hil�bn^�Y)^¦`
λ
sqo�Þãbnl�YRÕiU���YRZ�oáY�[mhil��uh)é

WSbâ`ebchi^ Û"d l�hiZa�"\"bcWSl�U�\ Í � Ì � Ì ` Um`åÛ"d �"ochi^"ÕiUml�Um^¦`
B(λ + µ) ⊗ T−λ−µ ↪→

B(λ) ⊗ B(µ) ⊗ T−λ−µ

ÛÉÞßd"^ºyRUX[�`eUXd'Z
b = b′ ⊗ t−λ ∈ B(λ) ⊗ T−λ

UXW¾`
b′ ⊗ uµ ⊗ t−(λ+µ)

��-ìÞßYR[m`Sbnhi^�Û'U
f̃i
WXÞãÙX[XZabc`

f̃i(b
′ ⊗ uµ ⊗ t−(λ+µ)) = f̃i(b

′ ⊗ uµ)⊗ t−λ−µ.�ì^$hRd'`eZaURs�o�ÞãÙXocÙXl�UX^1`
f̃i(b

′ ⊗ uµ)
yiÙXZabcà�U

f̃i(b
′ ⊗ uµ) =

{
(f̃ib

′)⊗ uµ
Wab
ϕi(b

′) > 0,

b′ ⊗ (f̃iuµ)
Wab
ϕi(b

′) = 0.
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q (g)

æìd"bnWaÖ¦d"U
f̃ib

′ 6= 0
onhiZaWSÖ¦d"U

ϕi(b
′) > 0

s�ocU�yRUX[m`SUXd"Z
f̃i(b

′ ⊗ uµ)
UmWa`g^"hR^F^�d'o�WSb

f̃i(uµ) 6= 0
s�[)ÞßUmWa`¾éTwJéêÛ"bnZaUgWSb

〈hi, µ〉 > 0
�

áw^ Um^ [mhi^"[Xocd'`åÖ¦d"Uþ�uhid"Z�`Shid'`
b ∈ B(∞)

bcowUA'rbnW¾`eU
λ ∈ P+

`eUmo�Ö�d'U
b ∈ B(λ)⊗T−λ

Um`
f̃ib 6= 0

��V bc^"WSb s�^'hid"W¤Y�yRhi^"W
f̃ib ∈ B(λ)⊗T−λ ↪→ B(∞)

�
� hi^'[�o Þ Y)WSWSUmZa`Sbnhi^Ñ\

2
` UXW¾`ÝÙ�`LY Ô onbnU)��-qUXWkYRd'`SZSU�YRWaWSUmZa`ebchi^"WVWShR^¦`kÙ�yrbcÛ"UX^1`SUXWX�

:<; Ài¹ Á�¯ÒÀ�õ�²¬°M²�ê ��³ prhibâ`
g = sl2

�<VÝonhiZaW
B(∞)

UXWa`©ÙXÕ1YRo(w
{f̃nu∞ ; n ∈ N}

s
UX^ Ô bÄ�aUX[m`Sbnhi^åY�yiUm[

N
��-�YØà"Õid"ZSU Í � Ì ZSUX�'ZSÙXWaUX^1`eU&onUg�"ochi^"ÕiUml�Um^¦`VÛ'UXW

B(nρ)⊗

T−nρ
Û"YR^"W

B(∞)
Um`kÛ"U

B(∞)
Û�YR^"W

Bi

�

B(0)⊗ T0 ◦

?

B(ρ)⊗ T−ρ ◦ -◦

? ?

B(2ρ)⊗ T−2ρ ◦ -◦ -◦

? ? ?

B(∞) ◦ -◦ -◦ -◦ - · · ·

? ? ? ?

Bi · · · -◦ -◦ -◦ -◦ -◦ - · · ·

��hibcÛ"W
α 0 −α −2α −3α

ε(b) −1 0 1 2 3
ϕ(b) 1 0 −1 −2 −3

S�THUWVCX�Y��]\*^_\/`brqc&l_¸�kmÎKkml�i�e_kn
B(nρ)⊗ T−nρ

eo¥Alon
B(∞)

íÝh)`ehi^"W
Ψλ : U−

q (g) −→ V (λ)
\ Í � Ì � � `
o�ÞßYR�"�'onbn[XY)`ebchi^,Ö¦d"bZw

P ∈ U−
q (g)

YRWSWahr[mbnUgocUwyiUX[�`eUmd"Z
Puλ

�
® »!¼�·'Ây¯R¹ À�õ�²¬°
²Tð �#³ Ú �#sc¼iMnIAuTsùµ§vgsxµ§v�M�¹¤µ�shqLHJIes��ª©etSHR�ªs

(L(∞), B(∞))
sAv

q = 0 ¶ s U−
q (g)

uTs��O�ªsù¹¤µ�s&�
\ Ì `iº ÔÄsAv'Ies��iqX�ªs

B(∞)
sLIAuP�ªs·t�Q MnIAuêHR� ¶ ¸WÒjv�M ¶ HDv'Ig�âH�«uQ&©3«�©}I�Mdu M�©Uv +�EJ'1Eâ�uE\�� `iº Ô HA«X«u�´M�tSHDuÒM�©Uv \ Í � Ì � � ` sAv�¨D©JM�s

L(∞)
IAµrQ

L(λ)
sAuPMdv ¶ µ�Mdu

Ψλ : L(∞)/qL(∞) −→ L(λ)/qL(λ).
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\ Ï `iº ÔÄsAv'Ies��iqX�ªs ¶ sLI b ∈ B(∞)

uTs�� I·¹¤µ�s
Ψλ(b) 6= 0

sLIAu[sAv±qXM 6Qs3tAuÒM�©UvÑHD¨Ds3t
�âHbqLHJIesht�Q MnIAu�HR�O�´Mdvgs

B(λ)
EZÝ·sí«u�Ìµ1I ¿ �âHot3©J�n«�©}Ie¸3s

B(λ) ' {b ∈ B(∞) ; Ψλ(b) 6= 0} ↪→ B(∞)
t3©E�dvgt�M ¶ s�HD¨Ds3t��RÔ HA«X«u�´M�tSHDuÒM�©UvØt3©Uv'IAuÒQkµrMdu¬s ¶ HDv'I��âH�«uQ&©3«�©}I�MduÒM�©Uv +�EJ'1Eâ�uE
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ �©`Sd"Û"bnhR^"WwoáYÚZaUXonY)`ebchi^�Um^¦`SZSU

Ψλ

Um`
Ψλ+µ

Y�yiUm[
µ ∈ P+.íÝh)`ehi^"W

Sλ,µ : V (λ + µ) −→ V (λ) ⊗ V (µ)
o�Þãd"^"bcÖ¦d"UûY)�"�"onbc[�Y)`Sbnhi^

Uq(g)
é

onbc^"Ù�Y)bnZSUÜ`eUmonocU�Ö¦d"U
Sλ,µ(uλ+µ) = uλ ⊗ uµ

�ìprhibâ`
pµ : V (µ) −→ K

o�Þãd"^"bcÖ¦d"U
YR�"�'onbn[XY)`ebchi^

K
é_ocbn^"ÙXYRbnZaUPÖ¦d"brUX^1yihRbnU

uµ
WSd"Z

1
Um`
V (µ)ν

Wad"Z
{0}

onhiZaWSÖ¦d"U
ν 6= µ

�
íÝh)`ehi^"W�Ö¦d"U

pµ
UXW¾`

U−
q (g)

éêonbc^"Ù�YRbcZSU)�Láw^þÛ'Ùmà�^"bâ`
pλ,λ+µ : V (λ + µ) → V (λ)[XhRl�l�UwÙm`eYR^1`konUgl�hiZS�"\'bnWSl�Uw[mhil��uhiWaÙ�Û'U

Sλ,µ
U�`VÛ"U

idV (λ)⊗pµ
�

æìd"bnWaÖ¦d"UÝocUXWÖH�=m[L\"UXW�Û"d,Û"bnYRÕiZSYRl�l�U¤Wad"bcy)YR^1`PWShi^1`
U−
q (g)

é_onbc^"Ù�Y)bnZSUmWXs)[XUXocd"bâéê[Xb
UXW¾`k[Xhil�l>d'`eY)`ebâf��

U−
q (g)

Ψλ+µ// //

Ψλ
����

V (λ+ µ) �

�

Sλ,µ //

pλ,λ+µyyssssssssss
V (λ)⊗ V (µ)

idV (λ) ⊗pµ
����

V (λ)
∼ // V (λ)⊗K

-ìÞ Y)�"�"onbc[�Y)`Sbnhi^
Sλ,µ

UX^1yihRbnU
L(λ+µ)

Û�YR^"W
L(λ)⊗L(µ)

Um`
idV (λ)⊗pµ

Um^1yihibcU
L(λ) ⊗ L(µ)

Wad"Z
L(λ)

�L�Ýhi^"[ÜonU>l�hiZa�"\"bnWal�U
pλ,λ+µ

Um^¦yRhibnU
L(λ + µ)

Û"YR^"W
L(λ)

�
× Ài¹ ¹ À±õ�²¬°M²�õ ��³ º s �»©JQ�«�K�MnI��»s

φ = pλ,λ+µ : V (λ + µ) −→ V (λ)
sLIAu

IAµ�Q�6Qs3tAuÒM ómELÚ��ÉMdv ¶ µrMduòµ(vF�»©JQ�«�K�MnI��»sÝIAµrQJ6Qs3tAuÒM ó
φ : L(λ+ µ)/qL(λ+ µ) −→ L(λ)/qL(λ).

�÷vQÒjv ¿ �âH
Q3sLIAuÒQ M�tAu M�©Uv ¶ s φ Õ
B(λ) ⊗ {uµ} ⊂ B(λ + µ)

sLIAu ¶ ©Uv�vg¸3sh«'HRQ
b⊗ uµ 7→ b

sAu÷¨D¸�Q M Òís
φ(B(λ+ µ) \B(λ)⊗ {uµ}) = {0}

E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ -qU�l�hiZS�"\'bnWSl�U

φ
UmWa`kÙXÕ1Y)oZwÜonY>[Xhil��uhiWSbâ`ebnhR^

L(λ+ µ)/qL(λ+µ) −→
(
L(λ)/qL(λ)

)
⊗

(
L(µ)/qL(µ)

)
−→ L(λ)/qL(λ).

-ìÞ Y)WSWSUmZa`Sbnhi^ UX^åÛ"Ùm[Xhid"ocU�YRbnWaÙXl�UX^1`��
æ�hRd"Z

ξ ∈ Q−
s��"ZaUX^"hR^"WÝd'^��uhibnÛ"W�Û'hil�bc^�YR^1`

λ
YRWaWSUS&ÕiZSYR^"Û/�7VÝonhiZaWVo�ÞãbnWShRl�hiZ�é

�"\"bcWSl�U
U−
q (g)ξ −→∼ V (λ)λ+ξ

f�hid'ZS^"bâ`�d'^"U Ô Y)WSU�onh�[�YRocU
(L(∞)ξ, B(∞)ξ)

Û'U
U−
q (g)ξ

Ö¦d"bP[XhiZaZSUmWS�uhi^"Û�w$onY Ô YRWSUÚochr[XYRonU
(L(λ)λ+ξ, B(λ)λ+ξ)

Û"U
V (λ)λ+ξ

�
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q (g)

æ�Y)Z¨onUÝonUml�l�UV[XbâéêÛ"UXWaWSd"Wms'onY Ô YRWaUwonh�[�Y)onU
(L(∞)ξ, B(∞)ξ)

^"UwÛ"Ùm��Um^"Û���YRW�Û"d
[L\"hib£' Û"U

λ
�"]_oqUXW¾` Y)onhiZaW¤fÒYR[XbconUwÛ"UgyRÙXZSbâà�UXZVÖ¦d"U�oáY Ô Y)WSU�onh�[�YRocU

(L(∞), B(∞)):=
⊕

ξ∈Q−

(L(∞)ξ, B(∞)ξ)

Û"U
U−
q (g)

WSY)`ebcWafÒYRbâ`VYRd('��"ZShi�'ZSbnÙ�`eÙmWkÛ'd `S\"ÙXhRZR=Xl�U Í � Ì � zr�
æìd"bnWaÖ¦d"U�ocUXW

V (λ)
hR^¦`�Û"UmW Ô YRWSUmW�Õioch Ô YRocUXWms

U−
q (g)

YRÛ"l�Um`��"YRZ���YRWSWSYRÕiUrw
oáY>ocbnl�bc`SU d"^"U Ô Y)WSU�Õionh Ô YRonU)�
® »!¼�·'Ây¯R¹ À�õ�²¬°
²ãö Ä ^ �§)I_ È ��³ \ Ì `rº s1uÒQ MÜ«u�ªsAu (

L(∞), L(∞) , U−
q (g)Z

)

sLIAu[¸R¹¤µrMO�´M�qXQ&¸XE
\�� ` ûù©Uu¬©Uv'I

G∞

�RÔ MnIe©J�»©JQ¬«�K�MnI��»swQ&¸3t�MÜ«uQ3©¤¹¤µ�s ¶ s
L(∞) ∩ L(∞) ∩ U−

q (g)Z−→∼ L(∞)/qL(∞).

ñ �ª©JQeI·©Uv H
U−
q (g) =

⊕

b∈B(∞) KG∞(b)
E

\ Ï `�� v H
Ψλ(G∞(b⊗ t−λ)) = Gλ(b)

«�©UµrQ
b ∈ B(λ) ¿ sAu Ψλ(G∞(b)) = 0«�©Uµ�Q

b ∈ B(∞) \
(
B(λ) ⊗ T−λ

) E#ÚQt�M>©UvþM ¶ sAv�u M Òís B(λ) ⊗ T−λ

Õ�µ§v Ie©Uµ1I��
t�Q MnIAuêHR� ¶ s B(∞)

E

E ÊcÆqÊr¡ *�+�.i�J�Ò��0���- � �!* B(∞)
æ�hRd"ZÝ`Shid"W �uhibcÛ"WÝÛ'hil�bc^�YR^1`eW

λ
Um`
µ
suocU�[mZSbcWa`LY)o

B(λ + µ)
WSU&�"onhi^'ÕiU�Û"YR^"W

B(λ)⊗B(µ)
�I�ì^,`SUX^"WahiZSbcWeYR^1`[w�Û"ZShibâ`eUk��YRZPonUk[XZabnWa`eYRo

T−λ−µ

s�^"hid"W�h Ô `SUX^"hi^'W
d"^��"ochi^"ÕiUml�Um^¦`/�"onUmbn^

B(λ+µ)⊗T−λ−µ ↪→ B(λ)⊗(B(µ)⊗T−µ)⊗T−λ
� × UXocd"bâé

[XbP^"hid'W&f�hid"Za^"bc`�onhiZaWSÖ¦d"U
λ
UmWa`>àI'rÙÚU�`

µ
`SUX^"Û
yRUXZaW>o�Þãbn^'à"^"b d"^
�"ochi^"ÕiUml�Um^¦`

�"ocUXbn^
B(∞) ↪→ B(λ) ⊗ B(∞) ⊗ T−λ

�!æ�YRZ�YRbconocUXd"ZaW
B(λ) ↪→ B(∞) ⊗ Tλ

�
�&Þãhf à�^�YRocUXl�UX^1`VoáY
î Â�·)Áq·"±J²�¶�²S·"¸�õ�²�ÙZ²¬° �4³ � ©Uµ�Q�uT©Uµ§u�«�©JM ¶ I ¶ ©J�ØMdvuHDv�u λ ¿ �RÔ HA«X«u�´M�tSHDuÒM�©Uv

Θλ : B(∞) ↪→ B(∞)⊗ Tλ ⊗B(∞)⊗ T−λ

\ Í � �r� Ì `
u∞ 7→ u∞ ⊗ tλ ⊗ u∞ ⊗ t−λsLIAuòµ(v»«u�ª©Uv§¥§s��»sAv�ug«u�ªs�MdvuE

ë�b£''hR^"WVd"^
i0 ∈ I

��prhibâ`
λ ∈ P+

`eUXo�Ö¦d"U
〈hi0 , λ〉 = 0

Um`
〈hi, λ〉 � 0

��hid'Z
`ehRd'`

i 6= i0
�Z� Ùml�hi^1`SZShi^"W���Y)ZgZSÙX[md"ZSZaUX^"[mU,Ö¦d"U

Θλ(b)
WXÞãÙX[mZSbâ`�Wahid"W�oáYÚf�hiZal�U

Θλ(b) = b1 ⊗ tλ ⊗ f̃
a
i0u∞ ⊗ t−λ

sÉY�yiUX[
b1 ∈ B(∞)

Um`
a ∈ N

^"U>Û'ÙX�uUX^"Û�Y)^¦`



�3Æ ��Þ����JB��W��Ã�W��ÊcÉ[�� B(∞) ! �
��YRW�Û"U

λ
�(�ì^"WSd"bâ`eU)sr^"hRd"W��uhid"ZaZShi^'W¨Û"Ù�à�^"bnZ

Ψi0 : B(∞) −→ B(∞)⊗Bi0

��YRZ
Ψi0(b) = b1 ⊗ f̃

a
i0bi0 = b1 ⊗ bi0(−a)

�
� Ùml�hi^1`SZShi^"W�Ö�d'U¤WSb

Θλ(b)
WXÞãÙX[mZSbc`�WShid'WìoáYkf�hRZSl�U

Θλ(b) = b1⊗tλ⊗ f̃
a
i0
u∞⊗

t−λ
sìYRochiZSW

Θλ(f̃ib)
WmÞßÙm[XZabc`�ÙXÕ1Y)onUXl�UX^1`ØWahid"WÜd"^"U�f�hiZal�U,WSbnl�bnonYRbnZaU

b′1 ⊗ tλ ⊗
fa

′

i0
u∞⊗t−λ

Um`�Ö�d'U
b′1
U�`
a′
WShi^1`�bn^"Û"Ùm��Um^"Û�YR^1`SW�Û"d�[L\"hib|'�Û'U

λ
�y-qU�l�hiZS�'\"bnWal�U

Θλ
Ù�`LYR^1`$Wa`eZabn[�`�s�^"hid'W�Y�yihR^"W

Θλ(f̃ib) = f̃i(b1 ⊗ tλ ⊗ f̃ai0u∞ ⊗ t−λ)
�zágZ

εi(tλ ⊗ f̃
a
i0u∞ ⊗ t−λ)

UmWa`kÙXÕiYRoLw
εi(f̃

a
i0u∞)− 〈hi, λ〉

��� hi^"[iø
\ Ì ` prb

i 6= i0
Um`
〈hi, λ〉 � 0

s�Û'U>WShiZ¾`eUxwÚY�yihibcZ
ϕi(b1) > εi(tλ ⊗ f̃

a
i0
u∞ ⊗

t−λ) = εi(f̃
a
i0u∞)− 〈hi, λ〉

s�YRochiZSW
\ Í � �r� � `

Θλ(f̃ib) = (f̃ib1)⊗ tλ ⊗ f̃
a
i0
u∞ ⊗ t−λ.

\�� ` prb��"YRZ&[mhi^1`eZSU
i = i0

s�YRonhiZaW
εi(tλ ⊗ f̃ai0u∞ ⊗ t−λ) = a

��V bn^'WSb�s�^"hRd"W
Y�yihi^'W
\ Í � �r� Ï `

Θλ(f̃ib) =

{
(f̃ib1)⊗ tλ ⊗ f̃

a
i0
u∞ ⊗ t−λ

Wab
ϕi(b1) > a,

b1 ⊗ tλ ⊗ f̃
a+1
i0

u∞ ⊗ t−λ
Wab
ϕi(b1) ≤ a.

�wYR^'WÝocUXWkÛ"UXd('å[XYRWXsuo�ÞãÙXocÙXl�UX^1`
Θλ(f̃ib)

Y Ô bcUX^åoáY>f�hiZSl�U�WShid'\�YRbc`SÙXU)��� U&�"ocd"WXs
onUmWÝf�hiZal>d"ocUXWx\ Í � �r� � ` U�`G\ Í � ��� Ï ` Û"Ùml�hi^1`SZSUX^1`gÖ¦d"U

b′1
U�`
a′
^'U>Û"ÙX�uUX^'Û"UX^1`g��Y)W

Û"då[L\"hib£'�Û"U
λ
�

�&ÞßYRd'`SZSU���YRZ¾`�s"hi^$Y

\ Í � �r�! `
f̃i

(
b1 ⊗ bi0(−a)

)
=







f̃i(b1)⊗ bi0(−a)
WSb
i 6= i0

s
f̃i(b1)⊗ bi0(−a)

WSb
i = i0

Um`
ϕi(b1) > a

s
b1 ⊗ bi0(−a− 1)

WSb
i = i0

Um`
ϕi(b1) ≤ a

s
�"d"bcWSÖ¦d"U

εi(bi0(−a))
UmWa`ÝÙXÕ1YRo�w

−∞
��hid'Z

i 6= i0
Um`åw

a
�uhid"Z

i = i0
�

® »!¼�·'Ây¯R¹ À�õ�²�ÙL²�Ù �#³ Ú �4sc¼iMnIAu¬s?µ(v1µ§v�M�¹¤µ�s[«u�ª©Uv§¥§s��»sAv�ug«u�ªs�Mdv ¶ sht�Q�MnIAu�HDµ<¼
Ψi0 : B(∞) ↪→ B(∞)⊗Bi0¨D¸�Q M Ò�HDv�u

Ψi0(u∞) = u∞⊗ bi0
¿ ÕØIXHD¨D©JMOQ �ªsg�»©JQ�«�K�MnI��»s�¹¤µ�s�vg©Uµ1I0¨DsAvg©Uv'I ¶ s

¶ ¸3t�Q MOQ&sXE
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ ]_o�WSdI~Ü`ØÛ'U,yiÙmZSbcà"UXZ>Ö¦d"U�^"h)`eZSUÚYR�"�"ocbn[�YJ`ebnhR^/sqÖ¦d"b¨Uk''bcWa`SU
Um`�[XhRl�l>dr`eUÝY}yRUX[

f̃i
ÛÉÞ YR�'ZR=XW0\ Í � �r� � ` sM\ Í � ��� Ï ` Um`9\ Í � �r�! ` s�[mhi^"WaUXZayRUwÙXÕiYRonUml�Um^¦`

wt
s
εi
s
ϕi
Um`
ẽi
s�[mU�Ö�d'bqWSUgfÒYRbc`VWSYR^"WVÛ"b|~�[md"oc`SÙR�



!  ÁIÂ �cÃ¤�Ä�d�W���3Æ&@7���d�xB��W���a���c�����!É� B(∞) ��L�ÌË �c��Íc����W� U−

q (g)

æìZSUm^"hi^"W�l,YRbc^1`eUX^"YR^1`&d"^'U,WSd'bc`eU
i1, i2, . . .

Û"YR^"W
I
`SUXoconUÜÖ¦d"UÚ�uhid"Z�`ehid'`

i
s

o�ÞãUX^'WSUXl Ô onU
{n > 0 ; in = i}

WShRbc`Ýbn^'à�^'b���íÝhRd"WwY�yihR^"WwYRochiZSWkÛ"UmW l�hiZS�"\'bnWSl�UXW
Û"U�[XZabnW¾`LYRd('

Ψn : B(∞)
Ψi1−−→ B(∞)⊗Bi1

Ψi2
⊗Bi1−−−−−→ B(∞)⊗ Bi2 ⊗Bi1 −→ · · ·

· · · −→ B(∞)⊗ Bin ⊗ · · · ⊗Bi1 .

× Ài¹ ¹ À±õ�²�ÙZ²ãâ ��³ \ Ì `�� ©Uµ�Q»u¬©Uµ(u
b ∈ B(∞) ¿ MO�ísc¼iMnIAu¬s m HJILIes��h¥RQaHDv ¶u¬s���¹¤µ�s

Ψm(b)
Ie©JMdu ¶ s��âHzóQ©JQ �»s

\ Í � �r� � `
Ψm(b) = u∞ ⊗ cm ⊗ · · · ⊗ c1

HD¨Ds3t
cν ∈ Biν

E
\�� ` Ý�HDv'I·t3s·tSHJI ¿ «�©Uµ�Q0uT©Uµ§u m′ ≥ m

vg©Uµ1I�HD¨D©Uv'I

Ψm′

(b) = u∞ ⊗ bim′
(0)⊗ · · · ⊗ bim+1(0)⊗ cm ⊗ · · · ⊗ c1.

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ \
2
` UXWa` Ù�y�bnÛ"Um^¦`Ú�"d"bnWaÖ¦d"U

Ψi(u∞) = u∞ ⊗ bi(0)
�Ó� Ù é

l�hi^1`eZShR^"Wr\
1
` �"YRZ�ZSÙX[md"ZSZaUX^"[mURs!UX^ �"ZShRd'y)YR^1`&Ö¦d"UÜWSb

Ψm(b)
UXWa`�Û"U�oáYÚf�hiZal�U

\ Í � �r� � ` YRonhRZSW
Ψm′

(f̃ib)
UXW¾`>ÙmÕ1YRonUml�Um^1`>Û"U�oáYåf�hRZSl�U,\ Í � ��� � ` �uhid"Z

m′ � m
�

.gZ&�R[mU>w»\
2
` sR^"hid"W �uhid'yihR^"W�Wad"�"�uhiWSUmZ

i = im
Um`
cm = bim(0)

�XV ochiZSW
Ψm(f̃ib)WXÞãUA'r�"Zabnl�U�WShid"WVonY&f�hiZSl�U

f̃i(u∞ ⊗ cm)⊗ cm−1 ⊗ · · · ⊗ c1hRd
u∞ ⊗ cm ⊗ f̃i(cm−1 ⊗ · · · ⊗ c1).

áwZ
ϕi(u∞) = 0

Um`
εi(cm) = 0

s�Û"hR^"[
f̃i(u∞ ⊗ cm) = u∞ ⊗ (f̃icm)

�M�wYR^'W
onUmW�Û"UXd§'å[�YRWms�onUwyiUm[m`SUXd"Z

Ψm(f̃ib)
YØoáY>f�hiZal�U WShid"\"YRbc`SÙXUR�

V bc^"WSb s�o�ÞßYR�"�"ocbn[�YJ`ebnhR^
b 7→ (c1, . . . , cm, bim+1(0), . . .)

UXW¾`�bn^"Û"Ùm��Um^"Û�YR^1`SU>Û"d
[L\"hib£' Û"U

m
���&Þãhf$d"^ �"onhi^'ÕiUXl�UX^1`V�"ocUXbn^ Û"U�[mZSbnW¾`LYRd§'

\ Í � �r�ßz `
Ψ: B(∞) ↪→ P:=

{

(cn)n≥1 ;
cn ∈ Bin

��hid'Z�`Shid'`
n ≥ 1

Um`
cn = bin(0)

��hid'Z
n� 0

}

.



�3Æ ��Þ����JB��W��Ã�W��ÊcÉ[�� B(∞) ! �
-qUØ[XZabnWa`eYRo

P
UmWa`�oáYÚocbnl�bc`eU�bn^'Û"d"[m`SbcyRUØÛ"UXW

C ⊗ Bim ⊗ · · · ⊗ Bi1

�g� h}vihi^'W�WSY
Wa`SZSd"[�`ed"ZaU�[mZSbcWa`LY)ononbc^"UkÛ"UgfÒYDëXhi^åUA'r�"ocbn[mbc`eU)�"æ!hid"Z

b =
(
bin(an)

)

n≥1
∈ P

s�hi^åY

wt(b) =
∑

n≥1

anαin ,

εi(b) = max{−an −
∑

k>n

〈hi, αik〉ak ; n ≥ 1, i = in} ≥ 0,

ϕi(b) = max{an +
∑

k<n

〈hi, αik〉ak ; n ≥ 1, i = in}.

-ìÞßUm^1`ebnUmZ
an

UXWa`�^¦d"o��uhid"Z
n
YRWaWSU¤SåÕiZSYR^"Û/s©Û'hi^"[ oáY Wahil�l�UÚbc^'à�^"bcU�Û�YR^"WÜoáY

Û"Ù�à�^"bc`Sbnhi^ Û'U
εi(b)

Y d"^ WaUX^"Wm� TVUXl�YRZaÖ�d'hi^"W�ÙXÕiYRonUml�Um^¦` Ö¦d"U onUmWF��HQ¼iMO��H
UA'rbcWa`eUm^1`ÝU�`kWShi^1`kUX^1`ebcUXZaWX�
-qUXWkYR[m`Sbnhi^'W�Û"U

ẽi
U�`
f̃i
WShR^¦`kÛ"hR^"^"ÙXUmWÝ�"YRZ

ẽib =







0
WSb
εi(b) = 0

s
onYkWad"bc`SU�h Ô `eUm^�d'U¤UX^>[L\"YR^"ÕiUXYR^1`

ane

wÝonY
ne
éêbª=Xl�U�'oáYR[mUgUX^

ane
+ 1

Wab
εi(b) > 0

s

f̃ib =

{ oáYÑWSd"bâ`eU�h Ô `eUm^�d'U UX^ [L\"YR^"ÕiUXYR^1`
anf

wþoáY
nf
é_b�=Xl�Uå�'oáYR[mU�UX^

anf
− 1

s
hf

ne = max{n ≥ 1 ; in = i
Um`
εi(b) = −an −

∑

k>n

〈hi, αik〉ak �
= max{n ≥ 1 ; in = i

Um`
ϕi(b) = an +

∑

k<n

〈hi, αik〉ak � s

nf = min{n ≥ 1 ; in = i
Um`
εi(b) = −an −

∑

k>n

〈hi, αik〉ak �
= min{n ≥ 1 ; in = i

Um`
ϕi(b) = an +

∑

k<n

〈hi, αik〉ak � �
TVUXl�YRZSÖ¦d"hi^'WkÖ¦d"U

ne
UA'rbnW¾`eU�UX^ `LYR^1`VÖ¦d/ÞãUX^1`ebcUXZkÛ7=XWVÖ¦d"U

εi(b) > 0
�

íÝh)`ehi^"W�Ö¦d"U
B(λ)

UXWa`VbcWShil�hiZa�"\"U0wØd"^ WShRd"W¾éê[XZSbcWa`eYRo/Û"U
P ⊗ Tλ

��hid'Z¤`ehid'`
�uhibnÛ"W�Û'hil�bc^�YR^1`

λ
�

-�YåÛ'UXWS[mZSbc�'`ebchi^ûÛ"U
B(∞)

Ö¦d"U�^"hid'W�yiUm^"hi^"W&Û/Þßh Ô `eUm^"bnZ�Û"Ùm��Um^"Û
Û"d
[L\'hib|'
Û"U�oáY>Wad"bc`SU

{i1, i2, . . .}
�

Vôo�Þã\"Umd"ZSU�YR[�`ed"UmonocURs'o Þßbcl,Y)ÕiU Û"Ugo Þ Y)�"�"onbc[�Y)`Sbnhi^,\ Í � �r�ßz ` UmWa`kUX^"[mhiZSU�bc^"[Xhi^'^�d'U
Û�YR^'WkocUg[�YRWVÕiÙm^"ÙXZSYRoò\�yRhibnZ�^ Æ JI_ ��hid'Z�d"^"U�ZSÙm��hi^'WSU�[Xhi^U�aUm[m`Sd"ZeYRocU ` �



! � ÁIÂ �cÃ¤�Ä�d�W���3Æ&@7���d�xB��W���a���c�����!É� B(∞) ��L�ÌË �c��Íc����W� U−

q (g)

ç Ài¹û°�ÂX½1¿�À�õ�²�ÙZ²�é �4³ ág^åYÜUX^ fÒYRbc`�\c^ �(5I_a` d"^åbnWShRl�hiZa�"\"bcWSl�U
B(∞)⊗ Bi '

⊔

n∈N

B(∞)⊗ Tnαi
,

hf
u∞⊗ bi(n)←→ u∞⊗ tnαi

����Þ YRdr`eZSUg�"YRZa`
Tλ ⊗Bi ' Bi ⊗ Tsiλ

�(V bn^'WSb
PUXW¾`¨onYwZSÙmd"^"bnhR^�Û"bcWW�ahibc^1`eU�Û"Uk[XUmZa`LY)bn^"W

B(∞)⊗Tξ
\
ξ ∈ Q

` �¦æ ocd"W �"ZSÙm[XbcWSÙXl�UX^1`Xs
UX^å�uhiWeYR^1`

Ph = {b ∈ P ; εi(b) = 0
��hid'ZV`Shid'`

i}
hi^åY

P =
⊔

b∈Ph

B(∞)⊗ Twt(b).

E Ê ) Êiþ Kq* % ��(�*��� � +,(�*�.i �+���* sl3� Ù�`eUXZal�bc^"hi^"W�o Þßbcl,Y)ÕiU Û"U
Ψ
Û�YR^"WVocUg[�YRW

g = sl3
�

× hi^"WabnÛ"ÙmZShi^'WkocUgl�hRZS�"\"bcWSl�U
\ Í � Ï � Ì `

Ψ3 : B(∞) ↪→ B(∞)⊗ B1 ⊗ B2 ⊗B1.

î Â�·)Áq·"±J²�¶�²S·"¸�õ�²ãâL²¬° �4³ ´�©JMdu
g = sl3

ELñ �ª©JQeI��RÔ MO��He¥§s ¶ s Ψ3 sLIAu
{u∞ ⊗ f̃

a3
1 b1 ⊗ f̃

a2
2 b2 ⊗ f̃

a1
1 b1 ; a2 ≥ a3 ≥ 0 ¿ a1 ≥ 0}

E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ p�hibc`

B′ o ÞßUm^"WSUml Ô onU�[Xb é_Û"UmWSWSd'WX�/]_o!WSdI~Ü`gÛ'U>�"ZShRd'yiUmZgÖ�d'U
ẽiB

′ ⊂ B′ t {0}
s
f̃iB

′ ⊂ B′ Um` {b ∈ B′ ; ẽib = 0
��hid'Z¤`ehid'`

i} = {u∞ ⊗
b1 ⊗ b2 ⊗ b1}

�
æ�hRd"Z

b = u∞ ⊗ f̃
a3
1 b1 ⊗ f̃

a2
2 b2 ⊗ f̃

a1
1 b1

s�^"hid"WkY�yihi^'WÝÛ/Þãd"^"U���Y)Za`

ẽ1b =







0
WSb

0 ≥ a3, a1 + 2a3 − a2
s

u∞ ⊗ f̃
a3−1
1 b1 ⊗ f̃

a2
2 b2 ⊗ f̃

a1
1 b1

WSb
a3 > 0

Um`
a3 ≥ a1 + 2a3 − a2

s
u∞ ⊗ f̃

a3
1 b1 ⊗ f̃

a2
2 b2 ⊗ f̃

a1−1
1 b1

WSb
a1 + 2a3 − a2 > 0, a3

�
� hi^'[

ẽ1B
′ ⊂ B′ t {0}

�7�&Þ Y)d'`eZaU��"YRZa`

ẽ2b =

{
0

Wab
0 ≥ a2 − a3

s
u∞ ⊗ f̃

a3
1 b1 ⊗ f̃

a2−1
2 b2 ⊗ f̃

a1
1 b1

Wab
0 < a2 − a3

�
]_o�UXW¾`�YRbn^"Wab¤Ùmy�bcÛ"UX^1`�Ö¦d"U

ẽ2b ⊂ B′ t {0}
�Ö-�YFÛ"Ùml�hi^'Wa`eZSY)`ebchi^ �uhid"Z

f̃i
UXW¾`

YR^�Y)onhiÕid'UR�
�wÙmZSbâà�hi^"WVoáYÜÛ"UmZS^"b�=XZSU�YRWaWSUXZ¾`ebchi^/��prd"�"�uhiWahi^"W

ẽib = 0
�uhid"Z

i = 1
s
2
��æ!hid"Z

i = 1
^"hid"WØh Ô `eUm^"hi^"W

a3 = 0
U�`
a1 ≤ a2

s!Um`Ü�uhid"Z
i = 2

^"hRd"W>h Ô `SUX^"hR^"W
a2 ≤ a3

���&Þãhf
a3 = a2 = a1 = 0

�



�kÆ ���_NA���ÖÃ¤���L��cÉ¤�����bB¬���g�A�
sl3 !&!

:<; ÀiÂ}µi²Sµ�Àèõ�²¬° �4³ prhibâ`
g = sl3

�[� ÙXl�hi^1`eZaU¤SFÖ¦d"UÑonU��"onhi^'ÕiUXl�UX^1`Ø\ Í � Ï � Ì `
bn^'Û"d"bc`¤d"^$�'onhi^"ÕRUXl�UX^1`VÛ"U�[XZabnWa`eYRd('

B(∞) −→ B1 ⊗B2 ⊗ B1

�
:<; ÀiÂ}µi²Sµ�Àèõ�²�Ù �4³ prhibâ`

g = sl3
�í� ÙXl�hi^1`eZaU¤SÑÖ¦d/ÞßbcowUA'rbcWa`eUÑd"^ U�` d"^ WaUXd"o

bnWahil�hiZS�"\'bnWSl�U Û'U�[mZSbcWa`LY)d('
B1 ⊗B2 ⊗ B1−→∼ B2 ⊗ B1 ⊗B2

�
:<; ÀiÂ}µi²Sµ�Àèõ�²ãâ �4³ �wYR^"WÑocU [�YRW

g = C2

\Ò[)ÞßUmWa`¾éTwJéêÛ"bnZaU
I = {1, 2}

Y�yiUX[
(α1, α1) = 2

s
(α2, α2) = 4

s
(α1, α2) = −2

` s�Û"Ùml�hi^1`SZSU¤S�Ö¦d/ÞãbnoìUA'rbcWa`eU�Û"UXd§'
�"ochi^"ÕiUml�Um^¦`SW�Û"U�[XZabnWa`eYRd('

B(∞) −→ B1 ⊗ B2 ⊗ B1 ⊗B2,

B(∞) −→ B2 ⊗ B1 ⊗ B2 ⊗B1,Um`©Ö�d'U�onUXd'ZSW©bcl,YRÕRUXW�Wahi^1`
{f̃a1 b1⊗ f̃

b
2b2⊗ f̃

c
1b1⊗ f̃

d
2 b2 ; d ≥ 0, c ≥ b ≥ a ≥ 0}Um`

{f̃a2 b2 ⊗ f̃
b
1b1 ⊗ f̃

c
2b2 ⊗ f̃

d
1 b1 ; d ≥ 0, 2c ≥ b ≥ 2a ≥ 0}

ZaUXWS�uUX[�`ebâyiUXl�UX^1`X�
:<; ÀiÂ}µi²Sµ�Àèõ�²�é �4³ prhibcUX^1`

λ ∈ P+

s
b ∈ B(λ)

U�`
i 6= j ∈ I

�Vprd"�'��hiWahi^"W
f̃jb ∈ B(λ)

�7� ÙXl�hi^1`eZaU¤S�Ö�d'U
εi(b) + 〈hi, αj〉 ≤ εi(f̃jb) ≤ εi(b),

ϕi(b) ≤ ϕi(f̃jb) ≤ ϕi(b)− 〈hi, αj〉.\Ò]_^'Û"bn[XY)`ebchi^,ø'dr`ebnocbªSmU¤S ocU `e\'ÙXhiZc=Xl�Ugz'� Ì �  ØU�`�onUmW¤�"Zahi��hRWSbc`Sbnhi^'W¤z'� �r� Ì s"z'� �r� Ï s'hRd
Ô bcUX^ onUg�"ochi^"ÕiUml�Um^1`V�"onUmbn^

B(λ) ↪→ P ⊗ Tλ
[Xhi^"W¾`eZad"bc`VÛ�Y)^"WVoáYØWSUm[m`ebchi^ Í � �r� `





õ���ï�� ø/ú öùó  

öY� ïýüûøqñ,ïôú øZ� ÿ � óôñ îðïòñ�óôñ
õ öùøqñÚúûï üþüûøuÿòó ñ �ûïýö � óôñ õ���ó � ø�ÿ ñ

-qUXW�[XZabnW¾`LYRd('
B(λ)

\
λ ∈ P+

` �uUXdryiUX^1`�WSU�Û"ÙX[mZSbcZSUÜÛ"UØfÒYDëXhR^ ÕRÙXhil�Ùm`SZSbnÖ¦d"U
ÕiZR�R[XUùw�onY�ZaÙ�YRocbnWeYJ`ebnhR^åÛ'U>æ��
-qbc`a`eUmonl�YR^"^/��íkhid"WÝY}yRhi^"W Ô UXWahibn^$��hRd"ZÝ[mU�fÒYRbcZSU
Û"U��"ZaÙXonbcl�bc^�YRbcZSUXWPWSd'ZkocUXWVÕihi^(H�YRÕiUmW�Û"U�[XZSbcWa`eYRd('��

F Ê � Ê 0 - �"!  '�u*Ñ��*F.i�J�Ò+m0} ��LK
� ¼S³g¸�²�¶�²S·"¸ öL²¬°
²¬° ��³ prhRbnUX^1` Û"Umd(' [XZabnW¾`LYRd('

B
U�`

B′ sgd"^"UÅYR�'�"onbc[�Y)`Sbnhi^
ψ : B → B′ U�`�d'^ÅUm^1`ebnUmZ m �òág^ Û"bâ`ØÖ¦d"U ψ UXW¾`�d'^ �»©JQ�«�K�MnI��»s ¶ Ô HR�n«u�´MO�u�µ ¶ s m WXÞãbno/WSY)`ebcWafÒYRbâ`>w

wt(ψ(b)) = mwt(b),

εi(ψ(b)) = mεi(b),

ϕi(ψ(b)) = mϕi(b),

ψ(f̃ib) = f̃i
mψ(b),

ψ(ẽib) = ẽi
mψ(b),

\ ~r� Ì � Ì `

�uhid"Z¤`ehRd'`
b ∈ B

�']_[Xb�hi^ WSd"�'��hiWaU
ψ(0) = 0

�
-qUgonUml�l�UwWSd'bcy)YR^1`kWSU�Û"ÙXl�hi^1`eZaUgfÒYR[XbconUXl�UX^1`X�

× Ài¹ ¹ À,ö�²¬°M²�Ù ��³ \ Ì ` ´�M
ψ : B → B′ sLIAuzµ(v �»©JQ�«�K�MnI��»s ¶ Ô HR�n«u�´Mdu�µ ¶ s

m
sAu
ψ′ : B′ → B′′ sLIAu÷µ§vF�»©JQ�«�K�MnI��»s ¶ Ô HR�n«u�´Mdu�µ ¶ s m′ ¿ HR�ª©JQLI ψ′ ◦ ψ : B →

B′′ sLIAu÷µ§vF�»©JQ�«�K�MnI��»s ¶ Ô HR�n«u�´Mdu�µ ¶ s mm′ E
\�� ` ´�©JM�sAv�u

ψν : Bν → B′
ν

\
ν = 1 ¿ 2

` ¶ sAµ<¼ �»©JQ¬«�K�MnI��»sLI ¶ Ô HR�n«u�´Mdu�µ ¶ s m Eñ �ª©JQeI
ψ1 ⊗ ψ2 : B1 ⊗B2 −→ B′

1 ⊗B
′
2

sLIAujµ§vF�»©JQ�«�K�MnI��»s ¶ Ô HR�n«u�´Mduãµ ¶ s m E
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È¬���!���W�T�W�!ÊcÉz������¤�c�d���FB��W���a���c������É¤���
ÃQ�T�g�A���CB Â ���Ö��É¤�
TkYR�"�uUXonhR^"W�Ö¦d"UV�uhid"Z�`Shid'`eU¨WSd"bâ`eU

(in)n≥1
`SUXonocU¤Ö¦d"U��uhid"Z�`Shid'`

i
o ÞßUm^"WSUml Ô onU

{n > 0 ; in = i}
WShibâ`Øbn^'à"^"b�s�^"hid"WÜY�yihR^"WÜd"^ �"onhi^'ÕiUXl�UX^1`ØÛ"U

B(∞)
Û�YR^"W

P = {(cn)n≥1 ; cn ∈ Bin

�uhid"Z�`ehidr`
n
U�`
cn = bin(0) ∈ Bin

��hid'Z
n� 0}

�
î Â�·)Áq·"±J²�¶�²S·"¸�ö�²¬°M²ãâ �4³ � ©Uµ�Q·u¬©Uµ(u9sAv�uÒM�s�Q

m > 0 ¿ MO�Ösc¼iMnIAuTs·µ(v�sAuzµ§v IesAµ���»©JQ�«�K�MnI��»s
Sm : B(∞) −→ B(∞) ¶ Ô HR�n«u�´Mdu�µ ¶ s m E�Ý·s4«u�Ìµ¦I Sm sLIAu�Mdv&6Qs3tAuÒM ómE

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ áw^þY
wt(Sm(u∞)) = 0

sqÛ"hi^"[Üo�ÞãÙXocÙXl�UX^1`
Sm(u∞)

Û'hibc`
mm`SZSU

u∞
ì�Û/Þãhf$o Þßd'^"bn[mbc`eÙ)�

� Ù�à�^"bnWaWShi^'WÝd"^'U&YR�'�"onbc[�Y)`Sbnhi^
Sm : P −→ P

��YRZ
(cn)n 7→ (Sm(cn))n

Y�yiUm[
Sm(bin(k)) = bin(mk)

�4.�ZR�R[XU�YRdÑocUXl�l�UØ�"ZaÙX[mÙXÛ"Um^¦`Xs�hR^ yRÙXZSbâà�UØfÒYR[XbconUml�Um^¦`
Ö¦d"U

Sm
UXWa`©d"^Øl�hRZS�"\"bcWSl�U�ÛÉÞ YRl��"ocbc`ed'Û"U

m
U�`ìÖ¦d"U

Sm(B(∞)) ⊂ B(∞)
�

� ¼S³g¸�²�¶�²S·"¸ öL²¬°
²�é ��³ -qUÜl�hRZS�"\"bcWSl�U
Sm : B(∞) ↪→ B(∞)

ÛÉÞ YRl��"ocbc`ed'Û"U
m
UmWa`ÝYR�"�uUXocÙ?¥§©Uv&��He¥§s ¶ ÔÄ©JQ ¶ Q&s m Û"U

B(∞)
�

®g·'Â�·'¯_¯�°�²_Â�ÀÑö�²¬°
²�ê �4³ � ©UµrQruT©Uµ§uÓ«�©JM ¶ I ¶ ©J�ØMdvuHDv�u λ ¿ MO�ísc¼iMnIAu¬sbµ§v�µ(v�M�¹¤µ�s
�»©JQ�«�K�MnI��»s

Sm : B(λ) ↪→ B(mλ) ¶ Ô HR�n«u�´Mdu�µ ¶ s m E�ûù©Uµ1I��RÔ HA«X«�s��O�ªs�Q&©Uv'Iù¸�¥1HR��ªs��»sAv�u4¥§©Uv&��He¥§s ¶ ÔÄ©JQ ¶ Q&s m ¶ s B(λ)
E

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ -qU l�hiZa�"\"bnWal�U
Sm : B(∞) ⊗ Tλ −→ B(∞) ⊗ Tmλbn^'Û"d"bc`

Sm : B(λ) ↪→ B(mλ)
�

áw^åY
Sm(uλ) = umλ.-qUg[XhiZahiononYRbnZaU [mbâé_Û'UXWSWad"WVbnl��"onbcÖ¦d"UwonU

®g·'Â�·'¯_¯�°�²_Â�ÀÑö�²¬°
²Tð �4³ ´�©JM�sAv�u ¶ sAµ<¼o«�©JM ¶ I ¶ ©J�ØMdvuHDv�uOI λ sAu
µ
Ez´�M

V (λ) ⊗

V (µ)
t3©Uv�u M�sAv�u

V (ν) ¿ HR�ª©JQLI V (mλ) ⊗ V (mµ)
t3©Uv�u M�sAv�u

V (mν)
«�©UµrQ u¬©Uµ(u

sAv�uÒM�s�Q[«�©}I�MduÒM ó
m
E

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ ��Þ YR�'ZR=XW!onU�[XhiZahiononYRbnZaU� "� Ì � Í s�onUìl�h�Û"d"onU
V (ν)

UXWa`![mhi^1`eUX^¦d
Û�YR^'W

V (λ)⊗V (µ)
WSb�U�`PWSUXd'onUXl�UX^1`PWXÞãbno'UA'rbnW¾`eUVd"^ÜyiUX[�`eUmd"Z

b ∈ B(µ)
Û"UV��hRbnÛ"W

ν − λ
`eUmo�Ö¦d"U

εi(b) ≤ 〈hi, λ〉
�MágZ

Sm(b) ∈ B(mµ)
UmWa`gÛ'U>��hRbnÛ"W

mν −mλUm`kWSY)`ebcWafÒYRbâ`[w
εi(Smb) ≤ 〈hi, mλ〉

�



#kÆ�Åê�gÊRÉ%$Q�cÍc�4�A�WB��W���a���cÏ1N #$ à
áw^åYÜocUgÛ"báY)ÕiZeYRl�l�U [XhRl�l>dr`LY)`Sbcf

B(λ)
Sm //

Snm $$I
II

II
II

II
B(mλ)

Sn

��
B(nm)

� ¼S³g¸�²�¶�²S·"¸ öL²¬°
²�õ ��³ æ!hid"Z�`ehidr` ��hibcÛ"W�Û"hil�bn^"YR^1`
λ
s¨hi^ Û"Ùmà�^'bc` d"^ UX^ré

WSUml Ô ocU
B(λ)Q

�"YRZ
\ ~r� Ì � � `

B(λ)Q = lim
−→
m

B(mλ).

]_o/UmWa`Ý[XoáY)bnZ¨Ö¦d"U
B(λ) ↪→ B(λ)Q

�
æ�hRd"Z�`ehid'`

a ∈ Q+
^"hi^ ^¦d"o s�Û"Ùmà�^'bnWSWahi^"WkWSd"Z

B(λ)Q

Û"UmWkYR�"�"ocbn[�YJ`ebnhR^"W
ẽi
a, f̃i

a : B(λ)Q −→ B(λ)Q t {0}
`eUmonocUXW�Ö¦d"U�onUgÛ"bnYRÕiZSYRl�l�U

B(mλ)
ẽi

ma,f̃i
ma

//

��

B(mλ) t {0}

��
B(λ)Q

ẽi
a,f̃i

a

// B(λ)Q t {0}
[XhRl�l>dr`eU>�uhid"Z

m
[XhR^¦`SUX^�Y)^¦`�YRWaWSUS�Û'U>fÒYR[m`SUXd"ZaWX�Z� UØlimXl�URs�Û"Ùmà�^'bnWSWahi^"W

εi
s

ϕi : B(λ)Q −→ Q
[XhRl�l�U$Ù�`LYR^1`�ocUXW�onbnl�bc`SUXWØbc^"Û"d"[�`ebcyRUXWÚÛ'UXW�YR�'�"onbc[�Y)`Sbnhi^"W

B(mλ)
εi, ϕi−−−→ Z

1/m
−−−→ 1

m
Z ⊂ Q

�
:<; Ài¹ Á�¯ÒÀ]ö�²¬°M²ãö ��³ �wYR^"W�onU [�YRW

g = sl2
^"hid"W�Y}yRhi^"W

B(ρ)Q = [0, 1]
s

[XhRl�l�Uwo�Þãbnocond"W¾`eZaU oáY>à�ÕRd"ZSU�~'� Ì \Òhf onUmW�[L\"b�p�ZSUmWVWShi^1`ÝÛ"UXW�y)YRonUmd"ZSW�Û'U
ε
` �

B(mρ) ◦
0

-◦
1

- · · · -◦
m− 1

-◦
m

B(ρ)Q ◦ - - -• ◦0 1
? ?

1/2

S�THUWVCX�Y'&�\*^_\Q£¬c&l)(ô¥A¸�kÑe_k©§maphqnpi�¥Afg®´npf_a
sl2



#%$¤ô ÁIÂ �cÃ���d�W��#kÆ¤Ç
È¬���!���W�T�W�!ÊcÉz������¤�c�d���FB��W���a���c������É¤���
ÃQ�T�g�A���CB Â ���Ö��É¤�
:<; Ài¹ Á�¯ÒÀ]ö�²¬°M²¬ú ��³ prhibcUX^1`

g = sln
Um`
λ = Λ1

�÷� YR^"W�oáYFZSÙXYRonbcWeY)`Sbnhi^
Û'U
B(mλ)

��YRZ�onUXWP`LY Ô onU�Y)d('�Û"Uå8Phid'^"Õ"s¦`ehid'`PyiUm[m`SUXd"Z�Û"U
B(mλ)

UmWa`¨ZSUX�'ZSÙXWaUX^1`eÙ
��YRZ�d"^ `LY Ô onU�Y)dþWaUXl�bâé_W¾`LYR^'Û�YRZSÛÑÛ"UÜf�hiZal�U

mλ
\Òd"^'U�ocbnÕi^"UØÛ'U�ochi^"Õid"Umd"Z

m
` �

prhibâ`
aν
onUg^"hil Ô ZSU�Û"Ugf�hibcW¤Ö¦d"U

ν
YR�"�"YRZeYE�n`�Û�Y)^"WV[XUg`LY Ô onU�Y)d/�7V ochiZSW

B(mλ) ' {vm(a) ; a = (a1, a2, . . . , an)
`SUXoqÖ¦d"U

aν ∈ N
Um` n∑

ν=1

aν = m},

Û"hi^'[�onY>Wa`SZSd"[�`ed"ZaU�Û"U�[mZSbnW¾`LYRoÉUXWa`kÛ"hR^"^"ÙXU���YRZ

wt(vm(a)) =
∑n

ν=1 aνεν ,

εi(vm(a)) = ai+1,

ϕi(vm(a)) = ai,

ẽi(vm(a)) =

{
vm(a+ δi − δi+1)

Wab
ai+1 > 0

s
0

Wab
ai+1 = 0

s

f̃i(vm(a)) =

{
vm(a− δi + δi+1)

Wab
ai > 0

s
0

Wab
ai = 0

s

hf
i = 1, . . . , n−1

Um`
δν = (

ν
︷ ︸︸ ︷

0, . . . , 1, . . . , 0)
��� hi^"[

vm(mδ1)
UmWa`Pd"^�yiUX[�`eUmd"Z

Û"U��"ond'Wk\"YRd'`Ý��hibcÛ"WX��-qU�Õihi^IH�YRÕiU
Sr : B(mλ)→ B(rmλ)

Û/ÞãhiZSÛ"ZaU
r
Y��uhid"Z

UA'r�"ZaUXWaWSbnhR^
vm(a) 7→ vrm(ra)

�"]_oqWXÞãUX^'WSd"bâ`ÝÖ¦d"U

B(λ)Q = {v(a) ; a = (a1, a2, . . . , an)
`SUXoqÖ¦d"U

aν ∈ Q+

Um` ∑n
ν=1 aν = 1}.

-ìÞßbc^U�aUX[�`ebchi^
B(mλ) ↪→ B(λ)Q

YRWaWSh�[XbcU�Y)onhiZaW
v(m−1a)

w
vm(a)

�

:<; Ài¹ Á�¯ÒÀ]ö�²¬°M²¬°�ü �#³ prhRbnUX^1`
g = gl3

U�`
λ = m1Λ1 + m2Λ2

�LV ochiZSW
B(λ)UXW¾`���YRZeY)l�Ù�`eZSÙØ�"YRZgo�ÞãUX^"WaUXl Ô onUØÛ"UmW�`eY Ô onUXYRd(' Û"U·8Phid"^"Õ WSUml�b é_W¾`LYR^"Û"YRZSÛ"WgÛ'U

f�hiZal�U
λ
\Ò[RÞãUXW¾`aé¬wJé_Û"bcZSUåw�Û"Umd(',ZeYR^"ÕRÙXUXWms'onY��"ZaUXl�bª=mZSUkÛ"U ochi^"Õid"Umd"Z

m1 +m2

U�`
oáYwWaUX[mhi^"Û"UkÛ"UVonhi^'Õid"UXd'Z

m2
` ��prhRbc`

aνk
onU¤^'hil Ô ZaUkÛ'U

k
Û"YR^"W oáY

ν
éêbª=ml�U¤ZSYR^"ÕiÙmU

\
1 ≤ ν ≤ 2

s
1 ≤ k ≤ 3

` ��V ochiZSW hi^ÑY ∑

k a
1
k = m1 + m2

Um` ∑

k a
2
k = m2

�
V bc^"WSb

a1
1 = m1 +m2 − a

1
2 − a

1
3

s
a2

1 = 0
s
a2

2 = m2 − a
2
3

�7�&ÞßhD

\ ~r� Ì � Ï ` B(λ) ' {v(a) ; a = (a1
2, a

1
3, a

2
3) ∈ N3 s

a1
2 + a1

3 ≤ m1 + a2
3

s
a2

3 ≤ m2

s
a1

3 ≤ m1}.
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áw^gyiÙXZabcà�U©fÒY)[XbnocUXl�UX^1`Zw�o�ÞßYRbcÛ"U�Û"U o ÞßÙm[XZSbâ`ed"ZaUìYRZSY Ô U�Ö�d'UPonY¤Wa`SZSd"[�`ed"ZaUP[mZSbcWa`LY)ononbc^"U
UXW¾`kÛ"hi^"^"ÙmU��"YRZ

\ ~r� Ì �! `
wt(v(a)) = (m1 +m2 − a

1
2 − a

1
3)ε1

+(a1
2 +m2 − a

2
3)ε2 + (a1

3 + a2
3)ε3,

ε1(v(m)) = a1
2,

ε2(v(a)) = a1
3 + (a2

3 − a
1
2)+,

ϕ1(v(a)) = m1 + a2
3 − a

1
2 − a

1
3,

ϕ2(v(a)) = m2 − a
2
3 + (a1

2 − a
2
3)+.

]_[Xb
x+ = max(x, 0)

�4-qUXW>Y)[m`ebchi^"W�Û"UXW>hR��ÙmZeY)`SUXd"ZaW
ẽi
Um`
f̃i
\
i = 1

s
2
` WShi^1`

YRochiZSW

ẽ1v(a) =

{
v(a− δ1

2)
WSb
a1

2 > 0
s

0
WSb
a1

2 = 0
s

f̃1v(a) =

{
v(a+ δ1

2)
WSb
a1

2 + a1
3 < m1 + a2

3

s
0

Wab
a1

2 + a1
3 = m1 + a2

3

s

ẽ2v(a) =







v(a− δ2
3)

WSb
a2

3 > a1
2

s
v(a+ δ1

2 − δ
1
3)

WSb
a2

3 ≤ a1
2

Um`
a1

3 > 0
s

0
WSb
a2

3 ≤ a1
2

Um`
a1

3 = 0
s

f̃2v(a) =







0
WSb
a2

3 ≥ a1
2

Um`
a2

3 = m2

s
v(a+ δ2

3)
WSb
a2

3 ≥ a1
2

Um`
a2

3 < m2

s
v(a− δ1

2 + δ1
3)

WSb
a2

3 < a1
2

�
]_[Xb
δν0k0

UXW¾`�ocU©yiUm[m`eUmd"Z!Û"Ùmà�^'b��"YRZ
(δν0k0)

ν
k = δ(ν,k)=(ν0,k0)

�y- ÞßYR�"�'onbn[XY)`ebchi^wÕihR^IH�YRÕiU
Sm : B(λ) → B(mλ)

Y$�uhid"Z&Uk'r�"ZSUmWSWSbchi^
v(a) 7→ v(ma)

��V bc^"WSb s�Û"U,fÒYDëmhi^
WSbcl�bcoáYRbcZSUåwØo�ÞãUA'rUXl��"onUg�'ZSÙX[mÙXÛ"Um^1`�s�hi^$Y

B(λ)Q ' {v(a) ; a = (a1
2, a

1
3, a

2
3) ∈ (Q+)3 s

a1
2 + a1

3 ≤ m1 + a2
3

s
a2

3 ≤ m2

s
a1

3 ≤ m1}.
-qUXWØY)�"�"onbc[�Y)`Sbnhi^'W

wt
s
εi
U�`
ϕi

Wad"Z
B(λ)Q

WXÞãUA'r�"ZSbcl�Um^1`Ø[Xhil�l�U�Um^�\ ~'� Ì �! ` �
-�Y�onbcl�bâ`eUØbc^"Û"d"[�`ebcyRU

B(λ)Q

UXWa`>Û"bcy�bnWaÙ�Um^ Û"UXd§'
ZaÙXÕibchi^"WXs4w�WSY}yRhibnZ
{v(a) ∈

B(λ)Q ; a2
3 ≤ a1

2}
Um`
{v(a) ∈ B(λ)Q ; a2

3 ≥ a1
2}
�©prd'Z&[L\�YR[md"^"UÚÛÉÞßUmononUmWXs!onUmW

YR�"�'onbn[XY)`ebchi^"W
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s
εi
s
ϕi
Wahi^1`konbn^'Ù�YRbcZSUXWm�

ç Ài¹û°�ÂX½1¿�ÀØö�²¬°M²¬°
° ��³ æ!hid"Z�`ehidr`
i
s�^"hid"WV�uhid'yRhi^"WVyihibcZ

{f̃i
a}a∈Q

[mhil�l�U
d"^ H�hR`VÛ'v�^�Y)l�bcÖ�d'U�Wad"Z

B(λ)Q
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B(λ)Q

UmWa`Pd"^"UVWahiZa`SUkÛ'UVy)YRZabnÙ�`eÙ�onbc^"Ù�Y)bnZSU���YRZìl�hiZS[mU�YRd§'o\ÒÛ'bcy�bâé
WSÙmU¤UX^&ZSÙXÕRbnhi^"W�Ö¦d"b'Wahi^1`©Û"UmW©��hRocv¦`ehi�uUXW�[Xhi^1yRUA'rUXW ` ���wYR^'W�o�ÞãUA'rUml��"ocU¨[mbâé_Û'UXWSWad"WXs
[XUmW�ZaÙXÕibchi^"WgWahi^1`&Y)dþ^"hRl Ô ZSUØÛ'U�Û'UXd('���prd"Z�[L\�YRÖ¦d"U�ZSÙmÕibnhR^/s/[XUmW?H"hR`eW�Û'v�^�YJé
l�bnÖ¦d"UXW�Wahi^1`konbn^'Ù�YRbcZSUXW�Um`VÛ"hR^"[�[Xhil�l>d'`SUX^1`VUX^1`eZaU�UXd('Ñ\�WeYRdrf©WSd'Z�onU Ô hiZSÛ Û"UmW
ZSÙmÕibnhR^"W ` �X-qUXWPYR�"�"ocbn[XY)`ebchi^"W

wt
s
εi
Um`
ϕi
Wahi^1`�ÙmÕ1YRocUXl�UX^1` onbc^"Ù�YRbcZSUmW�WSd'ZP[L\"YRÖ¦d"U

ZSÙmÕibnhR^/� × U�`S`SUgWa`eZad"[m`Sd"ZSU�^/ÞãUXW¾`V��YRW¤Um^"[XhRZSU Ô bcUX^�[XhRl��"ZabnWaU9w>o�Þã\"Umd"ZSU�YR[�`ed"UmonocUR�

F ÊcÆqÊ�� 0}�U��.R0y����* .i�J�Ò+m0} �(Ò( � � * +Q�!�Ú(�� * � +m* % ��(Ò*$��*r+�.J%!* % � � +
æ�hRWShi^"W

PR = R ⊗Z P
��xÝ^ tLK�s��ØMdv UmWa`Üd"^'U�YR�"�"ocbn[XY)`ebchi^

π
ZSY)`ebchi^"^"UmononU)s

[XhR^¦`Sbn^¦d"UkUm`�onbc^"Ù�YRbcZSU���Y)ZPl�hiZa[XU�Y)d('�Û"U
[0, 1]

Û�YR^'W
PR

l�hrÛ'd"onh�onUmW�ZaUX��Y)ZeYRl�Ù�é
`eZabnWSY)`ebchi^"WX�Éæìond"Wg�"ZaÙX[mbnWSÙml�Um^1`�sqd"^ [L\"UXl�bn^ÑUmWa`�d"^"U�YR�"�'onbn[XY)`ebchi^

[0, 1] → PR`eUmonocUgÖ�dÉÞßbco!Uk'rbnWa`SU&d"^'U�Wad"bc`SU
0 = c0 ≤ c1 ≤ · · · ≤ cs = 1

Û"U�^"hil Ô ZaU�ZSY)`ebchi^ré
^"UmonW�Um`

λk
s
µk ∈ Q ⊗Z P

\
0 ≤ k < s

` `SUXocW�Ö¦d"U�o�Þãhi^ YRbâ`
π(t) = tλk + µk�uhid"Z

t ∈ [ck, ck+1]
\
0 ≤ k < s

` ��� Umd('$[L\"UXl�bn^'W
π1

U�`
π2

WShi^1`ÝbnÛ"Um^1`ebcà"ÙXWVWXÞãbno
UA'rbcWa`eU�Û"UmW YR�'�"onbc[�Y)`Sbnhi^"W¨[Xhi^1`ebc^¦d"UXWms�Wad"ZW�aUm[m`ebâyiUmWXsu[XZShRbnWSWSYR^1`eUmW Um`kocbn^"ÙXYRbnZaUXW���YRZ
l�hiZS[mU�YRd('

ψ1
s
ψ2 : [0, 1]→ [0, 1]

`SUXonocUXW¤Ö¦d"U
π1 ◦ ψ1 = π2 ◦ ψ2

�
-�Y,[XhR^"[�Y)`SÙX^�YJ`ebnhR^ Û"UØÛ"Umd('F[L\"Uml�bc^"W

π1

U�`
π2

sÉ^"h)`eÙXU
π1 ∗ π2

sÉUmWa`gÛ"Ù�à�^"bcU
��YRZ

(π1 ∗ π2)(t) =

{
π1(2t) + π2(0)

Wab
t ≤ 1/2

s
π2(2t− 1) + π1(1)

Wab
t ≥ 1/2

�
áw^,Y�Û"hi^'[

(π1 ∗π2)(t) = π1(t)+π2(t)
��hid'Z

t = 0
s
1
��-!Y�[XhR^"[�Y)`SÙX^�YJ`ebnhR^�UmWa`

YRWaWSh�[XbáYJ`ebcyRURs�[)ÞßUmWa`aé¬wJé_Û'bnZSU
(π1 ∗ π2) ∗ π3 = π1 ∗ (π2 ∗ π3)

��hid'ZV`Shid"WÝ[L\"UXl�bn^"W
π1
s
π2
s
π3
�

æ�hRd"Z�`ehid'`$[L\"Uml�bc^
π
s�Û'Ùmà�^"bcWSWahi^"W�d'^ [L\"Uml�bc^

Sm(π)
��YRZ

Sm(π)(t) =

mπ(t)
��]_oqUmWa`k[XonYRbnZ¤Ö¦d"U

Sm
[mhil�l&d'`eU�wØoáYØ[mhi^"[�YJ`eÙX^"Y)`ebchi^/�

íÝh)`ehi^"W
PL

o�ÞãUX^"WaUXl Ô onUPÛ"UXW©[L\'UXl�bn^"W
π
`eUmonW!Ö¦d"U

π(0) = 0
Um`
π(1) ∈ P

�<-qbâ`aé
`eUmonl�YR^"^ØYwÛ'hi^"^"Ù�Û�Y)^"W>^ Æ �f_ U�`z^ Æ�Æ _ Û'UXd('ÜW¾`eZad"[m`Sd"ZSUmWPÛ'U¤[XZabnWa`eYRo'Wad"Z

PL
sRo�Þãd"^"U

Wa`eY Ô ocUk�"YRZ [Xhi^"[XY)`eÙm^�Y)`Sbnhi^/s1o Þ Y)d'`eZaUk�"YRZ WSbnl�bnonYRZSbâ`eÙ
Sm

�ríkhid"WP�"ZSÙmWSUm^¦`SUXZahi^"W¨bc[Xb
oáY>WaUX[mhi^"Û"U)�
prhibâ`

π ∈ PL
�j-qU�tLK�s��ØMdv Mdv�¨Ds�QeIes

π∨ Û'U
π
UXW¾`,Û"Ù�à�^"bk��YRZ

t 7→ π(1 −

t) − π(1)
�÷-�Uo«�©JM ¶ IÑÛ"U π UmWa`�Û"Ù�à�^"bw�"YRZ

wt(π) = π(1)
��æ�hid"Z

i ∈ I
U�`

π ∈ PL
sP�uhiWahi^"W

Hi(π) = inf{〈hi, π(t)〉 ; 0 ≤ t ≤ 1} ≤ 0
�ò� Ù�à�^"bcWSWShR^"W

εi(π) = b−Hi(π)c
U�`
ϕi(π) = εi(π

∨) = εi(π) + 〈hi,wt(π)〉
\ÒZeY)�"��Umonhi^'W¤Ö¦d"U

bxc
UXW¾` o Þßd'^"bnÖ¦d"UgUm^¦`SbnUmZ¤`eUXoqÖ¦d"U

bxc ≤ x < bxc + 1
` �
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PL
Û/Þãd"^"U�YR[�`ebnhR^

ẽi
[mhil�l�UgWad"bc`X�

prhibcUX^1`
i ∈ I

U�`
π ∈ PL

�'æ�hiWahi^"W
ẽiπ = 0

WSb
εi(π) = 0

�'prbn^'hi^/s�[RÞãUXWa`¾éTwJéêÛ"bnZaU
onhRZSWSÖ¦d"U

Hi(π) ≤ −1
s¦[XhR^"Wa`SZSd"bcWShi^"W

s ≥ 1
Um`

0 ≤ a1 < c1 < a2 < c2 < · · · <

as < cs ≤ 1
Û"U�oáY&fÒYDëmhi^åWSd"bâyRY)^¦`SUGø

\ ~r� �r� Ì `







\ Ì `
〈hi, π(t)〉 ≥ Hi(π) + 1

�uhid"Z
0 ≤ t ≤ a1

�
\�� `
〈hi, π(a1)〉 = Hi(π) + 1

�
\ Ï `
〈hi, π(t)〉

Û"Ùm[XZSh��n`ÜWa`SZSbc[m`eUml�Um^1`�Wad"Z
[aν, cν]

�uhid"ZØ`Shid'`
1 ≤ ν ≤ s

�
\� `
〈hi, π(cν)〉 = 〈hi, π(aν+1)〉

Um`
〈hi, π(t)〉 ≥ 〈hi, π(cν)〉WSd"Z

[cν, aν+1]
��hRd"Z¤`ehidr`

1 ≤ ν ≤ s− 1
�

\�� `
〈hi, π(cs)〉 = Hi(π)

�
\ z `
〈hi, π(t)〉 ≥ Hi(π)

��hRd"Z
cs ≤ t ≤ 1

�
�ì^>Û/ÞßYRd'`SZSUXW�`eUXZal�UmWXsJonU�^"hil Ô ZaU

a1
UmWa`ìocU��"ocd"W�ÕRZeYR^"Û

a
`eUXo�Ö¦d"U

〈hi, π(t)〉 ≥
Hi(π) + 1

WSd"Z
t ∈ [0, a]

s�onU�^"hil Ô ZSU
c1
UXWa`>onU,�'ond"W�ÕiZeYR^'Û

c ≥ a1

`SUXo�Ö�d'U
〈hi, π(t)〉

Û"ÙX[mZShM�c`ìWa`SZSbc[m`eUml�Um^1` WSd"Z
t ∈ [a1, c]

sionU¤^'hil Ô ZaU
a2
UmWa`PonU¨�"ond"W�ÕiZeYR^'Û

a ≥ c1
`SUXo Ö¦d"U

〈hi, π(t)〉 ≥ 〈hi, π(c1)〉
Wad"Z

t ∈ [c1, a]
sqUm`S[R�!íÝhRd"W&Y)ZSZSbâyihi^'W

à�^�Y)onUXl�UX^1`�YRdÅ^"hil Ô ZSU
cs
`eUmo�Ö�d'U

〈hi, π(cs)〉 = Hi(π)
� æ�YRZÜ[mhi^"Wa`SZSd"[�`ebchi^

(
〈hi, π(a1)〉

s��X�m�cs
〈hi, π(as)〉

s
〈hi, π(cs)〉

) UmWa`�d"^"UkWSd"bâ`eUkWa`eZabn[�`eUXl�UX^1`PÛ"Ùm[XZShRbnW¾é
WeY)^¦`SU&Û"U

Hi(π) + 1
�ad"WSÖ¦d/Þ w

Hi(π)
�uTVUXl�YRZSÖ¦d"hR^"WÝÖ¦d"U

cs
UmWa`ÝonU��"ond'WÝ�uUm`Sbc`

t`eUmoqÖ¦d"U
〈hi, π(t)〉 = Hi(π)

�
V ochiZSW

ẽiπ
UmWa`�onUØ[L\"Uml�bc^þh Ô `eUX^¦dþUX^ûUApÉUm[m`Sd�YR^1`>onY W¾v�l�Ù�`eZSbcUÜÛ"UÜoáY ��YRZa`SbnU

[aν, cν]
\
1 ≤ ν ≤ s

` ��YRZ�onY ZaÙH�Uk'rbnhi^ WSbcl��'onU
si
Um`�Um^û^/ÞãUp�UX[�`ed�YR^1`�Ö¦d/Þßd'^"U

`eZSYR^"WaoáY)`Sbnhi^
Wad"ZÜonUmWÜYRd'`eZaUXWØ��Y)Za`ebcUXWÜY)à"^ÅÛ'Uå[mhi^"WaUXZayRUXZ�d"^Å[L\"UXl�bn^ [mhi^1`ebn^¦d/�
× hi^"[mZR=�`eUXl�UX^1`Xsu^'hid"WkY�yihi^"W
\ ~r� �r� � `

(ẽiπ)(t) =







π(t)
�uhid"Z

0 ≤ t ≤ a1

s
π(t)− 〈hi, π(t)− π(a1)〉αi

�uhid"Z
aν ≤ t ≤ cν

s
π(t)− 〈hi, π(cν)− π(a1)〉αi

�uhid"Z
cν ≤ t ≤ aν+1

s
π(t) + αi

�uhid"Z
cs ≤ t ≤ 1

�
íÝh)`ehi^"WVonY>WSbnl�bnonYRZSbâ`eÙkÛ"U�[XU�`S`eU�[mhi^"Wa`SZSd"[�`ebchi^�Y�yRUX[�[XUXoconUwÛ'U�o ÞßUk'rUXZS[mbn[mU�~r� Ì �
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0 ≤ a1 ≤ c1 ≤ a2 ≤ c2 ≤ · · · ≤

cs ≤ 1
WSY)`ebcWafÒYRbâ`wY)d('F[mhi^"Û"bâ`ebnhR^"Wh\Ò~'� ��� Ì ` s/YRochiZSW

ẽiπ
UXW¾`�Û"hi^"^"Ù&��YRZwonYÚlrmml�U

f�hiZal>d"onU,\ ~'� �r� � ` �#�ì^ fÒYRbc`&WSb
ak = ck

YRochiZSW
0 ≤ a1 ≤ c1 ≤ · · · ≤ ak−1 ≤

ck−1 ≤ ak+1 · · · ≤ cs ≤ 1
yRÙXZSbâà�Uå\ ~'� �r� Ì ` s�Um`!WSb

ck = ak+1

YRonhRZSW
0 ≤ a1 ≤ c1 ≤

· · · ≤ ak ≤ ck+1 ≤ · · · ≤ cs ≤ 1
yiÙmZSbâà�Ub\Ò~'� �r� Ì ` ��� U��"ond"Wms�^"hid"Wkh Ô `SUX^"hi^'WÝocU

limXl�Ug[L\"UXl�bn^ UX^åUXl��"och�viYR^1`VoáYØ^"hidryiUXoconUgWad"bc`SUgÛ�YR^"WkoáY&f�hiZal>d"ocUG\ ~'� �r� � ` �
�ì^'à�^/s¦�uhiWShR^"W

f̃iπ = (ẽi(π
∨))∨

�(-�Y�[Xhi^'Wa`eZad"[m`Sbnhi^�UA'r�"ocbn[Xbâ`eUVÛ"U
f̃iπ

Û�YR^"WPonU
[�Y)W

ϕi(π) > 0
UXW¾`wonYÜWad"bcy)YR^1`SUR�
� Ùmà"^"bnWaWShi^"W

0 ≤ a1 < c1 < a2 < c2 < · · · <

cs ≤ 1
\
s ≥ 1

` [Xhil�l�UwWSd"bâ`�ø

\ ~r� �r� Ï `







\ Ì `
〈hi, π(t)〉 ≥ Hi(π)

�uhid"Z
0 ≤ t ≤ a1

�
\�� `
〈hi, π(a1)〉 = Hi(π)

�
\ Ï `
〈hi, π(t)〉

[XZSh��n`kWa`SZSbn[�`eUml�Um^¦`kWad"Z
[aν, cν]

�uhid"Z�`ehidr`
1 ≤

ν ≤ s
�

\� `
〈hi, π(cν)〉 = 〈hi, π(aν+1)〉

U�`
〈hi, π(t)〉 ≥ 〈hi, π(cν)〉WSd"Z

[cν, aν+1]
��hRd"Z¤`ehidr`

1 ≤ ν ≤ s− 1
�

\�� `
〈hi, π(cs)〉 = Hi(π) + 1

�
\ z `
〈hi, π(t)〉 ≥ Hi(π) + 1

��hRd"Z
cs ≤ t ≤ 1

�
V ochiZSW

f̃iπ
UmWa` ocU [L\"UXl�bn^ h Ô `eUm^�d Um^ UApÉUm[m`Sd�YR^1` oáYûW¾v�l�Ù�`eZSbcUFÛ"U onY
��YRZa`SbnU

[aν, cν]
\
1 ≤ ν ≤ s

` ��YRZ�onY ZaÙH�Uk'rbnhi^ WSbcl��'onU
si
Um`�Um^û^/ÞãUp�UX[�`ed�YR^1`�Ö¦d/Þßd'^"U

`eZSYR^"WaoáY)`Sbnhi^
Wad"ZÜonUmWÜYRd'`eZaUXWØ��Y)Za`ebcUXWÜY)à"^ÅÛ'Uå[mhi^"WaUXZayRUXZ�d"^Å[L\"UXl�bn^ [mhi^1`ebn^¦d/�
× hi^"[mZR=�`eUXl�UX^1`Xsu^'hid"WkY�yihi^"W
\ ~r� �r�! `

(f̃iπ)(t) =







π(t)
�uhid"Z

0 ≤ t ≤ a1

s
π(t)− 〈hi, π(t)− π(a1)〉αi

��hRd"Z
aν ≤ t ≤ cν

s
π(t)− 〈hi, π(cν)− π(a1)〉αi

��hRd"Z
cν ≤ t ≤ aν+1

s
π(t)− αi

��hRd"Z
cs ≤ t ≤ 1

�
î Â�·)Áq·"±J²�¶�²S·"¸�ö�²�ÙZ²�Ù �4³ º sht�Q MnIAu�HR�

PL
sLIAuìIes��ØMO�¬vg©JQ ��HR�âE

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ �ì^
Wad"�"�uhiWeY)^¦`
εi(π) > 0

s�Û"Ùml�hR^¦`SZShi^'W&Ö¦d"U
f̃iẽi(π) =

π
��prhibâ`

0 ≤ a1 < c1 < a2 < c2 < · · · < cs ≤ 1
oáYÑWSd"bâ`eU$WeY)`SbnWafÒY)bnWeY)^¦`
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Hi(ẽiπ) = Hi(π) + 1
Um`V[mU�^"hil Ô ZaUwUXW¾`ÝY)`S`SUXbn^1`��"YRZ

〈hi, (ẽiπ)(a1)〉
s/U�`
〈hi, (ẽiπ)(cs)〉 = Hi(ẽiπ) + 1

�É]_o©WmÞßUm^"WSd"bâ`�Ö�d'U
0 ≤ a1 <

c1 < a2 < c2 < · · · < cs ≤ 1
yRÙXZSbâà�UO\ ~'� �r� Ï ` ��hid'Z

ẽiπ
�ZV bn^'WSb

f̃iẽiπ
UXWa`�onU

[L\"Uml�bc^
h Ô `SUX^¦d UX^ Y)�"�"onbcÖ¦d�YR^1`
s2
i

Wad"Z>onUmW&WaUXÕil�UX^1`eW
[aν, cν]

��]_o�Û"Ùm[Xhid'onU,Û'U
s2
i = id

Ö¦d"U
f̃iẽi(π) = π

�
�ì^ÜYR�"�"ocbnÖ¦d�YR^1`

∨
sR^'hid"Wìh Ô `SUX^"hR^"W

ẽif̃i(π) = π
��hRd"Z

ϕi(π) > 0
�f-qUXW Y)d'`eZaUXW

YU'rbnhRl�UmW�WSUgyiÙmZSbcà"UX^1`ÝYRbnWaÙXl�UX^1`��
� hibc[Xb�Um^'à�^þoáYÚZSÙXYRonbcWeY)`Sbnhi^���YRZ�Û"UXW�[L\"Uml�bc^"W�Û"UÜoáY Ô YRWaUÜ[XZSbcWa`eYRonocbn^"U

B(λ)
�

æ�hRd"Z�`Shid'`©�uhibcÛ"W
λ
sJ^"hR`ehR^"W

πλ
ocU�[L\"Uml�bc^>Û"Zahibc`!Û"U

0
w
λ
\Ò[)ÞßUmWa`¾éTwJéêÛ"bnZaU

πλ(t) =

tλ
` �

® »!¼�·'Ây¯R¹ À]öL²�ÙL²ãâ Äc* �O0�0}*�( %  ��� È ��³ � ©UµrQ>u¬©Uµ(u�«�©JM ¶ I ¶ ©J�ØMdvuHDv�u λ ¿ MO�Msc¼i�MnIAu¬s0µ§v�µ§v�M�¹¤µ�s÷«u�ª©Uv§¥§s��»sAv�u ¶ sùt�Q�MnIAu�HDµ<¼ ¶ s B(λ) ¶ HDv'I PL sAv�¨D©U¾RHDv�u
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πλ
E
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PL
��Y)Z WSbcl�bcoáYRZabc`SÙ

YRbc^"WSb/Ö¦d"U�Wad"ZÝWSYØWa`LY Ô bnocbc`eÙ ��YRZa`SbnUmononUÝ��YRZ�[mhi^"[�YJ`eÙX^"Y)`ebchi^/�
î Â�·)Áq·"±J²�¶�²S·"¸�ö�²�ÙZ²�é �4³ ´�©JM�sAv�u

π
µ(v tLK�s��ØMdv�sAu

n
µ§v sAv�u M�s�Q&IAuÒQ M�tAuTs��»sAv�u

«�©}I�MduÒM ómE�´�©JMdu
i ∈ I

E
\ÒY ` ´�µy«X«�©}Ie©Uv'I

εi(π) ≥ n
E9´�©JMdu

0 ≤ a1 < c1 < a2 < c2 < · · · <

cs ≤ 1
µ§vgs�IAµ�MduTsåIXHDu MnIWómHRMnIXHDv�uØHDµD¼ t3©Uv ¶ Mdu M�©Uv'I�\ ~'� �r� Ì `

n
¿ t�ÔÄsLIAuÒ��ÕR� ¶ MOQ&sHDµD¼Øt3©Uv ¶ MduÒM�©Uv'IO\ ~r� �r� Ì ` HD¨Ds3ti\ 1 ` sAuå\ 2 ` Q&s��n«u�âH§t3¸3sLIz«'HRQ>�ªsLI»t3©Uv ¶ MduÒM�©Uv'I\

1
`
n

sAuÓ\
2
`
n

IAµrMd¨JHDv�u¬sLI��
\
1
`
n 〈hi, π(t)〉 ≥ Hi(π) + n

«�©Uµ�Q
0 ≤ t ≤ a1

E
\
2
`
n 〈hi, π(a1)〉 = Hi(π) + n

E
ñ �ª©JQLI

ẽni π
sLIAu ¶ ©Uv�vg¸4«'HRQÓµ(vgsLóQ©JQ �hµ��ªs�I�MO�ØMO�âHRMOQ&s>Õä\ ~'� �r� � ` ¶ HDv'I��âHX¹¤µ�s��O�ªs�ªs ¶ s�QAv�M�s�QxtSHJIxsLIAu�Q&s��n«u�âH§t3¸í«'HRQ
(ẽiπ)(t) = π(t) + nαi

«�©Uµ�Q
cs ≤ t ≤ 1

E
\ Ô ` ´�µy«X«�©}Ie©Uv'I

ϕi(π) ≥ n
Eå´�©JMdu

0 ≤ a1 < c1 < a2 < c2 < · · · <

cs ≤ 1
µ(vgsØIAµ�Mdu¬s�IXHDuÒMnIWómHRMnIXHDv�uÝHDµD¼Ñt3©Uv ¶ MduÒM�©Uv'I1\ ~'� �r� Ï ` HD¨Ds3tr\ 5 ` sAu9\ 6 `Q3s��n«u�âH§t3¸3sLIÓ«'HRQg�ªsLIht3©Uv ¶ Mdu M�©Uv'I�\ 5 ` n sAuÓ\

6
`
n

IAµrMd¨JHDv�u¬sLI��
\
5
`
n 〈hi, π(cs)〉 = Hi(π) + n

E
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\
6
`
n 〈hi, π(t)〉 ≥ Hi(π) + n

«�©Uµ�Q
cs ≤ t ≤ 1

E
ñ �ª©JQLI

f̃ni π
sLIAu ¶ ©Uv�vg¸Z«'HRQÓµ§vgsgóQ©JQ �hµ��ªsPI�MO�ØMO�âHRMOQ&síÕä\ ~r� �r�! ` ¶ HDv'I¨�âHX¹¤µ�s��O�ªs�ªs ¶ s�QAv�M�s�QxtSHJIxsLIAu�Q&s��n«u�âH§t3¸í«'HRQ
(f̃iπ)(t) = π(t)− nαi

«�©UµrQ
cs ≤ t ≤ 1

E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ æìZahid'yihR^"W9\

1
` ��Y)ZìZSÙX[md"ZSZaUX^"[mUÝWad"Z

n
�¦æìZSUm^"hi^"WPd"^"UVWad"bc`SU

0 ≤ a1 < c1 < a2 < c2 < · · · < cs ≤ 1
WeY)`SbnWafÒY)bnWeY)^¦`©YRd('�[XhR^"Û"bc`Sbnhi^'Wí\Ò~'� ��� Ì `

n
�

× \"hibcWSbcWSWShR^"W
k
Um`
a
`SUXonWÝÖ¦d"U

ak ≤ a < ck
Um`
〈hi, π(a)〉 = Hi(π) + 1

�
VÝonhiZaW
0 ≤ a < ck < ak+1 < · · · < as < cs ≤ 1

yiÙmZSbâà�U�onY�[mhi^"Û"bâ`ebchi^Ñ\ ~'� �r� Ì ` �
� hR^"[
π′:=ẽiπ

UXW¾`,h Ô `eUX^¦d w ��Y)Za`ebcZØÛ"U
π
Um^ Up�UX[�`ed�Y)^¦`,oáYFZSÙAH�UA'rbchi^ Û"UmW��"YRZa`SbnUXW

[a, ck]
s
[aν , cν]

\
k + 1 ≤ ν ≤ s

` ��YRZÝoáYÜZSÙH"UA'rbnhi^�WSbnl��"ocU
si
��áw^FY

Hi(π
′) =

Hi(π)+1
Um`
π′(t) = π(t)

��hRd"Z
t ≤ a

�eVÝbn^"Wab
π′(a) = Hi(π

′)
U�`
π′(t) ≥ Hi(π

′)�uhid"Z
t ≥ a

� ]_oVWXÞãUX^"Wad"bc`,Ö�d'U
0 ≤ a1 < c1 < a2 < c2 < · · · < ck−1 <

ak ≤ a ≤ 1
WSY)`ebcWafÒYRbâ`ùw oáY$[mhi^"Û"bâ`ebchi^ \Ò~'� ��� Ì `

n−1
�uhid"Z

π′ ��æ�YRZ>[mhi^"WSÙmÖ¦d"UX^1`
ẽi
nπ = ẽi

n−1π′ UmWa`�h Ô `SUX^¦d wF��Y)Za`ebcZ>Û"U
π′ UX^ UApÉUm[m`ed"YR^1`,onY ZSÙH"UA'rbnhi^ÅÛ"UmW��YRZ¾`ebcUXW

[aν , cν]
\
1 ≤ ν < k

` U�`
[ak, a]

�"YRZ
si
\OyihibcZ�onY�ZaUXl�YRZSÖ¦d"U ~'� �r� Ì ` �§�&Þãhf

onUgZaÙXWad"oc`eY)`VZSUm[L\"UXZa[L\"ÙR�
-�YØÛ"ÙXl�hi^"W¾`eZeYJ`ebnhR^���hid'Z

f̃i
n UmWa`ÝYR^�Y)onhiÕid'UR�

-qUÝ[mhiZShRonoáY)bnZSU�WSd"bây)YR^1`¨UmWa`¤d'^"UÝ[mhi^"WaÙXÖ¦d"UX^'[XUgbnl�l�ÙXÛ"bnY)`eU¤Û'UÝonY��"Zahi�uhiWSbâ`ebnhR^/�
®g·'Â�·'¯_¯�°�²_Â�ÀÑö�²�ÙL²�ê �4³ � ©UµrQGu¬©Uµ(u�sAv�u M�s�Q

m > 0
sAuåuT©Uµ§u?tLK�s��ØMdv

π ∈ PL ¿vg©Uµ1I�HD¨D©Uv'I
Sm(ẽiπ) = ẽi

mSm(π), Sm(f̃iπ) = f̃i
mSm(π).

î Â�·)Áq·"±J²�¶�²S·"¸�ö�²�ÙZ²Tð �4³ ´�©JMdu
i ∈ I

E�û?©UuT©Uv'I
P

(i)
L

�ªs&Ie©Uµ1I��RsAv'Ies��iqX�ªs ¶ s PLóQ©JQ �»¸ ¶ sLI·tLK�s��ØMdv'I π uTs�� Iù¹¤µ�s
Hi(π) ∈ Z

E
\ Ì `iº ÔÄsAv'Ies��iqX�ªs

P
(i)
L

¨D¸�Q�M Òís
ẽiP

(i)
L ∈ P

(i)
L t {0}

sAu
f̃iP

(i)
L ∈ P

(i)
L t {0}

E
\�� `iº Ô HA«X«u�´M�tSHDuÒM�©Uv

P
(i)
L ⊗P

(i)
L −→ P

(i)
L ¶ ¸WÒjv�M�sò«'HRQ π1 ⊗ π2 7→ π1 ∗ π2

sLIAu
µ§vF�»©JQ¬«�K�MnI��»s ¶ sht�Q MnIAuêHDµ<¼�IAµ�Q Uq(g)i

E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ \ Ì ` -�YÚ�"ZSUml�b�=XZaU&�"Zahi�"ZSbcÙm`SÙ>UXW¾`�d"^"U>[mhi^"WSÙmÖ¦d"UX^"[mU�Û'U
o�ÞãÙXÕiYRonbâ`eÙ

Hi(ẽiπ) = Hi(π) + 1
sÉ�"Zahid'yRÙXU�YRdÑ[Xhid'ZSWgÛ"UØonYÚÛ"ÙXl�hi^"W¾`eZeYJ`ebnhR^ Û"U

oáY>�'ZShi�uhiWSbâ`ebchi^ ~'� �r� ����-�YØyRÙXZabcà�[XY)`ebchi^ Û"U�oáY>WSUm[Xhi^'Û"U>YRWaWSUmZa`ebchi^ UXW¾`ÝWabnl�bnonYRbnZaUR�
\�� ` æ�hiWahi^"W

π = π1 ∗ π2

��� Ùml�hi^1`SZShi^"W�`Shid'`kÛ/ÞßY Ô hRZSÛ Ö¦d"U
\ ~r� �r� � `

εi(π) = max(εi(π1), εi(π2)− 〈hi,wt(π1)〉).
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áw^FY

π(t) = π1(2t)
�uhid"Z

0 ≤ t ≤ 1/2
Um`
π(t) = π2(2t − 1) + π1(1)

��hid'Z
1/2 ≤ t ≤ 1

�7� hi^"[
Hi(π) = min{〈hi, π(t)〉; 0 ≤ t ≤ 1}

= min
(

min{〈hi, π1(t)〉; 0 ≤ t ≤ 1},min{〈hi, π2(t) + π1(1)〉; 0 ≤ t ≤ 1}
)

= min
(
Hi(π1), Hi(π2) + 〈hi,wt(π1)〉

)
.�&Þãhf±\ ~'� �r� � ` �

� Ùml�hi^1`SZShi^"WqÖ¦d"U
ẽiπ = π1∗(ẽiπ2)

UX^�WSd"�"�uhiWSYR^1`
ϕi(π1) < εi(π2)

�e�&ÞßYR�"ZR=mW
o�Þã\1v���hR`S\7=XWaUÚhi^ Y

Hi(π1) > Hi(π2) + 〈hi,wt(π1)〉 = Hi(π)
��-ìÞß\1v���h)`e\7=mWSU

Û/Þãbn^1`eÙmÕiZeY)onbc`SÙ bnl��"ocbnÖ¦d"U�o Þßbc^"ÙXÕiYRonbâ`eÙ
Hi(π1) ≥ Hi(π) + 1

�Væ�YRZ [Xhi^"WaÙXÖ¦d"Um^¦`
〈hi, π(t)〉 ≥ Hi(π) + 1

UXW¾` yiÙmZSbâà�ÙXU>�uhid"Z
0 ≤ t ≤ 1/2

��� hi^'[&WSb!o�Þãhi^$[L\"hibnWabc`
0 ≤ a1 < c1 < a2 < c2 < · · · < cs ≤ 1

yiÙXZabcà�Y)^¦` oáYÜ[Xhi^'Û"bc`Sbnhi^±\ ~'� �r� Ì ` ��hid'Z
π2

suYRonhRZSW
0 < (1 + a1)/2 < (1 + c1)/2 < (1 + a2)/2 < (1 + c2)/2 < · · · <

(1 + cs)/2 ≤ 1
WSY)`ebcWafÒYRbâ`hw�onY�[XhR^"Û"bc`Sbnhi^ \ ~'� �r� Ì ` �uhid"Z

π
���&Þãhf onU,ZaÙXWad"oc`eY)`

UXWa[Xhil��'`SÙRs�wØWeY�yihRbnZ
ẽiπ = π1 ∗ (ẽiπ2)

�
-�Y�yiÙmZSbâà�[�Y)`Sbnhi^�Û"UXW�YRdr`eZSUmW�YU'rbnhil�UXWÝÛ"UXWgl�hiZa�"\"bnWal�UmW Û"U&[XZSbcWa`eYRd('�UXWa`�Wabâé

l�bnoáY)bnZSU)�

-qUgonUml�l�UwWSd'bcy)YR^1`kUXWa`kd"^'U�[mhi^"WaÙXÖ¦d"UX^'[XU>Û"U�onY>�"ZShi�uhiWabc`ebchi^ ~'� �r�! "�
× Ài¹ ¹ À,ö�²�ÙZ²�õ ��³ � ©UµrQ

λ ∈ P
sAu
i ∈ I ¿ vg©Uµ¦I�HD¨D©Uv'I��\ Ì `

εi(πλ) = (−〈hi, λ〉)+

sAu
ϕi(πλ) = (〈hi, λ〉)+

ELÚet�M
x+:=max(x, 0)

E
\�� `

πsiλ =

{
f̃i

〈hi,λ〉πλ
I�M
〈hi, λ〉 ≥ 0 ¿

ẽi
−〈hi,λ〉πλ

I�M
〈hi, λ〉 ≤ 0

E
ç Ài¹û°�ÂX½1¿�ÀØö�²�ÙZ²ãö �4³ -!YÜWa`SZSd"[�`ed"ZaU�[mZSbcWa`LY)ononbc^"U Wad"Z

PL
UXWa`Ýo�Þãd"^"bcÖ¦d"UgWa`SZSd"[ é

`ed'ZSU>Û"U&[XZSbcWa`eYRo�WaUXl�bâéê^"hiZSl�YRoqWSY)`ebcWafÒYRbcWeYR^1`gY)dF[XhiZahiononYRbnZaU�~'� ��� �rsMwÚoáY��"ZShR��hiWabâé
`ebchi^Ø~'� �r�ßz Um`ìYRdØonUml�l�U¨~r� �r� Í �<�ì^�UApÉU�`�s)��hid'Z�`ehidr`

π ∈ PL
bcorUk'rbnWa`SU¤d"^ÜUX^1`SbnUXZ

m > 0
Um`VÛ"UmWÝ�uhibnÛ'W

λ1, . . . , λN
`SUXonWVÖ¦d"U

Sm(π) = πλ1 ∗ · · · ∗ πλN

�

F Ê ) Ê�� (Ò- � �u* % * � 0���* B(λ) �! � +�(Ò*�.i�)�Ò+m0} "(���*�+�.J%!* % � � +
prhibâ`

λ
d"^F��hRbnÛ"Wwbc^1`eÙXÕRZeYRo�Û"hil�bn^�YR^1`X�M-ìÞãUX^"WaUXl Ô onU

wt(V (λ)) = wt(B(λ))Û"UmWì��hibcÛ"W©Û"U
V (λ)

UmWa`PYRochiZSW�[Xhi^1`eUm^¦d�Û�Y)^"W
λ+Q−

Um` bc^1yRY)ZSbáY)^¦`�WShRd"Wìo�ÞßYR[m`Sbnhi^
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Û"dåÕiZShRd"��UgÛ'U�/þUmv�o ��� U��"ond"WV^"hRd"WkY}yRhi^"W

]B(λ)µ = ]B(λ)wµ
�uhid"Z¤`Shid"W

µ ∈ P
U�`
w ∈ W

�
]_oqUA'rbcWa`eU�Û"hR^"[���hid'ZV`Shid'`

w ∈ W
d"^åd"^"bnÖ¦d"U�ÙmonÙXl�UX^1`

uwλ ∈ B(λ)
Û"U��uhibnÛ'W

wλ
� × UgyiUm[m`SUXd"Z

uwλ
yiÙXZabcà�U�Um^$hidr`eZSU�ocUXW��"Zahi�"ZSbcÙm`SÙXWVWSd"bây)YR^1`eUXWm�

× Ài¹ ¹ À,ö�²ãâL²¬° ��³ ´�©JM�sAv�u
i ∈ I ¿ λ ∈ P+

sAu
w ∈ W

E
\ Ì ` ´�M

siw > w
HR�ª©JQeI

〈hi, wλ〉 ≥ 0 " I�M siw < w
HR�ª©JQeI

〈hi, wλ〉 ≤ 0
E

\�� `iº sLI&HA«X«u�´M�tSHDuÒM�©Uv'I
ϕi

sAu
εi
He¥RMnILIesAv�u©IAµrQ

uwλ
«'HRQ

εi(uwλ) = 0, ϕi(uwλ) = 〈hi, wλ〉
I�M
〈hi, wλ〉 ≥ 0,

ϕi(uwλ) = 0, εi(uwλ) = −〈hi, wλ〉
I�M
〈hi, wλ〉 ≤ 0.

\ Ï `iº sLI?¨Ds3tAu¬sAµ�QLI
uwλ

sAu
usiwλ

Ie©Uv�u Q&s��´M�¸LI[«'HRQ

usiwλ =

{

f̃i
〈hi,wλ〉uwλ

I�M
〈hi, wλ〉 ≥ 0,

ẽi
−〈hi,wλ〉uwλ

I�M
〈hi, wλ〉 ≤ 0.

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ p�b
siw > w

YRonhRZSW
w−1αi ∈ ∆+

Û/ÞßYR�"Zc=XW¨ocUÝocUXl�l�U Ï �  "� �rs
Û"hi^'[

wλ+ αi = w(λ+ w−1αi)
^ÉÞßUmWa`w�"YRWÝd'^��uhibnÛ"WkÛ"U

B(λ)
�M�ÝU�limXl�URs�Wab

siw < w
YRonhiZaW

wλ− αi
^/ÞãUXW¾`Ý�"YRWVd"^$�uhibcÛ"W�Û"U

B(λ)
��V bn^'WSb

ẽiuwλ = 0
Wab
siw > w,

f̃iuwλ = 0
Wab
siw < w.� hi^'[�hR^$h Ô `ebnUm^1`ù\

1
` U�`x\

2
` �

\
3
` UmWa`gd'^"U>[XhR^"WSÙmÖ�d'UX^"[mU�Û"d$fÒYRbc`ÝÖ¦d"U>onU�`eUmZSl�U&Û"U>Û'ZShibâ`eU�UXWa`wd"^ yiUm[m`eUmd"Z

^"hi^å^¦d"oqÛ"U��uhibnÛ"W
siwλ

�
� ÙmWSbnÕR^"hi^"W���YRZ

Km : B(λ) −→ B(λ)⊗m
oáY [Xhil��uhiWSbâ`ebnhR^FÛ"dûl�hiZS�'\"bnWal�U

Sm : B(λ) ↪→ B(mλ)
Û/Þ Y)l��"ocbc`Sd"Û"U

m
Û'Ùmà�^"bV��Y)Z

uλ 7→ umλ
U�`,Û"dÅl�hiZ¾é

�"\"bcWSl�UgÛ"U�[XZSbcWa`eYRd('
B(mλ) ↪→ B(λ)⊗m

Û"Ù�à�^"b���YRZ
umλ 7→ u⊗mλ

��VÝonhiZaW
KmUXW¾`�o�Þãd"^"bnÖ¦d"U l�hiZS�'\"bnWal�UÚÛÉÞ YRl��"ocbc`ed'Û"U

m
Û'U

B(λ)
Û�YR^"W

B(λ)⊗m
� íÝh)`ehi^"W

ÙXÕiYRonUml�Um^¦`
Km

onUgl�hiZa�"\"bnWal�U
(Km)⊗n : B(λ)⊗n −→ B(λ)⊗nm

Û/ÞßYRl��"onbâ`ed"Û"U
m
�

î Â�·)Áq·"±J²�¶�²S·"¸�ö�²ãâL²�Ù �4³ \ Ì `rº sLIh¨Ds3tAu¬sAµ�QLI
Km(uwλ)

sAu
u⊗mwλ

Ie©Uv�un¸�¥1HDµ<¼
«�©Uµ�Q?u¬©Uµ§u

w ∈ W
E
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\�� `iº s ¶ MÒHe¥RQaHR�Ø�»s

B(λ)
Kn //

Knm %%J
JJJJJJJJ
B(λ)⊗n

Km

��
B(λ)⊗nmsLIAu[t3©J�Ø�hµ(u�HDu M ómE

\ Ï ` ´�©JMdu
b ∈ B(λ)

E#´�M
m

t3©Uv�uÒM�sAv�uVHJILIes�� ¶ sÓómH§tAu¬sAµrQeI ¿ HR�ª©JQeI&MO�Ösc¼iMnIAu¬s ¶ sLI¸��ª¸��»sAv�uOI
w1, . . . , wm ∈ W

uTs�� Ix¹¤µ�s
Km(b)

Ie©JMdu>¸�¥1HR�LÕ
uw1λ ⊗ · · · ⊗ uwmλ

E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ \ Ì ` -qU�yRUX[m`SUXd"Z

Km(uwλ)
UXWa`>Û"UÚ�uhibnÛ"W

mwλ
��ágZ�bno

^/ÞãUA'rbnW¾`eUÝÖ�dÉÞßd"^,d"^"bnÖ¦d"UkyiUm[m`eUmd"Z¤Û�Y)^"W
V (λ)⊗m

Û"UÝ��hibcÛ"W
mwλ

s§w�WSY}yRhibnZ
u⊗mwλ

�
\�� ` èìy�bcÛ"UX^1`��
\ Ï ` prhibc`

b = f̃i1 · · · f̃i`uλ
�L�#p�UX[m`Sd"hi^"W�d"^'UØZSÙX[md"ZSZaUX^"[mU�Wad"Z

`
��-qUØZSÙmWSd"oâ`LY)`

UXW¾`gy�ZeYRb©�uhid"Z
b = uλ

sÉ[)ÞßUmWa`aé¬wJé_Û'bnZSUØochiZSWaÖ¦d"U
` = 0

��prd'�"��hRWShi^"W�é_ocUØÛ"ÙXl�hi^1`eZaÙ
�uhid"Zì`ehidr`

b = f̃i1 · · · f̃iluλ
s1U�`�yRÙXZabcà�hi^'W¾é_ocUV��hid'Z

f̃ib
��íÝhid'W¨Y�yihR^"W

Km(f̃ib) =

f̃i
mKm(b) = f̃i

m(uw1λ ⊗ · · · ⊗ uwmλ)
��� hi^"[Übno�UXW¾`�WadI~�WeYR^1`�Û"UÜÛ"Ùml�hi^1`SZSUXZ

Ö¦d"U���hRd"Z
r
U�`
w1, . . . , wm ∈ W

`eUmonW�Ö¦d"U�onUÝyiUX[�`eUmd"Z
f̃i
r(uw1λ ⊗ · · · ⊗ uwmλ)WShRbc`�^"hi^ ^¦d"o s bno�UA'rbcWa`eU

n
`SUXokÖ¦d"U�o Þßbcl,YRÕRUÚÛ"U�[mU$yRUX[m`SUXd"Z,��YRZ

Kn
WShibâ`�d"^

�"ZahrÛ"d'bc`�`eUm^"WShRZSbnUmowÛ"U
uwλ

\
w ∈ W

` �záwZ
f̃i
r(uw1λ ⊗ · · · ⊗ uwmλ)

WXÞãÙX[mZSbc`
f̃ c1i uw1λ ⊗ · · · ⊗ f̃ cmi uwmλ

�uhid"Z�[XUmZa`LY)bn^"W
ck ∈ N

s!Um`
Kn

(
f̃i
r(uw1λ ⊗ · · · ⊗

uwmλ)
)

= f̃i
nc1(u⊗nw1λ

)⊗ · · · ⊗ f̃i
ncm(u⊗nwmλ

)
��íkhid"WkWShil�l�UmWkYRbn^"WabqZeYRl�UX^'ÙXWåw

Û"Ùml�hi^1`SZSUXZVÖ¦d"U
\ ~r� Ï � Ì ` �uhid"Z

w ∈ W
Um`
c ≥ 0

s1Wab
f̃i
cuwλ 6= 0

s�YRochiZSWìbco�UA'rbnW¾`eU
n
`eUXo�Ö¦d"U

f̃i
nc(u⊗nwλ)

WShibâ`ìd"^Ü�"ZSh�Û"d"bâ`�`SUX^"WahiZSbcUXo"Û"U�[mUXZ¾`LYRbc^"W
uxλ

\
x ∈ W

` �
�ì^ Up�Um`XsÉWab

f̃i
nkck(u⊗nk

wkλ
)
UXW¾`gd"^ �'ZSh�Û"d"bc`kÛ"U

uxλ
\
x ∈ W

` suYRochiZSWkUX^���hiWSYR^1`
n =

∏

k nk
hR^ Y

Kn(f̃i
r(uw1λ ⊗ · · · ⊗ uwmλ)) = Kn(f̃i

c1uw1λ) ⊗ · · · ⊗

Kn(f̃i
cmuwmλ) = Kn/n1(f̃i

n1c1(u⊗n1

w1λ
))⊗ · · · ⊗Kn/nm

(f̃i
nmcm(u⊗nm

wmλ
))
�

� Ùml�hi^1`SZShi^"Wò\Ò~'� Ï � Ì ` ��p�b
c = 0

smbno)WSdI~Ü`!Û"Uì�"ZaUX^"Û"ZaU
n = 1

��prd"�"�uhiWShR^"W�Û"hi^"[
c > 0

�!æìd"bcWSÖ¦d"U
f̃i
cuwλ 6= 0

s�onUmW�Um^1`ebnUmZSW
n:=ϕi(uwλ) ≥ c

U�`
〈hi, wλ〉

Wahi^1`
Wa`SZSbc[m`eUml�Um^1`���hiWabc`Sbcf�W�ìÉYRbn^"Wab

f̃i
nuwλ = usiwλ

�Záw^ûY
f̃i
nc(u⊗nwλ) = f̃i

nc(u⊗cwλ ⊗

u
⊗(n−c)
wλ )

�ìæ�Y)ZÜYRbnoconUXd'ZSW
ϕi(u

⊗c
wλ) = nc

Um`
εi(u

⊗(n−c)
wλ ) = 0

s�[XU Ö¦d"b�UX^1`eZSY��á^'U
ϕi(u

⊗c
wλ) = εi(u

⊗(n−c)
wλ ) + nc

��-�Y>f�hiZSl&d"onUG\ �r� Ï � ÌRÌ ` bnl��"onbcÖ¦d"U
f̃i
nc(u⊗cwλ ⊗ u

⊗(n−c)
wλ ) = f̃i

nc(u⊗cwλ)⊗ u
⊗(n−c)
wλ = u⊗csiwλ

⊗ u
⊗(n−c)
wλ .
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� Mdv ¶ sg�âH ¶ ¸��»©Uv'IAu QaHDuÒM�©Uv ¶ µ�uOK�¸3©JQ&¦��»s��¦EHG�E*)i��³ � Ù�à�^"bcWSWShR^"WÜd"^"U YR�"�'onbn[XYJé
`ebchi^

Ψ: B(λ) −→ PL
YRWSWahr[mbáYR^1`bw

b ∈ B(λ)
`eUmo Ö¦d"U

Km(b) = uw1λ ⊗

· · · ⊗ uwmλ

ocU�[L\"Uml�bc^
πm−1w1λ ∗ · · · ∗ πm−1wmλ ∈ PL

�M�ìoconU�UXWa`ÝÛ"Ù�à�^"bnU�WeYR^'W
YRl Ô bnÕid]t `eÙ>ÛÉÞ YR�'ZR=XW�onYÚ�"ZShi�uhiWabc`ebchi^F�"ZaÙX[XÙmÛ"UX^1`SUR�4� ÙXl�hi^1`eZahi^"W�Ö¦d"U

Ψ
UmWa`�d"^

l�hiZS�"\'bnWSl�UwÛ"U�[mZSbnW¾`LYRd§'É�
prhibcUX^1`

b
[mhil�l�U>[mbâé_Û'UXWSWad"W�Um`

π = Ψ(b) = πm−1w1λ ∗ · · · ∗ πm−1wmλ

� × U
[L\"Uml�bc^

π
UmWa`wocbn^"ÙXYRbnZaU�WSd"ZÝ[L\�YRÖ¦d"U>bc^¦`SUXZ¾yRY)ononU [

k
m
, k+1
m

] \
0 ≤ k ≤ m − 1

` Um`
yiÙmZSbâà�U

π(k/m) = m−1
∑

1≤ν≤k wνλ
�

� Ùml�hi^1`SZShi^"W�Ö¦d"U
εi(π) = εi(b)

�)æ�hiWahi^"W
ηk = εi(uwkλ)−

∑

1≤ν<k〈hi, wνλ〉Um`
ξk =

∑

1≤ν≤k〈hi, wνλ〉 = m〈hi, π(k/m)〉
�4V ochiZSW

Hi(π)
YF��hid'Z>yRY)onUXd'Z

min{m−1ξk ; 0 ≤ k ≤ m}
Um`
εi(π)

UmWa`ØÙmÕ1YRoÓw
b−Hi(π)c

�ÖáwZ
εi(uwkλ) =

max
(
0,−〈hi, wkλ〉

) sJÛ/Þãhf
ηk = max(−ξk−1,−ξk)

�J]_o�WXÞãUX^"Wad"bc`�Ö�d'U
mεi(b) =

εi(Km(b)) = max{ηk ; 1 ≤ k ≤ m} = max{−ξk ; 0 ≤ k ≤ m} =

−mHi(π)
�yV bn^'WSb

εi(b) = −Hi(π)
UXW¾`©d"^&UX^1`ebcUXZXsJUm`�à�^�YRocUXl�UX^1`

εi(b) = εi(π)
�

� Ùml�hi^1`SZShi^"W�Ö¦d"U
Ψ(ẽib) = ẽiπ

ochiZSWaÖ¦d"U
εi(b) ≥ 1

�òág^ ��Umd'`�WSd"�"�uhiWaUXZ
Ö¦d"U

Km(ẽib)
UXW¾`ÚÙmÕ1YRonUml�Um^1`�Û'U$onYFf�hRZSl�U

uw′

1λ
⊗ · · · ⊗ uw′

mλ

�ò� hi^"[åhi^ Y
Ψ(ẽib) = πm−1w′

1λ
∗ · · · ∗ πm−1w′

mλ

�7�&Þ Y)d'`eZaU���Y)Za`�s'hi^�Y
Km(ẽib) = ẽi

mKm(b) = ẽi
c1uw1λ ⊗ · · · ⊗ ẽi

cmuwmλ�uhid"Z&[mUXZ¾`LYRbc^"W
ck ≥ 0

��æ�YRZ>[mhi^"WSÙmÖ¦d"UX^1`
uw′

k
λ = ẽi

ckuwkλ

��prb
ck = 0

YRochiZSW
w′
kλ = wkλ

��prb
ck > 0

sqYRochiZSW
w′
kλ = siwkλ

U�`
ck = −〈hi, wkλ〉

�L�wY)^"W�onUXW
Û"Umd('�[XYRWXsronUwocUXl�l�UÝ~'� �r� Í bnl��"onbcÖ�d'U

ẽi
ckπwkλ = πw′

k
λ

�"TVUXl�YRZaÖ�d'hi^"W¤Ö¦d"Ugo Þßhi^
YÚd"^ÑbnWahil�hiZS�"\'bnWSl�U�Û"UØ[XZabnWa`eYRd('�WSd"Z

Uq(g)i
Um^1`eZSUØonY

i
éê[L\�Y��n^"UØÛ"U

Φi(B(λ))[XhR^¦`SUX^�Y)^¦`
uwkλ

Um`wonY
i
é_[L\�Y��n^"U&Û'U

P(i)
L

[Xhi^1`SUX^�YR^1`
πwkλ

s�Um^¦yRh}v1YR^1`
uwkλ

WSd'Z
πwkλ

���&Þãhf
ẽi
m(πw1λ ⊗ · · · ⊗ πw′

mλ) = ẽi
c1πw1λ ⊗ · · · ⊗ ẽi

cmπwmλ.�&ÞßYR�"Zc=XWkonUg[XhRZShiocoáYRbcZSUÝ~'� ��� �>Um`konY>�"ZShi�uhiWabc`ebchi^ ~'� �r�ßz's"^"hid'WÝY�yRhi^"W
Sm(ẽiπ) = ẽi

mSm(π) = ẽi
m(πw1λ ∗ · · · ∗ πw′

mλ)

= ẽi
c1πw1λ ∗ · · · ∗ ẽi

cmπwmλ

= πw′

1λ
∗ · · · ∗ πw′

mλ = Sm
(
Ψ(ẽib)

)
.

ë�bc^�YRonUml�Um^1`
ẽiπ = Ψ(ẽib)

�
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áw^�Û'ÙXl�hi^1`eZSUVÛ"UVfÒYDëmhi^�Wabnl�bnonYRbnZaU�Ö¦d"U

Ψ(f̃ib) = f̃iΨ(b)
ochiZSWaÖ�d'U

ϕi(b) > 0
�

-qUXWkYRd'`SZSUmWÝYy''bchil�UXW�Û"UmWkl�hiZa�"\"bnWal�UmW�Û"U�[XZabnWa`eYRd(' WaUgyiÙXZabcà�Um^1`ÝfÒYR[mbnocUXl�UX^1`��
-ìÞßbc^U�aUX[�`ebâyrbâ`eÙPÛ"U

Ψ
Û"ÙX[mhid"ocU�Û"dØonUml�l�U¨Wad"bcy)YR^1`�sRYR[L\"U�yRY)^¦`PY)bn^"Wab'oáYÝÛ"ÙXl�hi^"W�é

`eZSY)`ebchi^�Û"d `e\"ÙmhiZR=ml�U�~r� �r� Ï �
× Ài¹ ¹ À,ö�²ãâL²ãâ ��³ ´�©JMdu

λ
µ§v»«�©JM ¶ I ¶ ©J�ØMdvuHDv�uêE\ Ì ` ´�M

w ¿ w′ ∈ W
IXHDuÒMnIWóQ©Uv�uzÕ

wλ = cw′λ
«�©UµrQhµ§v

c > 0 ¿ HR�ª©JQeI wλ =

w′λ
E
\�� ` ´�M ¶ sAµ<¼�IAµ�MduTsLI w1, . . . , wm

sAu
w′

1, . . . , w
′
m ¶ ÔÄ¸��ª¸��»sAv�uOI ¶ s W IXHDu MnIWóQ©Uv�u

Õ
πw1λ ∗ · · · ∗ πwmλ = πw′

1λ
∗ · · · ∗ πw′

mλ
¿ HR�ª©JQeI wνλ = w′

νλ (1 ≤ ν ≤ m)
E

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ æ!hid"Z�Û"ÙXl�hi^1`eZaUXZ»\
1
` sqhi^ ��Umd'`�WSd"�"�uhiWaUXZ

w′ = 1
�!TkYRbâé

WShR^"^"hi^"Wg�"YRZwZSÙm[Xd"ZaZSUm^"[XUÜWSd'Z
`(w)

�Éprb
`(w) = 0

s�o�ÞßYRWSWaUXZa`Sbnhi^�UXWa`g`SZSbâyrbnYRonU)�uprb
`(w) > 0

s��'ZSUX^'hi^"W
i ∈ I

`SUXo�Ö�d'U
siw < w

�4VÝonhiZaW
w−1αi ∈ ∆−

U�`ØÛ"hi^'[
(αi, wλ) = (w−1αi, λ) ≤ 0

�jáwZ
(αi, λ) ≥ 0

sìÛ/Þãhf
(αi, wλ) = 0

U�`,Y)bn^"Wab
wλ = siwλ

�7��Þ YR�'ZR=XWko�Þã\1v���hR`S\7=XWaU�Û'U�ZaÙX[md"ZSZaUX^"[mURs�hi^åh Ô `ebcUX^1`
siwλ = λ

�
\
2
` Û"ÙX[mhid"ocUgÛ"Ur\

1
` �

-ìÞßbcl,Y)ÕiU�Û"U
B(λ) ↪→ P

WSUÝÛ"ÙX[mZSbâ`¨Û"UkfÒYDëXhR^ÚUA'r�"ocbn[Xbâ`eUzw�o Þ Y)bnÛ"UVÛ"UmW?tLK�s��ØMdv'I
¶ s º H,+}ILK��ØM�qLHRMO��´�sLILK'H ¶ Q MO�§� hRbnZ0^ Æ � �©ÆuÆ _ �uhid"Z��"ocd"W�Û"U�Û"Ù�`LYRbconWX�
:<; Ài¹ Á�¯ÒÀ]ö�²ãâL²�é ��³ prd"�"�uhiWahi^"W

g = sl3
Um`
λ = Λ1 + Λ2 = α1 + α2

��-�Y
Ô YRWaUw[XZabnW¾`LYRoconbn^'U

B(λ)
UmWa`�Û'UwÛ"bnl�UX^'WSbnhR^Ú~'�(-qUXW¤[L\"Uml�bc^"W¨[mhiZSZaUXWa��hi^'Û�YR^1`VYRd('

ÙXocÙXl�UX^1`eW�Û"U
B(λ)

s�h Ô `eUm^¦d"W�UX^ YR�'�"onbcÖ�d"YR^1`¨Û"UÝfÒYDëXhi^,ZSÙX�uÙm`SÙXUwocUXW�hi��ÙmZeY)`SUXd"ZaW
f̃1

Um`
f̃2

w
πλ
s"WShR^¦`?ø

|ûonUmW�Wab|'�[L\"Uml�bc^"W
πµ
srY}yRUX[

µ
ZeY)[Xbn^'U·\ÒYRWSWahr[mbnÙXW�YRd('ÜyRUX[�`eUXd'ZSW�UA'�`SZSÙXl�YRd(' ` ì

|ûonUmWkÛ'UXd(' [L\'UXl�bn^"WVÛ"U��uhibnÛ"W�^¦d"o

ξα(t) =

{
−tα

��hid'Z
0 ≤ t ≤ 1/2,

(t− 1)α
��hRd"Z

1/2 ≤ t ≤ 1,
hf

α = α1
s
α2

UmWa`Ýd"^"U�ZeYR[mbn^"UgWabnl��"onU)�
prhi^ØÕRZeYR�"\'U¤[XZabnWa`eYRonocbn^�UXW¾`ìZSUm�"ZSÙmWSUX^1`SÙk�"YRZ©oáYkà�Õid"ZaU�~'� �r�<� hibcZ�ocUXW�à"Õid"ZSUmWP�r� Ì

��YRÕRUÑz1�ûUm`$�r� �
��YRÕiU z C ��hid'ZÚoáY
Û"UmWS[mZSbn�r`ebnhR^ Û"U
B(λ)

��Y)Z�d"^"U Ô YRWaUFÛ"U
yiUm[m`SUXd"ZaW UA'r�"ocbn[mbc`eU Um`k��YRZ�ocUXW�`LY Ô onU�Y)d('�Û"U98Phid'^"ÕÜZSUXWa��Um[m`SbcyiUml�Um^1`��
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πα1+α2

	

1

R

2

πα2

R

2

πα1

	

1

ξα2

R

2

ξα1

	

1

π−α1

R

2

π−α2

	

1

π−α1−α2

S�T8UWVCX�Y-&�\jZ]\¤£�a�¥ s_¦ k�§maphqnpi�¥Arjrjhjl�e_k B(Λ1 +Λ2) s c&f_a g = gl3 s ¥Aarqkn § ¦ kmÎ�hjlon

:<; ÀiÂ}µi²Sµ�À1öL²¬° �4³ prhibcUX^1`�d"^ bn^'Û"bn[mU
i ∈ I

s"Û"UmW�[XZSbcWa`eYRd('
Bk (1 ≤ k ≤ `)

Um`
Û"UmWVyRUX[�`eUXd'ZSW

b = b1 ⊗ · · · ⊗ b`
Y�yiUm[

bk ∈ Bk

� × YRoc[Xd"ochi^"W
ẽi
nb
�uhid"Z

n ≥ 1
�

æ�hRWShi^"W
ηk = εi(bk)−

∑

1≤ν<k〈hi,wt(bν)〉
�§V onhRZSW

εi(b) = max{ηk ; 1 ≤ k ≤

`}
�f�ÝÙmà�^"bcWSWahi^"Wìd"^"U�Wad"bc`SU¤Û/ÞãUX^1`ebcUXZaW

1 ≤ a1 < a2 < · · · < as ≤ `
\
1 ≤ s ≤ `

`
��YRZ







\ Ì `
εi(b)− n < ηa1 < · · · < ηas

= εi(b)
�

\ � `
ηk ≤ εi(b)− n

�uhid"Z
1 ≤ k < a1

�
\ Ï `

ηk ≤ εi(b)
�uhid"Z

as < k ≤ `
�

\W `
ηk ≤ ηaν

��hRd"Z
1 ≤ ν < s

Um`
aν < k < aν+1

�

]_oqWXÞãUX^'WSd"bâ` Ö¦d"U
a1

UXW¾` ocU��"ond"WV�uUm`Sbc`kUX^1`ebcUXZ
k
`eUmo!Ö¦d"U

εi(b)− n < ηk
s�Ö¦d"U

a2UXW¾`konUg�"ocd"WV��U�`ebc`¤UX^1`ebcUXZ
k > a1

`SUXoqÖ¦d"U
ηk > ηa1

s�U�`e[)�
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� Ùml�hi^1`SZSU¤S�Ö¦d"U

ẽi
n(b) = ẽi

c1b1 ⊗ ẽi
c2b2 ⊗ · · · ⊗ ẽi

c`b`,hf
ck = 0

�uhid"Z
k /∈ {a1, . . . , as}

s�Y)bn^"WabqÖ�d'U
ca1 = ηa1 − (εi(b) − n) > 0

Um`
caν

= ηaν
− ηaν−1 > 0

��hRd"Z
1 < ν ≤ s

�
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prhibâ`

λ
d"^Ø�uhibnÛ'W�Û"hil�bn^"YR^1`��Jæ�hid'Z�`ehidr`ìÙXocÙXl�UX^1`

w
Û"dØÕiZShRd"��U�Û"UÓ/þUmv�o sRÛ"Ù é

WSbcÕi^"hi^'Wq��YRZ
Bwλ(λ)

o�ÞãUX^'WSUXl Ô onU�f�hRZSl�Ù©Û"UXW
b ∈ B(λ)

`eUmonWqÖ¦d"U
Km(b) = uwλ⊗

b′
��hid'Z�d"^$Um^1`ebnUmZ

m
Wa`SZSbc[m`eUml�Um^1`V��hiWabc`Sbcf!Um`kd"^ yiUm[m`eUmd"Z

b′ ∈ B(λ)⊗(m−1) ��&ÞßYR�"Zc=XW&onYå�'ZShi�uhiWSbâ`ebchi^ ~'� Ï � �rs��uhid"Z�`ehidr`
b ∈ Bwλ(λ)

`eUXoPÖ¦d"U
Km(b) =

uw′λ ⊗ b
′ �uhid"Z b′ ∈ B(λ)⊗(m−1) hi^�Y wλ = w′λ

���&ÞßhD$onY>Û"ÙX[mhil��uhiWabc`ebchi^

B(λ) =
⊔

µ∈W ·λ

Bµ(λ).

-qUXW
Bµ(λ)

\
µ ∈ Wλ

` WSU$[Xhil���hRZa`eUm^1`ÚÛ"U$oáY fÒY<ëXhi^ WSd"bâyRY)^¦`SU�y�bnW�éTwJé�yrbcWÜÛ"U
o�ÞßYR[�`ebnhR^�Û"UXWVhi�uÙXZSY)`eUmd"ZSW

ẽi
Um`
f̃i
�

î Â�·)Áq·"±J²�¶�²S·"¸ïú
²¬°M²¬° �4³ º sLIxsAv'Ies��iqX�ªsLI
Bwλ(λ)

¨D¸�Q M ÒísAv�u

ẽiBwλ(λ) ⊂

{
Bwλ(λ) t {0}

I�M
〈hi, wλ〉 ≥ 0 ¿

Bwλ(λ) tBsiwλ(λ)
I�M
〈hi, wλ〉 < 0 ¿

\ C � Ì � Ì `

ẽi
maxBwλ(λ) ⊂

{
Bwλ(λ)

I�M
〈hi, wλ〉 ≥ 0 ¿

Bsiwλ(λ)
I�M
〈hi, wλ〉 ≤ 0 ¿

\ C � Ì � � `

f̃iBwλ(λ) ⊂

{
Bwλ(λ) tBsiwλ(λ) t {0}

I�M
〈hi, wλ〉 > 0 ¿

Bwλ(λ) t {0}
I�M
〈hi, wλ〉 ≤ 0 ¿

\ C � Ì � Ï `

f̃i
maxBwλ(λ) ⊂

{
Bwλ(λ) tBsiwλ(λ)

I�M
〈hi, wλ〉 ≥ 0 ¿

Bwλ(λ)
I�M
〈hi, wλ〉 ≤ 0

E\ C � Ì �! `
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ẽi
maxb = ẽi

εi(b)b
sAu
f̃i

maxb = f̃i
ϕi(b)b

E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ × hRl�l�UX^7ëmhi^"WÚ�"YRZØ\ C � Ì � Ì ` �Vprd"�"�uhiWahi^"W Ö¦d"U

Km(b) =

uwλ⊗ b
′ �rprb 〈hi, wλ〉 < 0

s¦YRochiZSW
mεi(b) = εi(Km(b)) ≥ εi(uwλ) > 0

U�`¨Û"hR^"[
ẽib 6= 0

��V bc^"WSb�Ö¦d"UmoÉÖ¦d"U Wahibc`�onUVWabnÕi^"UkÛ"U
〈hi, wλ〉

^"hid"W���hRd'yihi^'W¤�"ZSUm^"Û"ZaU
ẽib^"hi^û^�d'o��Öáw^
�uUXdr`ØÛ"UÚ�"ocd"W&Wad"�"�uhiWSUmZ>Ö¦d"U�onUÜyiUm[m`SUXd"Z

Km(ẽib)
WmÞßÙm[XZSbâ`ØWShRd"W

oáYÚf�hiZal�U
uw′λ ⊗ b′′

�q]_oìWXÞãUX^"Wad"bc`�Ö¦d"U
uw′λ = ẽpiuwλ

�uhid"Z�d"^ UX^1`ebcUXZ
p
ì�Û/Þãhf

w′λ = wλ
WSb
〈hi, wλ〉 ≥ 0

s�U�`
w′λ = wλ

hRd
siwλ

WSb
〈hiw, λ〉 < 0

�
� Ùml�hi^1`SZShi^"WÜl�YRbn^1`SUX^�YR^1`�\ C � Ì � Ï ` �Pprb

Km(b) = uwλ ⊗ b′
U�`
Km(f̃ib) =

uw′λ ⊗ b
′′ s�YRonhRZSW uw′λ = f̃ pi uwλ

�uhid"ZVd"^
p
���&ÞãhfåonUgZaÙXWSd'oc`LYJ`VUXWS[mhil��'`eÙ)�

-qUXWkYRd'`SZSUmWÝY)WSWSUmZa`Sbnhi^"WVUm^$Û"Ùm[Xhid'onUX^1`X�
× Ài¹ ¹ ÀØú
²¬°M²�Ù ��³ º ÔÄsAv'Ies��iqX�ªs

Bλ(λ)
sLIAuPQ&¸ ¶ µ�Mdu�HDµo¨Ds3tAuTsAµ�Q uλ E

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ áw^åYØ`eZSbây�báYRocUXl�UX^1`
uλ ∈ Bλ(λ)

�
� Ùml�hi^1`SZShi^"Wìo Þßbc^"[Xocd"WSbchi^&ZaÙX[mbn�"ZahrÖ¦d"U)�¦prb

〈hi, λ〉 > 0
s1YRochiZSW

f̃iuλ ∈ Bsiλ(λ)
�

�ì^ UApÉU�`�sVUX^ ��hiWSYR^1`
n = 〈hi, λ〉

hR^ºY
Kn(f̃iuλ) = f̃ni (u⊗nλ ) = usiλ ⊗

u
⊗(n−1)
λ

�f� hi^'[¤WSb
b 6= uλ

YRochiZSW
b 6∈ Bλ(λ)

Û/ÞßYR�"ZR=mW>\ C � Ì � Ï ` Um`ìo ÞßÙmÕ1YRonbâ`eÙ
B(λ) =

{f̃i1 · · · f̃i`uλ} \ {0}
�

æ�hRWShi^"W
Bw(λ) =

⋃

w′≤w

Bw′λ(λ).

V ochiZSW�hR^$YØonY
î Â�·)Áq·"±J²�¶�²S·"¸ïú
²¬°M²ãâ �4³ \ Ì `rº sLIhsAv'Ies��iqX�ªsLI

Bw(λ)
¨D¸�Q M ÒísAv�u

ẽiBw(λ) ⊂ Bw(λ) t {0},

f̃iBw(λ) ⊂ Bw(λ) t {0}
I�M
siw < w ¿

ẽmax
i Bw(λ) ⊂ Bsiw(λ)

I�M
siw < w

E
\�� ` ´�M

w = si1 · · · si`
sLIAu÷µ§vgs ¶ ¸3t3©J�n«�©}I�Mdu M�©Uv$Q&¸ ¶ µrMdu¬s ¶ s w ∈ W ¿ HR�ª©JQeI

Bw(λ) = {f̃m1
i1
· · · f̃m`

i`
uλ ; m1, . . . , m` ∈ N} \ {0}

= {b ∈ B(λ) ; ẽmax
i`
· · · ẽmax

i1
b = uλ}.

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ \ Ì ` -�YÝ�"ZaUXl�bª=mZSU¤Y)WSWSUmZa`Sbnhi^�WSd"Z
ẽi
UXW¾`©d"^"U¨[Xhi^"WaÙXÖ¦d"Um^ré

[XU,bnl�l�ÙmÛ"báY)`SUÜÛ"UÚoáYå�"ZShR��hiWabc`Sbnhi^þ[XbâéêÛ"UXWaWSd"Wm�Ö-�Y�WSUm[Xhi^'Û"U YRWSWaUXZ¾`ebnhR^
Û"ÙX[mhid"ocU
Û"U oáY limXl�UF�"ZShi�uhiWabc`ebchi^ Um`åÛ"d fÒYRbc` Ö¦d"U WSb

w′ ≤ w
Um`

siw < w
YRochiZSW
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#kÀE#

siw
′ ≤ w

�(-�UgÛ'UXZS^'bnUXZ��uhibc^¦`¨ZSÙmWSd"oâ`eUgÛ"UgonY&lrmml�U �"ZShi�uhiWabc`ebchi^,U�`VÛ"d�fÒYRbc`¨Ö¦d"U
WSb
siw

′ < w′ ≤ w
Um`
siw < w

Y)onhiZaW
siw

′ ≤ siw
�

\�� ` prhibnUm^1`
B1

U�`
B2

onUXW WaUX[XhR^"Û�U�`PÛ"UXZa^"bnUmZìUX^"WaUXl Ô ocUXWm�XV onhRZSWì��YRZz\
1
` ^"hRd"W

Y�yihi^'W
Bw(λ) ⊂ B2 ⊂ B1 ⊂ Bw(λ)

�

®g·'Â�·'¯_¯�°�²_Â�À�ú
²¬°
²�é �4³ ´�µe«X«�©}Ie©Uv'I
g ¶ s ¶ MO�»sAv'I�M�©Uv>Òjv�M�sXE
´�©JMdu w0

�RÔÄ¸��ª¸��»sAv�u
�ªsí«u�Ìµ1I��ª©Uv§¥ ¶ µ»¥RQ3©Uµe«�s ¶ s±~isA¾J�âE\ Ì `iº sLIhsAv'Ies��iqX�ªsLI

Bw0(λ)
sAu
B(λ)

Ie©Uv�uí¸�¥1HDµ<¼¦E
\�� ` ´�©JMdu

w0 = si1 · · · si`
µ(vgs ¶ ¸3t3©J�n«�©}I�Mdu M�©Uv Q&¸ ¶ µ�MduTs ¶ s w0 " HR�ª©JQeIù«�©Uµ�Qu¬©Uµ(u

b ∈ B(λ)
�RÔÄ¸��ª¸��»sAv�u

ẽmax
i1
· · · ẽmax

i`
b
sLIAu��ªsn¨Ds3tAuTsAµ�Q

uλ ¶ sj«u�Ìµ¦IkK'HDµ(u
«�©JM ¶ I
¶ s B(λ) "Ó¶ s>«u�Ìµ1I��RÔÄ¸��ª¸��»sAv�u f̃max

i1
· · · f̃max

i`
b
sLIAu¨�ªsù¨Ds3tAu¬sAµrQ

uw0λ ¶ s[«u�Ìµ1I·qLHJI«�©JM ¶ I ¶ s B(λ)
E

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ \ Ì ` ]_l�l�ÙmÛ"báY)`X�
\�� ` ]_oÉWSd(~�`VÛÉÞ YR�'�"onbcÖ�d'UXZ¤onY&�"ZShR��hiWabc`Sbnhi^�[XbâéêÛ"UXWaWSd"W>w

B(λ)
Um`
B(−w0λ) =

B(λ)∨
�

�ì^ fÒYRbâ`
Bw(λ)

WXÞãbn^1`SUXZS�'ZR=m`SU�Um^ `eUmZSl�UXW,Û'U�ZSUm�"ZSÙmWSUm^¦`eY)`ebchi^"WÚÛ'U�oáYFfÒYDëmhi^
WSd'bcy)YR^1`eU)�<� YR^"W�onYk�'ZShi�uhiWSbâ`ebchi^�[Xbâé_YR�"Zc=XWXs}^'hid"W�Û'ÙXWSbcÕi^"hi^'W���Y)Z

uwλ
d"^&ÙmonÙml�Um^¦`

Gλ(uwλ)
Û"U

V (λ)
Û"U���hibcÛ"W

wλ
�

î Â�·)Áq·"±J²�¶�²S·"¸ïú
²¬°M²�ê Ä ^ �§5(_ È �4³ � ©UµrQ
w ∈ W ¶ ©Uv�uòµ§vgs ¶ ¸3t3©J�n«�©}I�MduÒM�©Uv$Q&¸��

¶ µ�MduTshsLIAu w = si1 · · · si`
¿ vg©Uµ¦I&HD¨D©Uv'I

⊕

b∈Bw(λ)

KGλ(b) = U+
q (g)uwλ =

∑

m1,...,m`∈N

Kfm1
i1
· · · fm`

i`
uλ.

-qU
U+
q (g)

é_l�hrÛ'd"onU
U+
q (g)uwλ

UmWa`�YR�"�uUXocÙÚ�»© ¶ µ��ªs ¶ sxÝxs���H|�¤µrQ&s��qp�hi^F[�YJéZeY)[m`&=mZSU�UXW¾`kÛ"hi^"^"Ù�Û�Y)^"WVoáYØWSUm[m`ebchi^ WSd"bây)YR^1`eUR�
�ì^ØfÒYRbnWSYR^1`ì`eUX^'Û"ZSU

λ
yiUmZSW o�Þãbn^rà�^"b�s)^"hid"W h Ô `eUX^'hi^"W onU�ZaÙXWSd'oc`LYJ` WSd"bâyRY)^¦` �uhid"Z

B(∞)
�

î Â�·)Áq·"±J²�¶�²S·"¸ïú
²¬°M²Tð �4³ \ Ì `�� ©Uµ�QäuT©Uµ§u
w ∈ W ¿ MO�>sc¼iMnIAuTs µ§v Ie©Uµ1I��RsAv��Ies��iqX�ªs

Bw(∞) ¶ s B(∞)
uTs���¹¤µ�s

Bw(∞) = {f̃a1i1 · · · f̃
a`

i`
u∞ ; a1, . . . a` ∈ N}

= {b ∈ B(∞) ; ẽmax
i`
· · · ẽmax

i1
b = 0}
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«�©Uµ�Q?u¬©Uµ§uTs ¶ ¸3t3©J�n«�©}I�MduÒM�©Uv�Q&¸ ¶ µ�MduTs w = si1 · · · si`

E
\�� `iº H�qLHJIesØt�Q�MnIAu�HR�O�´Mdvgs]sLIAuå«'HRQku MduÒM�©Uv�vg¸3s]sAv

B(∞) =
⊔

w∈W

Bw(∞) ¿ ©ED
Bw(∞) = Bw(∞) \

( ⋃

w′<w

Bw′(∞)
) E

\ Ï ` ûù©Uµ1I&HD¨D©Uv'I

f̃iBw(∞) ⊂

{
Bw(∞)

I�M
siw < w ¿

Bw(∞)
⊔
Bsiw(∞)

I�M
siw > w

E
\� ` ´�©JMdu

λ
µ§v�«�©JM ¶ I ¶ ©J�ØMdvuHDv�u�E��÷v t3©Uv'I�M ¶ ¸�QaHDv�u B(λ)

t3©J�Ø�»sìIe©Uµ1I��Rt�Q�MnIAu�HR�
¶ s B(∞)⊗ Tλ

¿ ©UvFH Bw(λ) = B(λ) ∩
(
Bw(∞)⊗ Tλ

) E
ç Ài¹û°�ÂX½1¿�Àèú
²¬°M²�õ �4³ × \"hibnWabnWaWShi^"W�d'^"UÑÛ"ÙX[mhil��uhiWabc`ebchi^ ZaÙXÛ"d"bâ`eU

si1 · · · si`Û/Þãd"^ ÙmonÙml�Um^¦`
w ∈ W

�kprhibâ`
Ψ: B(∞) ↪→ B(∞) ⊗ Bi1 ⊗ · · · ⊗ Bi`

onU
�"ochi^"ÕiUml�Um^¦`Vbc^1`eZSh�Û"d"bâ`�Û�YR^'WkonY>WSUm[m`ebchi^ Í � ���7V ochiZSW�hi^åYo\c^ �§5I_d`

Bw(∞) = {b ∈ B(∞) ; Ψ(b) ∈ u∞ ⊗ Bi1 ⊗ · · · ⊗ Bi`}.

J ÊcÆqÊ-5 -�� % �!(Ò*$��� .i "�� �.R0e�¦��* ��* ¡ * %  76��!��* $ * �O0�0}*�( %  ���
� Uml,YDSmd"ZSUr\�^ )I_a` Y�Û"Ùml�hR^¦`SZSÙgocUw`e\"ÙmhiZR=ml�U�WSd'bcy)YR^1`ù\ÒÛ�Y)^"WVonUg[�Y)W

q = 1
` �

® »!¼�·'Ây¯R¹ À±úM²�ÙL²¬° �#³ ´�©JM�sAv�u
λ ∈ P+

sAu
w ∈ W

E {�K�©JMnI�MnILIe©Uv'I[µ(vgs ¶ ¸3t3©J�Ø�«�©}I�MduÒM�©Uv Q&¸ ¶ µrMdu¬s w = si1 · · · si` ¶ s w E�ñ �ª©JQeI
ch(U+

q (g)uwλ) = Di1 · · ·Di`e
λ.

]_[Xb
Di

UmWa`Ýo�Þãhi��ÙmZeY)`SUXd"Z¨WSd"Z ⊕

λ∈P Zeλ
Û"Ù�à�^"b���YRZ

Di(e
λ) =

eλ − eλ−(〈hi,λ〉+1)αi

1− e−αi
=







∑

0≤n≤〈hi,λ〉

eλ−nαi
WSb
〈hi, λ〉 ≥ 0

s

−
∑

0<n<−〈hi,λ〉

eλ+nαi
WSb
〈hi, λ〉 < 0

�
� h}vihi^'Wåo Þßbc^1`eUXZa�"ZSÙ�`LY)`Sbnhi^ �"YRZ -qbc`S`SUXocl,YR^'^ Û"U [XUm`åÙm^"hi^"[mÙ Um^ `SUXZal�UmWåÛ'U

Ô YRWaUXWÑ[XZabnW¾`LYRoconbn^'UXWX�z� Ù�à�^"bcWSWShR^"WÑÛ"U fÒYDëXhi^ôWabnl�bnonYRbnZaU d'^ hR��ÙmZeY)`SUXd"Z
Di

WSd'Z
Z⊕B(λ) ��YRZ

Di(b) =







∑

0≤n≤〈hi,wt(b)〉

f̃ni b
WSb
〈hi,wt(b)〉 ≥ 0

s

−
∑

0<n<−〈hi,wt(b)〉

ẽni b
WSb
〈hi,wt(b)〉 < 0

�
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prhibâ`

ch : Z⊕B(λ) −→
⊕

λ∈P Z eλ
o Þ YR�'�"onbc[�Y)`Sbnhi^

Z
éêonbc^"Ù�YRbcZSU$Û"Ùmà�^'bnUF��YRZ

ch(b) = ewt(b) ��-qUXWPhi��ÙmZeY)`SUXd"ZaW
Di

Um`
Di

WShi^1`�ZSUXocbnÙmWjw�o Þ YRbcÛ"U�Û"UVo�ÞßYR�"�'onbn[XY)`ebchi^
ch
Û/Þ Y)�"ZR=mWÝonY&f�hiZSl>d'onU

\ C � �r� Ì `
ch(Diψ) = Di ch(ψ)

�uhid"Z¤`Shid'`
ψ ∈ Z⊕B(λ) �

prhibâ`
Si
o�Þãbn^1yRhiond'`Sbnhi^&Û"U�o�ÞãUX^"WaUXl Ô onU

B(λ)
Û'Ùmà�^"bcUV[Xbâé_YR�"Zc=XWìUX^O\ C �  "� Ì ` �1íÝhRd"W

Y�yihi^'W
Di(b + Sib) = b + Sib

�÷V bc^"WSb
Diψ = ψ

ochiZSWaÖ�d'U
ψ ∈ Z⊕B(λ) UXW¾`bn^1y)YRZabáYR^1`���Y)Z

Si
��æ�Y)Zk[mhi^"WaÙXÖ¦d"UX^1`Xs��uhid"Z¤`Shid'`eU

i
é_[L\�Y��n^"U

S
Û"U

B(λ)
hi^�Y

\ C � �r� � `
Di

(∑

b∈S

b
)

=
∑

b∈S

b.

� U��"ocd"WXs�Wab
b0
UXW¾`konUwyiUm[m`SUXd"ZÝÛ"U��"ond"W�\"YRd'`k��hRbnÛ"W�Û"U

S
YRonhiZaW

\ C � �r� Ï `
Dib0 =

∑

b∈S

b.

î Â�·)Áq·"±J²�¶�²S·"¸ïú
²�ÙZ²�Ù �4³ ´�©JM�sAv�u
S
µ§vgs

i
�RtLK'HMLdvgs ¶ s B(λ)

sAu
b0
�ªsi¨Ds3tAuTsAµ�Q

¶ sh«u�Ìµ1I�K'HDµ(u[«�©JM ¶ I ¶ s S E[ñ �ª©JQeIh«�©UµrQ u¬©Uµ(u w ∈ W
�RÔ µ§vgs ¶ sLI·«uQ&©3«uQ�M�¸Au¬¸LIIAµ�Md¨JHDv�uTsLI·sLIAuìIXHDuÒMnIWómHRMduTs��

\ Ì `
S ∩ Bw(λ) = ∅

E
\�� `

S ∩ Bw(λ) = {b0}
E

\ Ï `
S ⊂ Bw(λ)

E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ ]_oqWadI~Ü`kÛ"UgyiÙXZabcà�UmZVÖ�d'Urø

\ÒY ` prb
b ∈ S

WeY)`SbnW¾fÒYRbc`>w
ẽib ∈ S

U�`
b ∈ Bw(λ)

s�YRochiZSW
ẽib ∈ Bw(λ)

�
\ Ô ` prb

b0
s
f̃ib0 ∈ Bw(λ)

s"YRonhiZaW
S ⊂ Bw(λ)

�
\ Y ` UXWa`kÙ�yrbcÛ"UX^1`SU�Û/ÞßYR�"Zc=XWVoáYØ�"Zahi�uhiWSbâ`ebnhR^ C � Ì � Ï \

1
` �

� Ùml�hi^1`SZShi^"Wh\ Ô ` �qprd"�'��hiWahi^"W
b0 ∈ Bw′(λ)

�uhid"Z
w′ ≤ w

�Éprb
〈hi, w

′λ〉 ≤ 0
s

YRochiZSWr\ Ô ` Û"Ùm[Xhid'onU,Û'U,\ C � Ì � Ï ` �4ág^þ��Umd'`�Û"hi^"[�WSd"�"�uhiWaUXZ
〈hi, w

′λ〉 > 0
�!æ�YRZ

[XhR^"WSÙmÖ�d'UX^1`
f̃ib0 ∈ Bw′(λ)∪Bsiw′(λ)

�'prb
f̃ib0 ∈ Bsiw′(λ)

s¦oáY�lrmml�UVf�hiZal>d"onU
bnl��"ocbnÖ¦d"Un\ Ô ` �iíÝhRd"Wì��hRd'yihi^'W YRbn^"Wab'Wad"�"�uhiWSUmZ

f̃ib0 ∈ Bw′(λ)
�iæìZSUm^"hi^"W

m > 0`eUmo¤Ö¦d"U
Km(b0) = uw′λ ⊗ b′

Um`
Km(f̃ib0) = uw′λ ⊗ b′′

�#VÝonhiZaW
f̃mi (uw′λ ⊗

b′) = uw′λ ⊗ b′′
s�Û/ÞßhD

εi(b
′) ≥ ϕi(uw′λ)

Û/ÞßYR�"ZR=mW�\��r� Ï � ÌiÌ ` �©]_o¨WmÞßUm^"WSd"bâ`�Ö�d'U
f̃ni (uw′λ⊗ b

′) = uw′λ⊗ f̃
n
i b

′ �uhid"Z `ehRd'` n ≥ 0
�rë�bn^�YRocUXl�UX^1`

S ⊂ Bw′(λ)
�

î Â�·)Áq·"±J²�¶�²S·"¸ïú
²�ÙZ²ãâ �4³ ´�µy«X«�©}Ie©Uv'I
siw > w

E�ñ �ª©JQeI
∑

b∈Bsiw(λ)

b = Di(
∑

b∈Bw(λ)

b).
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Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ ]_oqWadI~Ü`kÛ"U��"ZShidryiUXZkÖ¦d"U
\ C � �r�! ` ∑

b∈S∩Bsiw(λ)

b = Di(
∑

b∈S∩Bw(λ)

b)

�uhid"Z¤`ehRd'`eU
i
éê[L\�Y��n^"U

S
��íÝhid"WkY�yihR^"W

S ∩Bsiw(λ) = {f̃ni b ; b ∈ S ∩ Bw(λ)} \ {0}.� hi^'[ØWSb
S ∩ Bw(λ) = ∅

sqY)onhiZaW
S ∩ Bsiw(λ) = ∅

U�`r\ C � �r�! ` UmWa`�yiÙmZSbcà"ÙXUR�qprb
S ⊂ Bw(λ)

sÉY)onhiZaW
S ⊂ Bsiw(λ)

Um`G\ C � �r�! ` UmWa`gÙmÕ1YRonUml�Um^1`ÝyRÙXZSbâà�ÙXU)�L�ì^'à�^FWab
S ∩ Bw(λ)

[XhR^"WSbcWa`eUØWaUXd"ocUXl�UX^1`gUm^ ocU&yiUm[m`SUXd"Z
b0
Û'U>�"ond'Ww\�YRd'`��uhibcÛ"W Û"U

S
s

YRochiZSW
S ⊂ Bsiw(λ)

Um`
Dib0 =

∑

b∈S

b
bcl��'onbnÖ¦d"U·\ C � �r�! ` �

× Um`a`eU��"Zahi��hRWSbc`Sbnhi^ÚYÜ�uhid"Z�[mhi^"WaÙXÖ¦d"UX^'[XU&bcl�l�ÙXÛ'báY)`SU onUÝ`e\"ÙmhiZR=ml�U�WSd'bcy)YR^1`��
® »!¼�·'Ây¯R¹ À±úM²�ÙL²�é Ä ^ Æ )I_ È ��³ ´�©JMdu

w = si1 · · · si`
µ§vgs ¶ s ¶ ¸3t3©J�n«�©}I�Mdu M�©UvQ&¸ ¶ µrMdu¬s ¶ Ô µ§vÛ¸��ª¸��»sAv�u

w ∈ W
E[ñ �ª©JQeIh«�©Uµ�Q uT©Uµ§uå«�©JM ¶ I ¶ ©J�ØMdvuHDv�u λ vg©Uµ1I

HD¨D©Uv'I
∑

b∈Bw(λ)

b = Di1 · · ·Di`uλ.

-�Y�f�hiZSl&d"onU�Û"d [�YRZSYR[m`R=XZSU Û"U �ÝUXl�YDSXd"ZaU�hiZSbcÕibn^"YRonUO\�`S\"ÙXhiZc=Xl�U C � �r� Ì ` UXW¾`
d"^"U�[Xhi^"WaÙXÖ¦d"Um^"[XUÑÛ"U [mU�`e\'ÙXhiZc=Xl�URsPÛ"U oáY �"ZShR��hiWabc`Sbnhi^ C � Ì � � Um`ÚÛ'U oáYÑf�hiZ¾é
l>d"ocUi\ C � �r� Ì ` �

J Ê ) Ê #��J� +m0� ��ZK � -�� %  ��ZK
�wYR^'W�[mUm`a`eUÜWSUm[m`ebchi^/sq^"hRd"W�YRonochi^"W Û'ÙXl�hi^1`eZSUmZ�oáYÚ�"Zahi��hRWSbc`Sbnhi^1 '� �r� �r� × hRlÜé

l�UX^7ëmhi^"WV��YRZ�ocU
® »!¼�·'Ây¯R¹ À±úM²ãâ�²¬° Ä ^ Æ�Ç _ È ��³ ´�©JMdu

B
µ(v�t�Q MnIAuêHR�qIes��ØMO�¬vg©JQ ��HR�/IXHDu MnIWómHRMnIXHDv�u

HDµ<¼�t3©Uv ¶ Mdu M�©Uv'IÝIAµrMd¨JHDv�u¬sLI&�\ Ì `�� ©Uµ�QÓu¬©Uµ§u
J ⊂ I

t3©J�n«
u�HDv�uqHDµz«u�Ìµ¦I ¶ sAµ<¼h¸��ª¸��»sAv�uOI ¿ uT©Uµ§u¬såt3©J�n«�©}IXHDv�u¬st3©Uv�vgsc¼(s ¶ s ΦJ(B)
t3©Uv�u¬sAvuHDv�uíµ(vÑ¨Ds3tAuTsAµ�Q ¶ sz«u�Ìµ¦I�K'HDµ(u�«�©JM ¶ Ih\3t�ÔÄsLIAuÒ��ÕR� ¶ MOQ&sµ§v ¨Ds3tAu¬sAµrQ�HDv�v�µr�ª¸?«'HRQ

ẽi
«�©Uµ�QbuT©Uµ§u

i ∈ J
` sLIAu0µ(v t�Q MnIAuêHR��MnIe©J�»©JQ¬«�K�sÚHDµ

t�Q MnIAuêHR�qHJILIe©et�M�¸ùÕ»µ(v
Uq(gJ)

�_�»© ¶ µr�ªs�Mdv�u¬¸�¥RQaHXqX�ªs ¶ s Oint E\�� `ÑÐ ©Uµ§uTsit3©J�n«�©}IXHDv�uTsit3©Uv�vgsc¼(s ¶ s B t3©Uv�uÒM�sAv�u[µ(vÑ¨Ds3tAuTsAµ�Q ¶ så«u�Ìµ¦I�K'HDµ§u«�©JM ¶ I ¿ t�ÔÄsLIAuÒ��ÕR� ¶ MOQ&s0µ§v1¨Ds3tAuTsAµ�Q�HDv�v�µr�ª¸[«'HRQ0u¬©Uµ¦I��ªsLI ẽi \ i ∈ I ` Eñ �ª©JQeI
B
sLIAuòµ(vgs?µ§v�M�©Uv ¶ MnI�6Q©JMdv�u¬s ¶ sht�Q MnIAu�HDµD¼ B(λ)

E
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Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ æ!hiWShR^"W

Bh:={b ∈ B ; ẽib = 0
�uhid"Z¤`ehRd'`

i}.

æ�hRd"Z
b0 ∈ B

h sr^'hR`ehi^'W B(b0)
o�ÞãUX^"WaUXl Ô ocU Û"UmW¨yiUm[m`SUXd"ZaW�^"hi^�^¦d"onW�Û"UwonY�f�hiZal�U

f̃i1 · · · f̃i`b0
��æ Zahid'yRhi^"W�Û/ÞßY Ô hRZSÛ Ö�d'U

B(b0)
UXW¾`�bcWShil�hiZa�"\"Uhw

B(λ)
s/hf

λ =

wt(b0)
�

æ�hRd"Z�`ehid'`SU�WSd"bâ`eU
σ = (σ1, . . . , σ`)

Û"U
I
s���hiWahi^"W

|σ| = `
s
f̃σ = f̃σ1 · · · f̃σ`Um`

σ′ = (σ2, . . . , σ`)
��� Ùml�hi^1`SZShi^"Wgo Þ Y)WSWSUmZa`Sbnhi^FWad"bcy)YR^1`eUØ�"YRZwZSÙm[Xd"ZaZSUm^"[XUÜWSd'Z

`
�

(a)` f̃
σuλ = 0 ⇐⇒ f̃σb0 = 0

��hid'Z¤`ehid'`
σ
`eUmoqÖ¦d"U

|σ| ≤ `
�

(b)`
prb
|σ| ≤ `

Um`
f̃σuλ 6= 0

s"Y)onhiZaW
εi(f̃

σuλ) = εi(f̃
σb0)

Um`
ϕi(f̃

σuλ) =

ϕi(f̃
σb0)

�uhid"Z¤`Shid'`
i
�

(c)` f̃
σuλ = f̃ τuλ ⇐⇒ f̃σb0 = f̃ τb0

�uhid"Z�`Shid"W
σ
Um`
τ
`SUXonW�Ö¦d"U

|σ|
s

|τ | ≤ `
�

-qU¤[�Y)W
` = 0

UmWa`ì`SZSbcy�bnYRo�s}Û"hR^"[�WSd"�'��hiWahi^"W o�ÞßYRWaWSUXZ¾`ebchi^&yiÙmZSbâà�ÙXU4�ad"WaÖ¦d/ÞÜw
`−1Um`kÛ"Ùml�hR^¦`SZShi^'W¾é_onY>��hRd"Z

`
�

× hil�l�Um^7ëXhR^"W���YRZ
(a)`

�)prd"�'��hiWahi^"W
f̃σuλ = 0

�Jp�b
f̃σ

′

uλ = 0
s)Y)onhiZaW

f̃σ
′

b0 =

0
ÛÉÞ YR�'ZR=XW

(a)`−1

s¨U�`�YRbc^"WSb
f̃σb0 = 0

��p�b
f̃σ

′

uλ 6= 0
s¨YRochiZSW

f̃σ
′

b0 6= 0
U�`

ϕσ1(f̃
σ′b0) = ϕσ1(f̃

σ′uλ) = 0
Û/ÞßYR�"Zc=XW

(a)`−1

U�`
(b)`−1

��� hi^"[
f̃σ1 f̃

σ′b0 = 0
�

-ìÞ Y)d'`eZaU�bcl��'onbn[XY)`ebchi^�WSU�Û"ÙXl�hi^1`eZaU�Û"UgfÒYDëXhi^ Wabnl�bnoáY)bnZSU)�
æ�hRd"ZSWad"bcyRhi^"W>��Y)Z&oáYåÛ"ÙXl�hi^"W¾`eZSY)`ebchi^þÛ'U

(b)`
��prhibâ`

b′1
onUÜyiUm[m`SUXd"ZØÛ"U,�"ond"W

\�YRdr`¨�uhibnÛ'W�Û�Y)^"W¨onY�[mhil��uhiWSYR^1`eUk[Xhi^"^'UA'rUwÛ"U
Φ{i,σ1}(B(λ))

[Xhi^1`SUX^�YR^1`
b1 :=

f̃σuλ
��V ochiZSWVbnoÉUA'rbnW¾`eU�d"^"U�WSd"bâ`eU

τ
Û�YR^"W

I
U�`kd"^"U�WSd"bâ`eU

ρ
Û�Y)^"W

{i, σ1}
`eUXoconUmW

Ö¦d"U
b′1 = f̃ τuλ

Um`
b1 = f̃σ1 f̃

ρb′1
��áw^�Y

1+ |ρ|+ |τ | = |σ|
sRÛ"hi^'[

|τ | < |σ| ≤ `
�

æ�hRWShi^"W
b′2 = f̃ τb0

���&ÞßYR�"ZR=mW
(b)`−1

^"hid"W&Y}yRhi^"W
εj(b

′
1) = εj(b

′
2)
�uhid"Z�`ehid'`

j ∈ I
�XVÝbn^"Wab

b′2
UmWa`�onU�yiUm[m`SUXd"Z¤Û'UÝ�"ocd"WP\�YRd'`���hRbnÛ"W Û"U

Φ{i,σ1}(B)
��æìd"bnWaÖ¦d"U

b′1Um`
b′2
hi^1`�lrmml�UV�uhibnÛ"Wms1oáY�[Xhil��uhiWeYR^1`SUÝ[mhi^"^"Uk''U Û"U

Φ{i,σ1}(B(λ))
[Xhi^1`eUm^�YR^1`

b′1
UmWa`wbcWShil�hiZa�"\"U�w�onYØ[Xhil���hRWeYR^1`eU�[XhR^"^"UA'rU�Û"U

Φ{i,σ1}(B)
[XhR^¦`SUX^�Y)^¦`

b′2
��]_o

WXÞãUX^'WSd"bâ`gÖ¦d"U
εi(f̃σ1 f̃

ρb′1) = εi(f̃σ1 f̃
ρb′2)

�MáwZ
f̃σ

′

uλ = f̃ ρf̃ τuλ
suÛ/Þãhf

f̃σ
′

b0 =

f̃ ρf̃ τb0 = f̃ ρb′2
��YRZ

(c)`−1

�Jæ�YRZ�[mhi^"WaÙXÖ¦d"UX^1`
f̃σb0 = f̃σ1 f̃

ρb′2
s��"d'bnW

εi(f̃
σuλ) =

εi(f̃σ1 f̃
ρb′1) = εi(f̃σ1 f̃

ρb′2) = εi(f̃
σb0)

�
6!UXZSl�bn^'hi^"W���YRZ>onY$Û"Ùml�hi^'Wa`eZSY)`ebchi^ûÛ'U

(c)`
�4�&ÞßYR�"Zc=XW

(a)`
s�^"hid'W>��hRd'yihi^'W

WSd'�"��hRWSUXZVÖ¦d"U
f̃σuλ

s
f̃ τuλ ∈ B(λ)

U�`
f̃σb0

s
f̃ τb0 ∈ B

��prb
|σ|

hid
|τ |

UmWa`k^¦d"o�s



#AÀ& ÁIÂ �cÃ���d�W��4kÆ Á �W���a���cÏ1NÓ�ã��Íc�WÊRÏÃe�Z��W�n���A�
o�ÞßYRWaWSUXZ¾`ebchi^>UXW¾`©`eZabcy�báY)onUXl�UX^1`�yiÙmZSbâà�ÙXU)�1æ�YRZ�UA'rUXl��"onU¨WSb

|σ| = 0
Um`
|τ | > 0

YRonhiZaW
o�ÞãÙXÕiYRonbâ`eÙ

b0 = f̃ τb0
bnl��"ocbnÖ¦d"U

ẽτ1b0 6= 0
s"[mU�Ö¦d"bqUmWa`ÝY Ô Wad"ZSÛ'UR�

íÝhRd"WF��hRd'yihi^'W Û'hi^"[ WSd"�'��hiWaUXZÑÖ¦d"U
|σ|

Um`
|τ |

WShR^¦` W¾`eZSbc[m`SUXl�UX^1`Ñ��hRWSbâé
`ebâf�WX�¤prd"�"�uhiWShR^"WÚyiÙmZSbcà"ÙXUFd"^"UFÛ'UXW�[XhR^"Û"bc`Sbnhi^'W,Û"U

(c)`
�ÓVÝonhiZaW

ετ1(f̃
σuλ) =

ετ1(f̃
σb0) > 0

��YRZ
(b)`

�qprhibâ`
b′1
onU&yRUX[�`eUXd'Z�Û'U>�"ond'Ww\�YRd'`��uhibcÛ"W Û"UØonY,[XhRlÜé

�uhiWeYR^1`SU�[mhi^"^"Uk'rU�Û"U
Φ{σ1 ,τ1}(B(λ))

[mhi^1`eUm^�YR^1`
b1:=f̃

σuλ
�

◦

f̃ξ

��
f̃σ′

����
�
�
�
�
�
�
�
�
�
�
�
�

f̃τ ′

��

◦

f̃ρ
~~~

��~~~
f̃ ρ̃

@@@

��@
@@

◦

f̃σ1

@@

��@
@

◦

f̃τ1

~~

��~~
◦

áw^ �uUXd'`ÚYRonhRZSWÜÙX[mZSbnZaU
b′1 = f̃ ξuλ

Um`
b1 = f̃σ1 f̃

ρb′1 = f̃τ1 f̃
ρ̃b′1
sPhD

ρ
U�`
ρ̃WShR^¦` Û'UXW WSd"bâ`eUmWåÛ"YR^"W

{σ1, τ1}
�íVÝbn^"WabwonUmW,yiUm[m`eUmd"ZSW

f̃σ
′

uλ
U�`
f̃ ρf̃ ξuλ

Wahi^1`
ÙXÕiYRd('��[.gZ&�R[mUOw

(c)`−1

sP^"hid"W,Y}yRhi^"W
f̃σ

′

b0 = f̃ ρf̃ ξb0
�¨æ!hiWShi^'W

b′2 = f̃ ξb0
�

V ochiZSW
b′2
UXW¾`åonU�yRUX[m`SUXd"ZåÛ"UF�"ocd"W�\�YRdr` ��hibcÛ"WÚÛ"UFonY
[Xhil��uhiWeYR^1`SUF[Xhi^"^'UA'rU

Û"U
Φ{σ1 ,τ1}(B)

[mhi^1`eUX^"YR^1`
b2 :=f̃σb0

�!æ�YRZ�ocUÜlrmml�U�YRZaÕid"l�UX^1`&Ö¦d"U�Û�YR^"W�oáY
Û"Ùml�hi^'Wa`eZSY)`ebchi^ÅÛ"U

(b)`
s bno�Û"Ùm[Xhid"ocU$Û'U

f̃σ1 f̃
ρb′1 = f̃τ1 f̃

ρ̃b′1
Ö¦d"U

f̃σ1 f̃
ρb′2 =

f̃τ1 f̃
ρ̃b′2
��æ�YRZ�[XhR^"WSÙmÖ�d'UX^1`

f̃σb0 = f̃σ1 f̃
σ′b0 = f̃σ1 f̃

ρf̃ ξb0 = f̃τ1 f̃
ρ̃f̃ ξb0

�
� hi^'[å^'hid"W�Y�yihi^"W

f̃σuλ = f̃ τuλ ⇐⇒ f̃ ρ̃f̃ ξuλ = f̃ τ
′

uλ ⇐⇒ f̃ ρ̃f̃ ξb0 =

f̃ τ
′

b0 ⇐⇒ f̃τ1 f̃
ρ̃f̃ ξb0 = f̃ τb0 ⇐⇒ f̃σb0 = f̃ τb0

�r]_[Xb s'oáY�WSUX[mhi^"Û"U�ÙmÖ�d'bcy)YRonUm^"[XU
UXW¾`kd"^"U�[Xhi^'WSÙXÖ¦d"Um^"[XU&Û"U

(c)`−1

�
-ìÞ Y)�"�"onbc[�Y)`Sbnhi^ÑÛ"Ù�à�^"bcU,��YRZ

f̃σuλ 7→ f̃σb0
^'hid"W�f�hRd"ZS^"bâ`>Y)onhiZaW�d"^û�"onhi^'ÕiU�é

l�UX^1`��"onUmbn^
B(λ) ↪→ B

sÉÛ/Þßbcl,Y)ÕiU
B(b0)

�gV bn^'WSb
B(b0)

UXW¾`�d'^"UÜ[Xhil���hRWeYR^1`eU
[XhR^"^"UA'rU>Û'U

B
U�`wUmWa`wbcWShil�hiZa�"\"U?w

B(wt(b0))
Um^�`LY)^¦`ÝÖ¦d"U>[mZSbnW¾`LYRo ��-ìÞß\1v���hJé

`e\I=XWSU»\
2
` bnl��"onbcÖ¦d"U

B =
⊔

b0∈Bh

B(b0)
�

î Â�·)Áq·"±J²�¶�²S·"¸ïú
²ãâL²�Ù �4³ ´�©JMdu
B
µ(v t�Q MnIAu�HR�#vg©JQ ��HR�âE#ñ �ª©JQeI9«�©Uµ�Qiu¬©Uµ§u

w ∈

W ¿ MO�ùsc¼iMnIAu¬s]µ§vgs]µ§v�M�¹¤µ�sþHA«X«u�´M�tSHDuÒM�©Uv ẽmax
w : B → B

uTs��O�ªsÑ¹¤µ�s
ẽmax
w =

ẽmax
i1 · · · ẽ

max
i`

«�©Uµ�Qnu¬©Uµ§uTs ¶ ¸3t3©J�n«�©}I�Mdu M�©Uv Q&¸ ¶ µ�MduTs si1 · · · si` ¶ s w E
Úet�M ẽmax
i b =

ẽ
εi(b)
i b

E



4AÆ -<;�B��W��ÊRÉí�AÏÓÍ��WÊRÏ¤Ãe�Z�A�
�9�ö�� #kÀ �
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ ��Þ YR�'ZR=XWgonY,�"Zahi��hRWSbc`Sbnhi^ Ï �! "�  's�bco�WadI~Ü`�Û"UØ�"ZShRd'yiUmZgÖ�d'U
onUmWghi�uÙXZeYJ`eUXd'ZSW

ẽmax
i

\
i ∈ I

` WeY)`SbnW¾f�hi^1`&Y)d('ÑZSUmoáY)`Sbnhi^'WwÛ"UØ`eZaUXWSWaUR�4� hi^"[Ü^"hRd"W
�uhid'yihR^"W¤WSd'�"��hRWSUXZ¨Ö�d'UwonUÝZeYR^"Õ�Û"U

g
UmWa`�ÙmÕ1YRoMw

2
U�`�Ö¦d"U

g
UmWa`�Û'U Û"bcl�Um^"WSbchi^

à�^"bcUR�iprhibc`
w0

o�ÞãÙXocÙXl�UX^1`©ocU¨�"ocd"W©ochi^"Õ Û'dØÕiZShid'��U¤Û'UÓ/ûU�v�o��R]_orWSdI~Ü`ìÛ'U¤Û"ÙXl�hi^ré
`eZaUXZìÖ¦d"U

ẽmax
i1
· · · ẽmax

i`

^'U�Û"ÙX�uUX^"Û���YRW Û"dÜ[L\"hRb|'ØÛ'UkonYwÛ"ÙX[mhil���hiWabc`Sbnhi^>ZaÙXÛ"d'bc`eU
si1 · · · si`

Û'U
w0

�7��Þ YR�'ZR=XW�ocU [mhiZShiocoáYRbcZSU C � Ì �! \
2
` s���hid'Z�`ehRd'`

b ∈ B
o�ÞãÙXonÙml�Um^1`

ẽmax
i1 · · · ẽ

max
i`

b
UXW¾`¤onU�yRUX[m`SUXd"Z�Û"U �'ond"W \�YRdr`¨�uhibnÛ'WPÛ'U oáYg[mhil��uhiWSYR^1`eUk[Xhi^"^'UA'rU

[XhR^¦`SUX^�Y)^¦`
b
�§V bc^"WSb�bcou^'U Û"Ùm��Um^"ÛÚ��YRW�Û"dÚ[L\"hRb|'�Û"U onY�Û'ÙX[XhRl��uhiWSbâ`ebchi^�ZaÙXÛ"d'bc`eU

Û"U
w0

�
íÝhRd"WVWShil�l�UmW�l,Y)bn^1`eUm^�YR^1`��"Zcmm`eWåwØÛ"ÙXl�hi^1`eZaUXZVoáY>�'ZShi�uhiWSbâ`ebchi^ä "� �r� ���

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv ¶ s��âH�«uQ&©3«�©}I�Mdu M�©Uv¢�uEHG�EHG1�Z³ p�hibc`
B
d'^�[mZSbnW¾`LYRoR^"hiZSl�YRo �}prd"��é

�uhiWShi^'W yRÙXZabcà�ÙmUÝonY�[mhi^"Û"bâ`ebchi^�\
2
` Û'UÝonY��'ZShi�uhiWSbâ`ebchi^h "� �r� �wU�`¨Û"Ùml�hR^¦`SZShi^'Wn\

1
` �

áw^��uUXdr`¨Wad"�"�uhiWSUmZ
J = I

��prhRbc`
w0

o ÞßÙmonÙXl�UX^1` ocUk�'ond"W onhR^"Õ�Û"U
W
�XVÝonhiZaWP�uhid"Z

`ehRd'`
i ∈ I

ocUXWØhi�uÙXZSY)`eUmd"ZSW
ẽmax
w0

U�`
ẽmax
i ẽmax

siw0

WShi^1`�ÙXÕ1Y)d('��Ö� hi^"[
εi(ẽ

max
w0

b)UXW¾`�^�d'o���hid'Z&`ehidr`
b ∈ B

�ÖV bc^"WSb¤onY�[XhR^"Û"bc`Sbnhi^�\
2
` Û"d `S\"ÙXhiZc=Xl�U C � Ï � Ì UmWa`

WeYJ`ebnW¾fÒYRbc`SURsrÛ/ÞßhD$ocUgZSÙXWad"oc`eY)`VUXWa[Xhil��'`SÙ�ÛÉÞ YR�'ZR=XWkonUw`S\"ÙXhRZR=Xl�U C � Ï � Ì �

J Ê 2 Ê-= .R0��Ò- � �4� ����-
�!�ì*F��*�N÷*XP�(¨+¤�!��(�*�+Ü.i�)�Ò+m0} 7�ZK � -u� %  7�ZK
prhibâ`

B
d"^ [mZSbcWa`LY)o�WSUXl�bâéê^"hiZal,YRo �!æ�hid"Z

i ∈ I
s©Û"Ù�à�^"bcWSWShR^"W�d'^ YRd'`Shil�hiZ¾é

�"\"bcWSl�U
Si
Û"U�o�ÞãUX^"WaUXl Ô ocU

B
�"YRZ

\ C �  "� Ì `
Sib =

{
f̃i

〈hi,wt(b)〉b
WSb
〈hi,wt(b)〉 ≥ 0,

ẽi
−〈hi,wt(b)〉b

WSb
〈hi,wt(b)〉 ≤ 0.V bc^"WSb¨o�ÞãÙXonÙml�Um^1`

Sib
UXWa`�ocUÚWav�l�Ùm`eZabnÖ¦d"U�Û"U

b
��YRZØZSYR�"�uhiZa`ÜY)dÅl�bnocbnUmdûÛ"U�onY

i
éê[L\�Y��n^"U�[Xhi^1`SUX^�YR^1`

b
�j-qUXW�YRd'`Shil�hRZS�"\"bcWSl�UXW

Si
Wahi^1`Ü`eUXocWØÖ¦d"U

S2
i =

bnÛ U�`

· · ·

Si
Si

S�THU
VFX�Y?>�\*^_\*@/§miphqc&l�egf´¸|adc&f s kÐe_kBA¹kmñMr

wt(Sib) = si(wt(b))
���ÝU��"ocd"WXs'bnonW¨WeY)`SbnWaf�hR^¦`åw

SiẽiS
−1
i = f̃i
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TkYR�"�uUXonhR^"W¤Ö¦d"U

ẽi
maxb = ẽi

εi(b)b
U�`
f̃i

maxb = f̃i
ϕi(b)b

�
® »!¼�·'Ây¯R¹ À±úM²�é#²¬° �#³ ´�M

B
sLIAu�µ§v t�Q MnIAu�HR��vg©JQ���HR� ¿ HR�ª©JQeI�MO�7sc¼iMnIAuTsÓµ§vgsPIesAµ��ªsH§tAuÒM�©Uv

S : W −→ Aut(B) ¶ s W IAµrQg�RÔÄsAv'Ies��iqX�ªs
B
uTs��O�ªs?¹¤µ�s

Ssi
= Si

«�©Uµ�Q
u¬©Uµ(u

i ∈ I
\3t�ÔÄsLIAuÒ��ÕR� ¶ MOQ&sh«uQ&©J�ª©Uv§¥§sSHDv�u��RÔ H§tAuÒM�©Uv ¶ sLI Si ` EÝ�÷v ©Uµ(uÒQ&s ¿ �ªsLI Sw¨D¸�Q M ÒísAv�u

wt(Swb) = w(wt(b))
«�©UµrQ0u¬©Uµ¦I

w ∈ W
sAu
b ∈ B

E
Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ æ!hid"ZÚ�'ZShid'yRUXZ Ö¦d"UFonUmW

Si
Um^"ÕiUX^'Û"ZSUm^¦`åd"^'UFYR[m`Sbnhi^ Û"d

ÕiZahid"�uU$Û"Uo/ûU�v�o�s bno¤fÒYRdr`�yRÙXZSbâà�UXZ�Ö¦d/ÞßbconWÜWeYJ`ebnW¾f�hi^1`ÚY)d(' ZSUXonY)`ebchi^"WÜÛ"U `eZaUXWSWaU
�uhid"Z

g
Û"U�Û"bnl�UX^"Wabnhi^Úà"^"bnUgÛ"U�ZSYR^"Õ

2
s�[RÞãUXW¾`aé¬wJé_Û"bcZSU

\ C �  "� � `
Si1 · · ·Si`(b)

UmWa`Ýbn^"Û'ÙX�uUX^"Û�Y)^¦`kÛ"då[L\"hib£'�Û"U
(i1, . . . , i`) ∈ R(w0),hf

w0

UmWa`�o�ÞãÙXocÙXl�UX^1` onUV�"ocd"W onhi^"Õ�Û"U
W

U�`
R(w0)

UXW¾`�o ÞßUm^"WSUml Ô ocUkÛ'UXWPÛ"ÙX[mhilÜé
�uhiWSbâ`ebnhR^"W¤ZSÙmÛ"d"bâ`eUXWVÛ"U

w0
�

prb
b
yiÙmZSbâà�Ur\ C �! "� � ` s"YRonhiZaW

Sib
yiÙmZSbcà"Ui\ C �! "� � ` ��ág^ WaUgZeYRli=X^"UwYRbn^"WabLw

wt(b)Û"hil�bn^"YR^1`��
�&ÞßYR�"Zc=XWVd"^åZSÙXWad"oc`eY)`VWSbcl�bcoáYRbcZSUåwØ[XUXocd"bqÛ"U�oáY>�'ZShi�uhiWSbâ`ebchi^ C � Ï � ��s"hi^åY

\ C �  "� Ï `
f̃max
i1
· · · f̃max

i`
(b)

UmWa`kbn^"Û'ÙX�uUX^"Û�Y)^¦`kÛ"då[L\"hib£' Û"U
(i1, . . . , i`) ∈ R(w0)

�
TVUXl�YRZSÖ¦d"hi^'WkÖ¦d"Ur\OyihibcZ�o�ÞãUA'rUXZa[Xbn[mU C � Ì `
\ C �  "�! `

f̃i
max(b1⊗b2) =

{
f̃i
ϕi(b1)−εi(b2)b1 ⊗ f̃i

maxb2
WSb
ϕi(b1) ≥ εi(b2),

b1 ⊗ f̃i
maxb2

WSb
ϕi(b1) ≤ εi(b2).-qU�onUXl�l�UwWSd"bây)YR^1`V^"hid"WV�uUXZSl�Um`a`eZSYÜÛ'U�[mhi^"[mond"ZaUR�

× Ài¹ ¹ ÀØú
²�éÖ²�Ù ��³ ´�©JMdu
b
µ§v±¨Ds3tAu¬sAµrQ·u¬s��Ö¹¤µ�s

〈hi,wt(b)〉 ≥ 0
E�ñ �ª©JQeIn«�©Uµ�Q

u¬©Uµ(u[t�Q MnIAuêHR�ÉIes��ØMO�¬vg©JQ ��HR�
B′ sAu�«�©UµrQ�u¬©Uµ(u b′ ∈ B′ ¿ MO�4sc¼iMnIAu¬s?µ§vÑsAv�u M�s�Q m sAu

µ§v1¨Ds3tAuTsAµ�Q
b′′ ∈ B⊗m ⊗ B′ uTs�� Ix¹¤µ�s[«�©UµrQ0u¬©Uµ§u n ≥ m

vg©Uµ1I&HD¾�©Uv'I
f̃i

max(b⊗n ⊗ b′) = (Sib)
⊗(n−m) ⊗ b′′.

Ý·¸��»©Uv'IAuÒQaHDu M�©Uv��L³ æ!hid"Z�`Shid'`
n ≥ 1

s)o ÞßUm^1`ebnUmZ
εi(b

⊗n⊗b′)
UmWa`ì��Y)Z�Û"Ù�à�^"bc`Sbnhi^

ÙXÕiYRoLw
max

(

{εi(b)− k〈hi,wt(b)〉 ; 0 ≤ k < n} ∪ {εi(b
′)− n〈hi,wt(b)〉}

)

= max(εi(b), εi(b
′)− n〈hi,wt(b)〉).

prd"�'��hiWahi^"W�Û/Þ Y Ô hiZaÛ Ö¦d"U
〈hi,wt(b)〉 > 0

�PæìZSUm^"hi^"W
m

`SUXoÝÖ�d'U
εi(b

′) −
m〈hi,wt(b)〉 ≤ εi(b)

�ZV ochiZSW
εi(b

⊗(n−1) ⊗ b′) = εi(b)
��hid'Z�`Shid'`

n > m
Um`
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�9�ö�� #kÀ !
ϕi(b) − εi(b

⊗(n−1) ⊗ b′) = 〈hi,wt(b)〉 ≥ 0
� l o�ÞßYRbcÛ"U&Û"U&oáY�f�hiZal>d"ocUb\ C �  '�  ` s

hi^ UX^åÛ"ÙmÛ"d"bc`

f̃i
max(b⊗n ⊗ b′) = f̃i

max
(
b⊗ (b⊗(n−1) ⊗ b′)

)
= Si(b)⊗ f̃i

max(b⊗(n−1) ⊗ b′).

�ì^$ZaÙX�uÙm`eYR^1`ÝocUw�"Zahr[mUXWSWad"WXs�^"hRd"WVh Ô `eUm^"hi^"W
f̃i

max(b⊗n ⊗ b′) = (Sib)
⊗(n−m) ⊗

f̃i
max(b⊗m ⊗ b′)

�
prd"�'��hiWahi^"WÚUm^"WSd'bc`eU�Ö�d'U

〈hi,wt(b)〉 = 0
�Ó�wYR^"W,[XU [XYRWXs�hi^ Y

Sib = b
�

áw^ÑY
ϕi(b

⊗(n−1)) = εi(b
⊗(n−1)) = εi(b) ≤ εi(b ⊗ b

′)
�uhid"Z `Shid'`

n ≥ 2
��-�Y

f�hiZal>d"onU9\ C �! "�! ` bcl��"ocbnÖ¦d"U�YRonhRZSW
f̃i

max(b⊗n⊗b′) = b⊗(n−1)⊗ f̃i
max(b⊗b′)

�
íÝhRd"WkYRonochi^"W¨Û'ÙXl�hi^1`eZSUmZVÖ�dÉÞßbcoqUA'rbnW¾`eU

mk ∈ N
U�`
bk ∈ B

⊗mk
`eUmonW�Ö¦d"U

f̃max
ik
· · · f̃max

i`
(b⊗n) = (Sik · · ·Si`b)

⊗(n−mk) ⊗ bk
�uhid"Z

n ≥ mk
�\ C �  "� � `

��YRZVZaÙX[Xd'ZSZSUm^"[XU�Û"UmWS[XUm^"Û�YR^1`SU>WSd"Z
k
�uprd"�"�uhiWShR^"W·\ C �! "� � ` yRÙXZabcà�ÙmU��uhid"Z

k + 1
�

æìd"bnWaÖ¦d"U onU,�uhibcÛ"W
wt(b)

UXWa`ÜÛ'hil�bc^�YR^1`�s!hi^ÅY
〈hik ,wt(Sik+1

· · ·Si`b)〉 ≥ 0
�

V ochiZSW,Û/Þ Y)�"ZR=mW�onU ocUXl�l�U$�"ZSÙm[XÙXÛ'UX^1`åbno Uk'rbnWa`SUFd"^ UX^1`SbnUXZ
m

Um`Úd"^ yiUX[�`eUmd"Z
bk ∈ B

⊗(m+mk+1) `eUmonWVÖ¦d"U

f̃max
ik

(
(Sik+1

· · ·Si`b)
⊗n ⊗ bk+1

)
= (Sik · · ·Si`b)

⊗(n−m) ⊗ bk.

]_oqWXÞãUX^'WSd"bâ`ÝÖ¦d"U

f̃max
ik
· · · f̃max

i`
(b⊗n) = f̃max

ik

(
(Sik+1

· · ·Si`b)
⊗(n−mk+1) ⊗ bk+1

)

= (Sik · · ·Si`b)
⊗(n−m−mk+1) ⊗ bk

�uhid"Z
n ≥ m +mk+1

s"[mU�Ö¦d"bqÛ"Ùml�hR^¦`SZSUr\ C �  "� � ` �
æ�Y)Z,[XhR^"WSÙmÖ�d'UX^1`

f̃max
i1
· · · f̃max

i`
(b⊗n) = (Si1 · · ·Si`b) ⊗ b′

�uhid"Z�d"^
b′ ∈

B⊗(n−1) ochiZSWaÖ�d'U n UXW¾`wYRWaWSUS&ÕiZSYR^"Û/�
-ìÞ Y)WSWSUmZa`Sbnhi^±\ C �! "� Ï ` YR[L\7=�yiU>onYÜÛ'ÙXl�hi^"W¾é`eZSY)`ebchi^�Û"d `e\"ÙmhiZR=ml�U C �  "� Ì �
ç Ài¹û°�ÂX½1¿�Àèú
²�éÖ²ãâ �4³ j�mXl�U�Wab

wαi = αj
�uhid"Z

w ∈ W
Um`
i
s
j ∈ I

s�onUmW
hi�uÙXZSY)`eUmd"ZSW

Sw ◦ ẽi ◦ S
−1
w

U�`
ẽj
^'UØWShi^1`g��Y)WgÙXÕ1YRd§' Um^ ÕRÙX^"ÙmZeYRo � × hi^"WabnÛ"ÙmZSUS

��YRZPUA'rUml��"ocU �uhid"Z�onUk[XZSbcWa`eYRo
B(Λ1 +Λ2)

Û�YR^'W¨onUÝ[�YRW
g = gl3

onUmW�hR��ÙmZeY)`SUXd"ZaW
Sw ◦ ẽ1 ◦ Sw−1

Um`
ẽ2
Y}yRUX[

w = (1, 2, 3) = s1 · s2

�
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B1
Um`
B2

Û"UXd§'Ü[XZabnWa`eYRd('ÜWaUXl�bâéê^"hiZSl�YRd('��<� ÙXl�hi^ré
`eZaU¤S�Ö¦d"U

ẽmax
i (b1 ⊗ b2) =

{
ẽmax
i b1 ⊗ ẽi

εi(b2)−ϕi(b1)b2
WSb
ϕi(b1) ≤ εi(b2)

s
ẽmax
i b1 ⊗ b2

WSb
ϕi(b1) ≥ εi(b2)

s

f̃max
i (b1 ⊗ b2) =

{
f̃i
ϕi(b1)−εi(b2)b1 ⊗ f̃

max
i b2

WSb
ϕi(b1) ≥ εi(b2)

s
b1 ⊗ f̃

max
i b2

WSb
ϕi(b1) ≤ εi(b2)

s
�uhid"Z¤`ehRd"W

bk ∈ Bk

\
k = 1

s
2
` �

:<; ÀiÂ}µi²Sµ�ÀÑúM²�Ù �4³ � ÙXl�hi^1`eZaU¤S�oáYØZSUml,Y)ZSÖ¦d"U C � Ì � Í ��\Ò]_^"Û"bc[�Y)`Sbnhi^1ø�dr`ebnocbnWaU¤SgoáY
�"Zahi��hRWSbc`Sbnhi^ C � Ì � Ï \

2
` � `

:<; ÀiÂ}µi²Sµ�ÀÑúM²ãâ �4³ prhibcUX^1`
λ ∈ P+

Um`
si1 · · · si`

d"^"U�Û"Ùm[Xhil���hRWSbc`Sbnhi^�ZaÙXÛ"d'bc`eU
Û/Þãd"^åÙXonÙml�Um^1`

w
Û"d$ÕRZShid"�uU�Û"U0/ûU�v�o

W
��æ�hid'Z

b ∈ Bw(λ)
s�^"hR`Shi^"W

ak(b) = εik(ẽ
max
ik−1
· · · ẽmax

i1
b)

��hRd"Z
1 ≤ k ≤ `

s
Û"U�WShRZa`eU�Ö¦d"U�o�Þãhi^åYRbâ`

b = f̃
a1(b)
i1
· · · f̃

a`(b)
i`

uλ
�

� Ùml�hi^1`SZSU¤S�Ö¦d"U
{f

(a1(b))
i1

· · · f
(a`(b))
i`

uλ ; b ∈ Bw(λ)}
UmWa`Ýd"^"U Ô YRWSU�Û"U�o�ÞãUXW�é

��YR[mUgyiUX[�`ehiZabnUmo
U+
q (g)uwλ

�
\Ò]_^'Û"bn[XY)`ebchi^1ø�d'`ebconbcWSU¤S onUXW��'ZShi�uhiWSbâ`ebchi^"W�z'� �r� Ï Um` C � Ì � ��� `
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^ Ì _DCFE�GHJILKLM�NPO<Q�R�ETSVUWE�XYMLILZ\[^]_E�XYM�`ba�c�d�MLN�M sÉä × Z¾vrW¾`LYRo Ô YRWaUXW¨f�hiZ
`e\'U�Ö¦d�Y)^¦`Sd"l WSd'��UmZeYRocÕiU Ô ZSY

Uq(gl(m,n))
çusfe"E�ñ �»s�QXEìDÑHDuOK'Eò´�©etXE �()

\��){i{i{ ` s"^"h"����s��/�u� C �}| ÏiÏ'Ì �
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^"ÙmZeYRocbnWSÙmUXW¤ç�s[ñnv�vuE9´�t�MÒEmzt3©J�ªsoû?©JQ���E9´�µe«ÉEzy*�|{ E \ ÌeC1Í  ` s��É��� Ï |�~i~'s
× hioconUX[�`ebchi^�hRf�YRZ¾`ebc[XonUmW Û"UmÛ"bn[XY)`eUmÛF`ehä{kUX^"Zab × YRZa`eYR^Fhi^ `S\"UØhr[m[�YRWabnhi^�hRf
\"bcW Í {)`e\ Ô bcZa`e\'Û�Y�vis"]L�

^� _�}'E�CFELtYN�c~I��7HJ� ′ � s�äå{Ýhi�'f�YRocÕiU Ô ZSYRW�YR^'ÛÚ`e\"UgÖ¦d�YR^1`Sd"l 8�Y)^"Õ)é Î YU'�`eUXZ
UXÖ¦d�YJ`ebnhR^�ç�sXÝ·©�+J�âE(ñq+RH ¶ EIûgHDµx+n´�´�´�2 Æ F�) \ ÌQC ~1� ` sJ^'h"�i��s)�/� Ì {izR{�| Ì {iz< "�

^ß� _���Es��kL�%O�jfI | ²M©Uµ(v§¥äu�HXqX�ªsSHDµD¼ ¿ ~ MduOK HA«X«u�´M�tSHDuÒM�©Uv'IùuT©ÚQ&s¬«uQ3sLIesAv�u�HDuÒM�©UvuOK�s3©JQA¾�HDv ¶ ¥§s3©J�»sAuÒQk¾)sZ-qhi^"Û'hi^þj�Y)`e\'UXl�Y)`ebc[�YRo p�hr[mbnUm`_vFp�`ed'Û"UX^1`ù6�Uk'r`SW)�5 s × YRl Ô ZabnÛ"ÕiU�xk^"bcyRUXZaWSbc`_v�æ ZaUXWaWXs × YRl Ô ZabnÛ"ÕRURs ÌeCDC1Í �
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bn^Új�Y)`S\"UXl�Y)`ebc[XW B s§VÝl�UmZSbc[�YR^,j�Y)`S\"UXl�Y)`ebc[�YRo�prh�[XbcUm`_vRsræìZah�y�bcÛ"UX^"[mURs'Tk]Ls
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é�YR^�Y)onhiÕid'U hRf!d"^"bâyiUmZSWeY)oqUX^1yiUmonhi�"bc^"ÕÜYRocÕiU�é

Ô ZSYRW/çus � Q&©et3s3s ¶ Mdv§¥JI[©TójuOK�s#ÚAv�u¬s�QAvuHDuÒM�©UvuHR�C{÷©Uv§¥RQ&sLILIí©TóìDÑHDuOK�s���HDuÒM�t�MÒHDv'I ¿�
©J�âE#Ú ¿ ÚRÚ'y G?¾X©UuT© ¿ 'p�p�P�V{�\�6!hf�1vih ` s!j�Y)`S\/�!prh�[R���iYR�"YR^/s ÌeCDC'Ì sÉ�É� ÍDC'Ì |ÍDC1Í �
^ Ì � _ sÉä>6�\'U [XZ¾v�Wa`LY)o Ô YRWaU Y)^"Ûä-qbc`a`eUXocl,Y)^"^/ÞãWìZSUmà"^"UXÛ � Uml,Y<SXd"ZaU [L\�YJé

ZeY)[m`eUmZ�f�hiZSl>d'oáYwçusgÝ�µx+Xs DÑHDuOK'ELe'E E � \ ÌeCfCiÏ ` s"^"h"� Ï s"�/��~ ÏfC |r~1�R~'�
^ Ì z _ sÉän.gonh Ô YRo�[XZav�W¾`LYRo Ô YRWSUmW¤hRfqÖ¦d�Y)^¦`Sd"l ÕRZShid"�'W©ç�s�Ý�µp+XsÝDFHDuOK'E�e'E

B�J \ ÌQCfCiÏ ` s'^"h"�u��s"�/�� ¦�i��|§ 1~1�r�
^ Ì�Í _ sÉä × Z¾v�Wa`LY)o Ô YRWaUXW�hRfql�hrÛ"bâà�UXÛ�Ö¦d�YR^1`eb�SXUmÛÚUX^1yiUmonhi�'bn^"Õ&YRonÕiU Ô ZeYkç�s

Ý�µp+XsgDÑHDuOK'ELe'E E ) \ ÌeCfC  ` s'^'h"�u�rs"�/� Ï ~ Ï |§ Ì�Ï �
^ Ì ~ _ s�ä>áw^Ü[XZ¾vrW¾`LYRo Ô YRWSUmW�çus¦TkUm�"ZSUmWSUX^1`eY)`ebchi^"W hRfuÕiZShRd"�"Wå\ Î Y)^Ip�s<V Î s

ÌeCfC  ` s7VÝl�UmZX��j$Y)`e\/�up�hr[)�cs�æìZSh}y�bnÛ'UX^"[mURsuTk]Ls ÌeCfC �rs'�/� Ì �i�}| ÌeC1Í �
^ ÌeC _h]_E�XhML`baLc�d
M�N"M�[��zE�g�MLK�ML`,a�c~u�M | ä × Zav�Wa`eYRo�ÕiZeYR�'\"W©f�hiZ ZSUm�"ZSUmWSUX^�é

`LYJ`ebnhR^"W�hRf�`S\"U
q
é_YR^�YRochiÕid"U hRf©[moáYRWaWSbn[XYRoL-qbnU�Y)onÕiU Ô ZeYRWìç�s�e'ELñ �!¥§s¤qXQSH �§B�5

\ ÌQCfC  ` s"^"h"����s��/�u� C �}| Ï  ¦�r�
^ß�R{ _DR�ETSVUWE"XYMLILZ�QW]_E�XhML`baLc�d
M�N"M�QWX'E"�YE�]�c~`bN"M�Qv�zE�]�c�d
M�QW�zE�g�M�K�M"S

`baLc~u�M�[ �¡E�g�MLK�M��JML`baLc~K�c |$äåVz~�^'Uw[XZ¾vrW¾`LYRocW¤YR^'ÛÚyiUXZ¾`eUk'�l�hrÛ"UmonW!ç�s
]_^'à�^'bc`eU Y)^�YRocv�WabnWXs�æ�Y)Za`hV�s Î \ twvih)`eh"s ÌeCfC'Ì ` s�/þhiZaonÛ pr[mb���æ d Ô onbcWS\"bc^"Õ"s
TVbcyiUmZz� Û'ÕiURs�í �'s ÌeCfC �rsr�/�� f C |§ 1~D "�

^ß� Ì _h¢�En£*c¤O"O�HJ�Pu�M�I�I sgäùV -qbc`S`SonUA@¨h�hrÛ�é�TVbn[L\�YRZaÛ"WShR^ Zad"onUåf�hiZ,W¾vrl�l�Um`eZabâé
S�Y Ô onUþt�YR[�é�j$hrh�Û'v YRocÕiU Ô ZeYRW¤ç�s9Úkv�¨DsAv�uêEgDÑHDuOK'E ���§B \ ÌeCfC  ` s�^"h'� Ì é Ï s
�/� Ï � C | Ï  1zr�

^ß�i� _ s�ä¤æ�Y)`e\'W�Y)^"ÛÜZSh�hR`©hi�uUXZSY)`ehRZSWìbn^&ZSUX�'ZSUXWaUX^1`LYJ`ebnhR^�`S\"UXhiZ¾v�ç�sfñnv�vuE
©TówDFHDu�K'EBy,G¥{ �X2 Æ \ ÌQCfC � ` s"^"h"� Ï s��/�7 CfC |'�i�i�r�



# àQà
^ß� Ï _ swä × Zav�Wa`eYRowÕiZSYR�"\"W YR^'Û 8ghid"^'Õ
`LY Ô ocU�YRd§'�çuse'Enñ �!¥§s¤qXQaH � E 5

\ ÌQCfC � ` s"^"h"� Ì s��/��z1�}|r~ Í �
^ß�< _DCFEs£*k�`bwpO�c~Z s©ä × YR^'hi^"bn[XYRo Ô YRWSUmW�YRZSbcWSbc^"Õ�f�Zahil;Ö�d"YR^1`ebªSmUXÛFUm^¦yRUXochi�"bn^'Õ

YRocÕiU Ô ZSYRW ç�sWe"ELñ �»s�QmE!DFHDu�K'E4´�©etXE ) \ ÌeCfC { ` s'^'h"�u�rs"�/�� D Í |§ C ~'�
^ß�i� _ sPä × YR^"hi^'bn[�Y)o Ô YRWSUmW>YRZabnWabn^"ÕÚf�Zahil Ö¦d�YR^1`eb�SXUmÛûUX^1yRUXonhR�"bn^"Õ$YRocÕiU�é

Ô ZSYRWX�u]_]©çus � Q&©R¥RQmE Ð K�s3©JQ&sAu�E � K§¾}IXE�´�µy«X«u�âE#\ ÌeCfC { ` s�^"h"� Ì {1�rs��/� Ì�Í �}|'�R{ Ì
\ ÌQCfC'Ì ` s × hil�l�hR^,`eZaUX^"Û"W�bc^�l,YJ`e\"Uml,Y)`Sbn[mW¤YR^"Û Ö¦d�YR^1`Sd"l à�UmonÛ�`e\'UXhiZabnUXW
\ twvRhR`eh"s ÌQCfC { ` �

^ß�Rz _ |OÚkv�u Q&© ¶ µ�tAu M�©UvØu¬©o¹¤µ'HDv�uãµ�� ¥RQ&©Uµe«�I�sÉæìZahiÕiZSUmWSWgbc^Fj�Y)`S\"UXl�Y)`Sbn[XW
��� Ç s Î bnZR�¦\�¦)d"WSUmZ Î hiWa`Shi^$]_^'[R�âs Î hiWa`Shi^/suj�V�s ÌeCfCiÏ �

^ß� Í _n�zE§g�M�KLM�`ba�c~u�M s ä × Z¾v�Wa`LY)o Ô YRWaU YR^"ÛòY ÕiUm^"UXZSYRonb�S�Y)`Sbnhi^ hRf `e\'U
-qbc`a`eonUA@¨h�h�Ûré�TVbn[L\�Y)ZSÛ"Wahi^�Zad"onU�f�hiZÝ`S\"U>[XonYRWSWabn[XYRo#-qbnU&YRonÕRU Ô ZSYRW ç�s�{÷©J�Ø��E
DFHDu�K'E � K§¾}IXE �§572 \ ÌQCfCiÏ ` s"^"h"����s��/�u� Ì �}|r�< Ï �

^ß�R~ _ s�ägæ�hioâvr\'UXÛ"ZSYRo�ZaU�YRocbªSXY)`ebchi^"W�hRf [mZav�Wa`eYRo Ô YRWSUmW f�hiZkbn^1`eUmÕiZeY Ô onU�\"bâé
Õi\"UmWa`z@¨UmbnÕi\1`Vl�hrÛ'd"onUmWìç�s�e'ELñ �!¥§s¤qXQaH Æ �§J \ ÌeCDCfC ` sr^"h"�u�rs'�/�u� ÍrÌ |r� C1Í �

^ß� C _n�zE�g�M�KLM�`ba�c~u�M¨[©�¡E�ª�HJ�PH7«fc~I�`bK�� skä�æ!hiocv�\"UmÛ"ZeY)o�ZSU�Y)onbªSXY)`ebchi^"W�hRf
[XZ¾v�Wa`LY)o Ô Y)WSUXWkf�hiZVÖ¦d�YR^1`eb�SXUXÛ�t�YR[�é�j$hrh�Û'v Y)onÕiU Ô ZeYRWìç�sMñ ¶ ¨JE�DFHDu�K'E �§)L�\ ÌQCfC1Í ` s"^"h"� Ì s��/�u�i� Ï |r� Í ~'�

^ Ï { _D�YEL]_Ef¬�c~ILZ*HJ� |Fän{ÝYRonoÉYRonÕRU Ô ZSYRWìç�s�6!hi�"bc[XW�bc^ YRonÕiU Ô ZeYrs"æ�Y)Za` Ì \W/ûYRZ¾é
WeYQ@�s ÌeC ~R~ ` s'æÖ/ í�s�/
YRZaWeYQ@�s ÌeCfC {'s"�/�� ÏRÏ |§ f Í �

^ Ï'Ì _hgiE�hc sqä × Y)^"hi^"bc[�YRo Ô YRWSbcW¨f�hiZ¨`_v��uU
A3

ç�s�{÷©J�Ø��Egñ �!¥§s¤qXQaH Æ E \ ÌeCfCfC ` s
^"h"� ÌRÌ s"�/�u� Í { Ï |'� Í�Ì {'�





ø�ÿ � ó®/ � ó ñ ÿ �6úûïôú øZ� ÿ ñ

(L(∞), B(∞)) ¯|° µ
(L(λ), B(λ)) ¯p±²±
(L,B) ¯ ¶´³ ¯b±¶µ
( · , · ) ¯,µ ¶
− ¯�· ³
A ¯ ¶´³
B ¯ ¶´³ ¯ µ ·
B(−λ) ¯¸±¶°
B(∞) ¯,° ¶
B(λ) ¯|±²±
B(λ)Q ¯ ¶º¹ µ
B(n) ¯ µ µ
B∨ ¯¸±²»
Bh ¯ µ²¹ ¯b±²±b¯ ¶�µ ±
Bi ¯¸±²°
Bw(∞) ¯ ¶�µ�¶
Bw(λ) ¯ ¶�µ²¹
C ¯¸±²°
D(M) ¯b· ³
D2(M) ¯b·¥»
Di ¯ ¶mµ1µ
E ¯ ³ °
E

p
`,m ¯ ¶ ·

G ¯,» ¶
Gλ ¯b» µ
Hi(π) ¯ ¶¼¹²½
Hni

¯b· ³
I ¯,µ ¶
K ¯ ¶
Km ¯ ¶1¶mµ

L ¯ ¶´³ ¯ ³ °
L(∞) ¯b° µ
L(λ) ¯¸±²±
L∞ ¯ ³ °
M ¯b»
M(λ) ¯¸µ²°b¯�· ¹
M〈a〉 ¯b»
Mh ¯ µ¶¹
M+ ¯ ¶O¶
M− ¯ ¶1¶
MZ ¯,» µ
Mλ ¯�·%µ
Mn ¯ ¶mµ
P ¯bµ ¶
P+ ¯,µ²»
PR ¯ ¶¼¹²½
Q ¯bµ ¶
Q± ¯¸µ ¶
R(B1, B2) ¯ ½%¹
R(w) ¯b·¥±
S ¯�· ³ ¯ ¶mµ »
Si ¯ ¶�µ¥³
Sm ¯ ¶º¹Aµ
Sw ¯ ¶mµ »
Sλ,µ ¯,°%µ
T± ¯�· ³
Tλ ¯,±¶°
U(g) ¯bµ%»
U(sl2) ¯ ¶
U+(g) ¯|µ²»



# à  .ªÉ¤���N÷�����É¤Êc���T�W��ÊRÉ¤�

U−(g) ¯¸µ²»
Uq(g) ¯,µ ¶
Uq(g)Z ¯�· ¹
Uq(g)ξ ¯,µ%µ
Uq(g)i ¯¸µ µ
U+

q (g) ¯,µ%µ
U+

q (g)Z ¯b· ¹
U−

q (g) ¯¸µ²µ
U−

q (g)Z ¯b· ¹
U0

q (g) ¯,µ²µ
U0

q (g)Z ¯,· ¹
Uqi

(sl2) ¯,µ µ
V ¯ ¶V³
V (−λ) ¯¸± ¹ ¯,±¶°
V (λ) ¯,µ²°
V (λ)Z ¯�· ¶ ¯b» µ
VZ ¯ ³ °
V` ¯ ¶mµ
V ±

` ¯ ¶º¹
Vg(λ) ¯,µ²»
W ¯b·¾±
Y (λ) ¯ ½²½
[n]! ¯b·
[n]!i ¯bµ µ
[n] ¯b·
[n]i ¯,µ µ
Di ¯ ¶�µ1µ
∆ ¯ µ ¯bµ²·,¯bµ%»
∆+ ¯,µb¯bµ%»b¯�·¥°
∆− ¯ µ ¯bµ²»b¯�·¥°
∆0 ¯,µ
Λi ¯ ½ µ
ΦJ(B) ¯)±¶»
Ψ ¯b° ½
Ψn ¯b° ½
Ψλ ¯,° µ
Ψi0 ¯,°%±
Θλ ¯,°¶·
αi ¯bµ ¶
α∨

i ¯¸µ ¶
Oint ¯�·²·
ch ¯ ¶mµ µ
χ ¯ ¶�µ ¯�µ%»
`(w) ¯b·¥±

ε ¯�·,¯ µOµ ¯bµ ³
εi ¯|±V·,¯b± ½
εi ¯ ½ µ
i ¯ ½ ±

g ¯bµ ³
gJ ¯¸±¶»
〈·, ·〉 ¯,µ ¶
C ¯ ½²¹
P ¯b° ½
PL ¯ ¶º¹%½
P

(i)
L ¯ ¶1¶¼¹

sl2(K) ¯ ¶
t ¯bµ ³
µai
¯,· ³

Bwλ(λ) ¯ ¶1¶ °
Bw(∞) ¯ ¶�µOµ
uλ ¯�· µ
φ ¯b· ³
πλ ¯ ¶¼¹ °
ψ ¯�· ³
[
n

k

]

¯,·
{
x

k

}

¯ ½
ρ ¯bµ²»
ẽ ¯ ¶ °,¯ µ ·
ẽmax

w ¯ ¶mµ¶½
ẽi ¯|±¶µb¯b± ½
ẽi

max ¯b»¶·¸¯ ¶�µ¶¹
f̃ ¯ ¶ °b¯ µ ·
f̃i ¯¸±¶µ,¯b± ½
f̃i

max ¯b»²·,¯ ¶�µ²¹
P̃+ ¯ ½ µ
ϕ ¯ µOµ
ϕi ¯,±V·,¯,± ½
wt ¯ µ|¶ ¯b±¶·,¯,± ½
wt(M) ¯b· ³
{x} ¯ ½
b∨ ¯¸±²»
bi ¯¸±¶°
bi(n) ¯|±¶°
e(n) ¯¸±
ei ¯¸µ µ
e
(n)
i ¯,µ µ



# à|�

f (n) ¯,±
fi ¯,µ µ
f

(n)
i ¯bµ µ
g ¯�· ¶ ¯�·¥°
pµ ¯,°%µ
pλ,µ ¯,°%µ
q(h) ¯,µ µ
qh ¯,µ µ

si ¯,·¥±
t ¯ µ
tλ ¯¸±¶°
uλ ¯bµ%»
uM

λ ¯¸µ²°
u

(`)±
k ¯ ¶º¹
u

(`)
k ¯ ¶�µ
u−λ ¯,± ¹





øuÿ � ó¿/ ú ó öÁÀ øuÿ � ü���� ø � � ó

Â²ÃbÄ�ÅÇÆÈÆÉÅTÊbËTÌ ¯ ³V¹Í ËTÌºÎ�ÏÈÐbÑÈÌ¼Ò ¯ ³ ·Â¶ËTÓ²ÔºÊbÑÈÌ
Ã�Ì<Õ�Ö%×�Ø ¯b·,¯bµ ³Ã�Ì<Ù*Â²ÎÛÚ¤Ü�Ö¾Ö�Ã�Ý ¯¾µ ³ÆÞÝ¾Ä�ß:ÏÞÑÈÅTÆÈÂ¶Ê,ËàÌ ¯¾µ ³Ì:á¾â²ÌºËàÖ%×b×,Â¶á¥ÏÈÌ ¯ ¶ã Ð,Â²á%ÏÈÅ ã ÐbÌ ¯ µ ¯bµ ¶Â¶á¥ÏÈÅà×|Ö�Ã�Ì ¯�· ³Â¶ÑäÂ¶Ê|Ì Í ËTÌºÎ�ÏÈÐbÑÈÌ¼Ò ¯ ³ ·Â¶ÐbÏÞÖ�Ã�Ð,Â²Ë Í ÄBÖ�Ã�ÐbËTÌ¼Ò ¯,·%»Ê,Â%ÆÉÌ
Î:Â¶á,Ö²ábÅ ã ÐbÌ ¯b» ³ÎÛÑÈÅTÆÉÏÈÂ²ËàËTÅàá,Ì ¯ ¶ »,¯b±¶µÓ²ËTÖ²Ê,Â²ËàÌ
Ãpå Ðbá�ÌºÆÞ×,Â%ÎÛÌfâ²Ì¼Î�ÏÞÖ%ÑÞÅTÌ:Ë ¯�» ¶Ãpå Ðbá�ÄBÖ�Ã�ÐbËTÌ ¯,» µËàÖ�Î:Â²ËàÌ ¯ ¶´³ÊbÅÇÃ�Ð,Â²Ë ¯b·¥»ÊbÅTábæ²ÄBÌ q Ú~Â¶á,Â²ËàÖ%Ó²ÐbÌ ¯�±ç ÑÞÐ,è,ÂVÏ Í Ö%ÑÈÃbÑÞÌfÃ�Ì¼Ò ¯b· ½ÎÛéfê�Î:ÅàÌºá%ÏäÆ"Ã�Ì*ë�Â²ÎºÂ¶è ¯ ¶ ·Î:Â²ábÖ²á,Å ã ÐbÌ Í Ê¸Â²ÆÞÌ¼Ò ¯b» ³Î:Â²ÑÈÂ%Î�ÏÈÔ:ÑÈÌ ¯ ¶�µ ¯bµ%»Í ØìÖ²ÑÈÄsÐ,ËàÌ*Ã�Ì<íLÌ:Ä�Â¶îºÐbÑÈÌfÃbÐ¸Ò ¯ ¶mµ1µÍ ØìÖ²ÑÈÄsÐ,ËàÌ*Ã�Ð¸Ò ¯,µ²»ï Â¶ÑÞÏÈÂ²á Í ÄBÂ¶ÏÞÑÈÅTÎ:Ì<Ã�Ì¼Ò ¯,µ µÎäè,ÂVðÇábÌ ¯ µ1µÍ ËTÖ²ábÓ%ÐbÌ:ÐbÑ�Ãxå Ðbá,Ì¼Ò ¯ µ1µÎäèbÌºÄ�ÅTá ¯ ¶¼¹²½

Í Î:Ö²á,ÎºÂVÏÞßºá,ÂVÏÈÅàÖ%á¸Ò ¯ ¶¼¹²½Ã�Ì*ñPÂ²ò¾ÆÞèbÄBÅTÊ,Â¶ÅàÚ~ó�ÌºÆÞè,Â²Ã�ÑÈÅ ¯ ¶O¶ ±Åàá¾â%Ì:ÑäÆÉÌ ¯ ¶¼¹²½ï ËTÌ:Ê,ÆÈÎäè�Úõô�Ö²ÑäÃbÂ¶á Í ÏÞè,ß:Ö²ÑÈÔ:ÄBÌ*Ã�Ì´Ò ¯ ¶ µÎ:Ö¶Ú¤Ó²Ô:Ê,ÑÞÌ ¯%·¸¯,µ ³Î:Ö¶Ú¤×bÑÞÖ�Ã�Ð,ÅöÏ ¯ µ ¯,µ¶·Î:Ö¶Ú¤ÑÈÂ%ÎÛÅTábÌ ¯¾µ ¶Î:Ö¶Ú¤ÐbábÅàÏÞß ¯�·¸¯bµ ³Î:Ö²ËTÖ²ábábÌ Í ×bÑÈÖ�ÎÛß¼Ã�ÐbÑÈÌ�Ãpå ÅTá,ÆÉÌºÑÉÏÈÅàÖ%ás×,Â²ÑäÒ ¯ ³²³Î:Ö²á,ÎºÂVÏÞßºá,ÂVÏÈÅàÖ%áÃ�Ì<Îäè,Ì:ÄBÅàá¸Æ ¯ ¶¼¹²½ï Ö´÷�ÌÛÏÈÌ:Ñ Í Ó%ÑÞÖ%Ðb×|ÌfÃbÌ¼Ò ¯,· ½Î:ÑÞÅÇÆõÏäÂ¶Ë ¯ µ ·,¯,± ½Í ÄBÖ²ÑÈ×bèbÅÇÆÞÄ�Ì*Ã�Ì´Ò ¯ µ ·,¯,± ³Í ×bÑÈÖ�Ã�ÐbÅàÏ"ÏÞÌºá,ÆÉÖ%ÑÞÅTÌ:ËøÒ ¯ µ ·ábÖ²ÑÈÄ�Â¶Ë ¯b±¶»ÆÉÌºÄBÅöÚ¤ábÖ²ÑÈÄ�Â¶Ë ¯b±¶»Î:ÑÞÅÇÆõÏäÂ¶ËTËàÅTá Í Ó²ÑäÂ¶×,èbÌ¼Ò ¯�±¶·Î:ÑÞÅÇÆõÏäÂ¶ËTËàÅTábÌ Í Ê,Â%ÆÉÌ´Ò ¯ ¶ »b¯,±²µÃ�ß¼ÎÛÖ%Ä�×|Ö%ÆÞÅàÏÞÅTÖ²áqÑÈßºÃbÐbÅöÏÈÌ ¯b·¾±íLÌ:Ä�Â¶îºÐbÑÈÌÍ ØìÖ%ÑÞÄ�ÐbËàÌ*Ã�Ì´Ò ¯ ¶mµ1µÍ ÄBÖ�Ã�ÐbËTÌ<Ã�Ì¼Ò ¯ ¶�µ�¶Ã�ÅÇÂ¶Ó%ÑÈÂ²ÄBÄ�ÌfÃ�Ì�ùJÖ²Ð,ábÓ ¯ ½%½Ó%Â²Ð,ÎäèbÌ ¯ ³1µÃ�Ö%ÄBÅàá,Â²á¥Ï Í ×¸Ö%ÅTÃ,ÆÈÒ ¯,µ²»íLÑÞÅTá�ØìÌºËTÃ ¯ â¥ÅTÅÃ�Ð¸Â¶Ë Í Ãxå Ðbá�ÄBÖ�Ã�ÐbËTÌ¼Ò ¯,·%»íLÝ¾ábò¾Åàá Í ÃbÅTÂ²Ó²ÑäÂ¶ÄBÄBÌ�Ã�Ì´Ò ¯ ½ µß ã Ð,ÅàËTÅàÊ,ÑÞß Í ÏÈÑÞÅT×bËTÌÛÏ�Ò ¯,» ¶ß ã Ð,ÅàâVÂ¶ËTÌ:á¸ÎÛÌ*Ã�Ì*Ùfá¾Ð�ÏÞè ¯ ³ ·



#3ô|$ .ªÉ¤���NÖ�W�ã�W�Ö�!ÉÊR��ÊRÍc�!ÎkÏ�
ÌºÆÞ×,Â%ÎÛÌ
Ã�Ì*×¸Ö%ÅTÃ,Æ ¯ ¶mµ ¯�·%µ×bÑÞÖ%×bÑÈÌLÓ%ß:ábßºÑÈÂ²ËàÅÇÆÉß ¯�»

e Ú¤ÆÉÏÞÑÈÅÇÎ�Ï Í ÄBÖ²ÑÈ×bèbÅÇÆÞÄ�Ì´Ò ¯,± ³ØìÖ²á¸ÃbÂ¶ÄBÌ:á¥ÏäÂ¶Ë Í ×|Ö²ÅÇÃbÆäÒ ¯ ½ µØìÖ²ÑÈÄsÐ,ËàÌ*Ã�Ð�Î:Â²ÑÈÂ%Î�ÏÈÔ:ÑÈÌ
Ã�Ì<í�ÌºÄ�Â¶î:Ð,ÑÞÌ ¯ ¶�µ1µÃ�Ì*únÌºÝ¾ËöÚ~Ù*Â²Î ¯¾µ%»

f Ú~ÆõÏÈÑÞÅÇÎ�Ï Í ÄBÖ%ÑÞ×bè,ÅTÆÞÄBÌ¼Ò ¯,± ³ôfÂ¶Ê,Ê¸ÌºÑÉÚ~Ù*Â²Î Í ÏÈèbß:Ö%ÑÞÔºÄ�Ì*Ã�Ì´Ò ¯,µ%»Ó%Â²Ð,ÎäèbÌÍ Ã�ÅÇÂ¶Ó%ÑÈÂ²Ä�ÄBÌfÃ�ÌfùJÖ²Ð,ábÓ¥Ò ¯ ³%µÍ ÏÈÂ²ÊbËTÌºÂ¶Ð�Ã�ÌfùJÖ%ÐbábÓ¥Ò ¯ ³ µÓ²Ö%á�û¸Â²Ó²ÌfÃpå Ð,á�Î:ÑÞÅÇÆÉÏÈÂ¶Ë ¯ ¶º¹AµÓ²ÑäÂ¶×,èbÌ�Î:ÑÞÅÇÆÉÏÈÂ¶ËTËTÅàá ¯,±¶·Ó²ÑÈÖ²Ð,×¸Ì
Ã�Ì ï Ö´÷�ÌÛÏÞÌºÑ ¯¾· ½Ã�Ì*únÌºÝ¾Ë ¯�·¾±Õ�Ö%×�Ø Í Â¶ËTÓ²ÔºÊbÑÈÌ�Ã�Ì´Ò ¯b·

i Ú¤Îäè¸Â´ðøábÌ ¯b±V·
i Ú�û¸ÔºÎäèbÌ ¯�±¶·ÅTá,ÆÉÌºÑÉÏÈÅàÖ%á
×,Â¶Ñ�Î:Ö²ËTÖ²ábábÌ Í ×,ÑÞÖ�ÎÛß¼Ã�ÐbÑÈÌ*Ã�Ì¼Ò ¯ ³²³×,Â¶Ñ"ËTÅàÓ%ábÌ Í ×bÑÈÖ�ÎÛß¼Ã�ÐbÑÈÌfÃxå Ò ¯ ³V½ÅTá%ÏÈß:Ó%ÑÈÂ²ÊbËàÌ Í ÄBÖ�Ã�ÐbËTÌ¼Ò ¯ ¶mµ ¯¾·%µÅTá¥â%Ì:ÑäÆÉÌ Í Ãxå Ðbá�ÎäèbÌºÄBÅàá¸Ò ¯ ¶º¹%½ü Â¶×|Ö²á¸Â¶ÅÇÆÉÌ Í ËTÌºÎÛÏÞÐbÑÈÌ¼Ò ¯ ³ ·ý ÅàÄ�Ê¸Ö ¯ â¥ÅTÅÙ*Â²Î Í ÏÈèbß:Ö%ÑÞÔºÄBÌ<Ã�Ì¼Ò ¯,µ²»Ù*Â²ÎÛÚ¤Ü�Ö¥Ö�Ã�Ý Í Â¶ËTÓ²ÔºÊbÑÞÌfÃ�Ì´Ò ¯,µ ³Ùfá¾Ð�ÏÞè Í ß ã ÐbÅàâVÂ²ËàÌºá,ÎÛÌ<Ã�Ì´Ò ¯ ³ ·ñPÂ²ò�ÆÉèbÄBÅTÊ,Â¶ÅàÚõó¾ÌºÆÞè,Â²ÃbÑÞÅÍ ÎäèbÌºÄ�ÅTá,Æ"Ã�Ì´Ò ¯ ¶O¶ ±ËTÌºÎ�ÏÈÐbÑÈÌ ¯ ³ ·Â²Ã�ÄBÅÇÆÞÆÞÅàÊ,ËàÌ ¯ ³ ·Â¶ÑäÂ¶Ê|Ì ¯ ³ ·ü Â¶×|Ö²á,Â²ÅTÆÞÌ ¯ ³ ·ËTÅàÓ%ábÌ Í ×bÑÈÖ�ÎÛßºÃbÐbÑÞÌ*Ãpå ÅTá,ÆÉÌºÑÉÏÈÅàÖ%á×¸Â¶Ñ�Ò ¯ ³V½ñxÅàÏÉÏÈÌ:ËTÄ�Â¶ábá Í ÑÈßºÂ²ËàÅÇÆÈÂVÏÞÅTÖ²á
Ã�Ì¼Ò ¯ ¶º¹ °ñxÅàÏÉÏÈËàÌºþWÖ¾Ö�Ã¾Ú~ë"ÅÇÎäè,Â¶ÑäÃbÆÞÖ²áÍ ÑÈÔ:Ó²ËTÌ*Ã�Ì¼Ò ¯ ³V¹Vÿb³1µËTÖ²ábÓ%ÐbÌ:ÐbÑ"Ãpå ÐbábÌ<Îäè¸Â´ðøábÌ ¯ µOµÄ�ÂVÏÈÑÞÅÇÎÛÌ*Ã�Ì ï Â²ÑÉÏäÂ¶á ¯�µ µÆÉÝ¾ÄBßÛÏÈÑÞÅÇÆÞÂ²ÊbËTÌ ¯�µ µÄBÖ�Ã�ÐbËTÌ

Â¶Ð�ÏÈÖ�Ã�Ð,Â¶Ë ¯�·%»Ã�Ì*í�ÌºÄ�Â¶î:Ð,ÑÞÌ ¯ ¶�µ|¶Ã�Ìf×bËTÐ,Æ"Ê,Â%Æ�×¸Ö%ÅTÃbÆ ¯¸± ¹Ã�Ìf×bËTÐ,Æ"è,Â²Ð�Ï�×¸Ö%ÅTÃ,Æ ¯bµ%°Ã�Ì���Ì:ÑÈÄ�Â ¯bµ²°Ã�Ð,Â²Ë ¯�·¥»Åàá¥ÏÈß:Ó²ÑäÂ¶Ê,ËàÌ ¯ ¶mµ ¯�·¥µÆÉÌºÄBÅöÚ~ÆÉÅTÄB×bËTÌ ¯ µÆÉÅTÄB×bËTÌ ¯b°ÄBÖ²ÑÈ×bèbÅÇÆÞÄ�Ì
e Ú¤ÆÉÏÞÑÈÅTÎÛÏ ¯b± ³
f Ú¤ÆÉÏÞÑÈÅÇÎ�Ï ¯b± ³Ã�Ì*ÎÛÑÈÅTÆÉÏÈÂ²Ð�÷ ¯ µ ·¸¯,± ³×bËTÌ:ÅTá ¯¸± ³×bËTÖ²ábÓ%Ì:ÄBÌ:á¥Ï ¯,± ³ÆõÏÈÑÞÅÇÎ�Ï ¯,± ³ábÖ%ÑÞÄ�Â²Ë Í ÎÛÑÈÅTÆÉÏÈÂ²ËÇÒ ¯,±¶»×,Â²ÑÉÏÈÅàÌf×|Ö%ÆÞÅöÏÈÅàâ%Ì ¯ ábßºÓ%Â¶ÏÞÅTâ²ÌÍ Ãpå ÐbábÌ<Â²ËàÓ%Ô:ÊbÑÈÌ�Ì:á¾â²ÌºËàÖ%×b×,Â¶á¥ÏÈÌ¼Ò ¯�µ%µ×bËTÌ:ÅTá Í ÄBÖ²ÑÈ×bèbÅÇÆÉÄBÌ´Ò ¯¸± ³×bËTÖ²á,Ó²Ì:ÄBÌºá%Ï Í Ä�Ö%ÑÞ×,èbÅTÆÞÄBÌ¼Ò ¯,± ³×bËTÐ,Æ�Ê,Â%Æ�×¸Ö%ÅTÃ,ÆÍ ÄBÖ�Ã�ÐbËTÌ<Ã�Ì¼Ò ¯¸± ¹Í â%ÌºÎ�ÏÈÌ:ÐbÑ�ÃbÌ¼Ò ¯|± ¹×bËTÐ,Æ�è,Â²Ð�Ï�×|Ö²ÅÇÃbÆÍ ÄBÖ�Ã�ÐbËTÌ<Ã�Ì¼Ò ¯,µ²°Í â%ÌºÎ�ÏÈÌ:ÐbÑ�ÃbÌ¼Ò ¯¸»b¯bµ²°,¯,±²±×|Ö²ÅÇÃbÆÍ Â²×b×bËTÅTÎºÂVÏÞÅTÖ²á|Ò ¯ µ ·Í Ì¼ÆÉ×,Â%ÎÛÌ*Ã�Ì´Ò ¯ ¶mµ ¯¾·%µÍ ÄBÖ�Ã�ÐbËTÌ<Ã�Ìf×bËTÐ,Æ"Ê,Â%ÆÈÒ ¯,± ¹Í ÄBÖ�Ã�ÐbËTÌ<Ã�Ìf×bËTÐ,Æ"è,Â²Ð�ÏäÒ ¯,µ²°Í ÏÈÑÞÌºÅàËTËàÅÇÆ"Ã�Ì¼ÆÈÒ ¯,µ ¶Í â%ÌºÎ�ÏÈÌ:ÐbÑ�ÃbÌ�×,ËàÐ,Æ�Ê,Â²ÆäÒ ¯,± ¹Í â%ÌºÎ�ÏÈÌ:ÐbÑ�ÃbÌ�×,ËàÐ,Æ�è,Â¶Ð�Ï�Ò ¯,»,¯bµ²°,¯,±²±Ãpå Ðbá�ÎäèbÌ:ÄBÅTá ¯ ¶º¹%½Ãpå Ðbá�Ä�Ö�Ã�Ð,ËàÌ ¯b· ³Ãpå Ðbá�â²ÌºÎÛÏÞÌºÐbÑ ¯ µ�¶ ¯,±V·Ã�Ö²ÄBÅTá,Â¶á¥Ï ¯bµ²»ØìÖ²á,Ã,Â¶ÄBÌ:á¥ÏÈÂ²Ë ¯ ½ µ

� Ö²ÅTá,ÎºÂ¶ÑÈßÛÚ ç ÅTÑÈò¥è,Ö��|Ú�ú'ÅàÏÉÏÍ ÏÈèbß:Ö%ÑÞÔºÄ�Ì*Ã�Ì´Ò ¯ ³×bÑÈÖ�ÎÛß¼Ã�ÐbÑÈÌ�Ãpå ÅTá,ÆÉÌºÑÉÏÈÅàÖ%á
×,Â¶Ñ"Î:Ö²ËTÖ²ábábÌ ¯ ³²³×,Â¶Ñ�ËTÅàÓ%ábÌ ¯ ³V½
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×bÑÈÖ�Ã�ÐbÅàÏ"ÏÞÌ:á¸ÆÉÖ%ÑÞÅTÌ:Ë Í ÃbÌ<ÎÛÑÈÅTÆÉÏÈÂ²Ð�÷,Ò ¯ µ ·×bÐbÅÇÆÈÆÞÂ²á,ÎÛÌ*Ã�ÅTâ¾ÅTÆÞß:Ì ¯,±
q Ú~ÎÛéfê�ÎÛÅTÌ:á¥Ï"ÊbÅTábÖ²ÄBÅÇÂ¶Ë ¯�·
q Ú¤Ì:á¥ÏÞÅTÌ:Ñ ¯�·
q Ú�Ø Â²Î�ÏÈÖ²ÑÈÅàÌºËàËTÌ ¯¾·ÑÈßºÂ¶ËTÅÇÆÞÂ¶ÏÞÅTÖ²áÃbÌfñPÅöÏÞÏÞÌºËàÄ�Â¶á,á ¯ ¶º¹ °ÑÈßºÃ�ÐbÅàÏÞÌ Í Ã�ßºÎ:Ö²ÄB×¸Ö¥ÆÉÅàÏÞÅTÖ²á|Ò ¯b·¾±ÑÈÔ:Ó²ËTÌfÃ�Ì*ñxÅàÏÉÏÞËTÌ:þ�Ö¾Ö�Ã¾Ú¤ë�ÅTÎäè,Â²ÑÈÃ,ÆÉÖ%á ¯ ³V¹´ÿ,³%µÑäÂ²ÎÛÅTábÌ¼Æ ¯�µ ¶Í ÆÞÝ¾ÆÉÏÞÔºÄBÌfÃbÌºÆäÒ ¯,µ%»Í ÏÞÑÈÌ:ÅTËTËàÅÇÆ"Ã�ÌºÆäÒ ¯¸µ ¶ÑÈÌ:ËÇÂVÏÞÅTÖ²á¸Æ
Ã�Ìsó¾Ì:ÑÈÑÈÌ ¯�µ µÃ�ÌfÏÞÑÈÌºÆÈÆÉÌ ¯¾· ½ÑÈÌ:×bÑÈßºÆÞÌ:á¥ÏÈÂ¶ÏÞÅTÖ²áâ²ÌºÎÛÏÞÖ%ÑÞÅTÌ:ËTËàÌ ¯ ½ ·ÆÞÌ:ÄBÅöÚ¤ábÖ%ÑÞÄ�Â¶Ë Í ÎÛÑÈÅTÆÉÏÈÂ²ËÇÒ ¯,±¶»ÆÞÌ:ÄBÅöÚ~ÆÞÅàÄB×bËTÌÍ Î:Â¶ÏÞßºÓ²Ö²ÑÈÅTÌ¼Ò ¯¾·%·Í ÄBÖ�Ã�ÐbËTÌ¼Ò ¯ µÆÞÌ:ÄBÅöÚ~ÆÉÏÈÂ¶á¸ÃbÂ¶ÑäÃÍ ÏÈÂ²ÊbËTÌºÂ¶Ð�Ã�ÌfùJÖ%ÐbábÓBÓ%Â²Ð,ÎäèbÌ¼Ò ¯ ³ µÍ ÏÈÂ²ÊbËTÌºÂ¶Ð�Ã�ÌfùJÖ%ÐbábÓ¥Ò ¯ ½ »ó¾ÌºÑÞÑÈÌ Í ÑÞÌºËTÂ¶ÏÞÅTÖ²á,Æ"ÃbÌ¼Ò ¯¸µ µÆÞÅàÄB×bËTÌ Í ÄBÖ�Ã�ÐbËTÌ¼Ò ¯,°

sl2
Ú�ÏÞÑÈÅT×bËàÌ:Ï ¯,µ µÆÞÖ²Ð,ÆÉÚ¤Î:ÑÞÅÇÆÉÏÈÂ¶Ë ¯�± ³ÆÞ×¸Ì¼Î�ÏÞÑÈÌ ¯b»ÆÉÏÞÑÈÅTÎÛÏ Í ÄBÖ²ÑÈ×bèbÅÇÆÉÄBÌ¼Ò ¯¸± ³ÆÞÝ¥ÄBß:ÏÞÑÈÅTÆÈÂ¶ÊbËTÌÍ Â¶ËTÓ²ÔºÊbÑÈÌ�Ã�Ì<Ù*Â%Î�Ú~Ü�Ö¾Ö�Ã�ÝbÒ ¯�µ ³Í Ä�ÂVÏÈÑÞÅÇÎÛÌ*Ã�Ì ï Â²ÑÉÏäÂ¶á¸Ò ¯bµ µ

ÆÞÝ¾ÄsÊ|Ö²ËTÌºÆ ½ Ú ü ¯ ¶ ·ÆÞÝ�ÆõÏÈÔ:ÄBÌ*Ã�ÌºÆ�ÑäÂ²Î:ÅàábÌ¼Æ ¯bµ%»ÏäÂ¶ÊbËTÌºÂ²Ð
Ã�Ì�ùJÖ%ÐbábÓ ¯ ½²½Ó%Â²Ð,ÎäèbÌ ¯ ³ µÆÞÌ:ÄBÅàÚ¤ÆÉÏÈÂ²á,ÃbÂ²ÑÈÃ ¯ ³ µÆÉÌºÄBÅöÚ~ÆõÏäÂ¶á,Ã,Â¶ÑäÃ ¯ ½ »ÏÈèbß:Ö%ÑÞÔºÄ�Ì
Ã�Ì ï ËàÌºÊ,ÆÈÎäè�Ú~ô�Ö%ÑÈÃ,Â¶á ¯ ¶ µÃ�Ì<ôfÂ¶ÊbÊ|Ì:ÑÞÚ~Ù*Â²Î ¯�µ%»Ã�Ì*Ù*Â²Î ¯bµ²»Ã�Ì � Ö²ÅTá,Î:Â²ÑÞß:Ú ç ÅTÑÞò¾èbÖ��¸Ú¤ú'ÅöÏÞÏ ¯ ³ÏÈÑÞÌºÅàËTËàÅÇÆ
Ã�ÌºÆ�×|Ö²ÅÇÃbÆ ¯,µ ¶Ã�ÌºÆ�ÑäÂ²Î:Åàá,ÌºÆ ¯¾µ ¶ÏÈÑÞÌ¼ÆÞÆÞÌ Í ÑÞÌºËTÂ¶ÏÞÅTÖ²á,Æ"ÃbÌ¼Ò ¯,· ½ÏÈÑÞÅT×bËTÌÛÏÍ ÆÞÐbÑ

sl2
Ò ¯,µ µß ã ÐbÅTËàÅTÊbÑÈß ¯b» ¶â%ÌºÎ�ÏÈÌ:ÐbÑ

Ã�Ìf×bËTÐ,Æ"Ê,Â%Æ�×¸Ö%ÅTÃbÆ ¯¸± ¹Ã�Ìf×bËTÐ,Æ"è,Â²Ð�Ï�×¸Ö%ÅTÃ,Æ ¯b»,¯bµ²°b¯,±%±â%ÌºÎ�ÏÈÖ²ÑÈÅàÌºËàËTÌ Í ÑÈÌ:×bÑÈßºÆÞÌ:á¥ÏÈÂ¶ÏÞÅTÖ²á¸Ò ¯ ½ ·
��ÌºÑÞÄ�Â Í ÄBÖ�Ã�ÐbËTÌ<Ã�Ì¼Ò ¯,µ²°úYÌ:Ý¾Ë Í Ó%ÑÞÖ%Ðb×|ÌfÃbÌ¼Ò ¯,·¥±úYÌ:Ý¾ËàÚ¤Ù*Â%Î Í ØìÖ²ÑÈÄsÐbËTÌ*Ã�Ð�Î:Â¶ÑäÂ²ÎÛÏÞÔºÑÞÌ´Ò ¯�µ²»ùvÂ²ábÓ¶Ú ç ÂV÷¾ÏÞÌºÑ Í ß ã Ð,ÂVÏÈÅàÖ%á
ÃbÌ¼Ò ¯ ½�¶ùJÖ%ÐbábÓÍ Ã�ÅÇÂ¶Ó%ÑÈÂ²ÄBÄ�ÌfÃ�Ì´Ò ¯ ½%½Ó¥Â¶Ð,Îäè,Ì ¯ ³%µÍ ÏäÂ¶ÊbËTÌºÂ²Ð
Ã�Ì´Ò ¯ ½%½Ó¥Â¶Ð,Îäè,Ì ¯ ³ µ


