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Recent advances of analytic method
in the theory of numbers
By Tikao Tatuzawa -

In this lecture, I shall state two angalytic methods
induced by Gallagher [ 2 ] and Fogels [ | ] and extend these
so as to be able to apply in case of algebraic number fields.
By virtue of these ’tools we shall have a prospect of natural
extension of density theorem concerning the number N(o’,T) of
zeros P =8 +is 1in the rectangle

vLp =1, —T=¢sT
of all Hecke’s zeta-functions {(s,x ) with same moduli &\ .
Hirano 1s now working out this problem applying t.hev extended
Ingham’s method [§ , Chapt. 91. »

Let k be an algebraic number field of degree n over the
rational number field. Let k have r real conjugates km(lg
{sr ) and r, pairs of complex conjugates K™ ,k("'“;)‘(rﬁ:lém
< r;+r2,), namely n=r, +2r, . A formal product

B " m=ﬁ3°‘?;-—.d§;‘“ (0s9=+)
is called a divisor of k, where wiL is an integral ideal and
‘;’ is arinfinite prime spot. Let A(W) be the group of all
ideals prime to w in k and S(w ) be the group of all principal
ideals (Vv ) generated by ¥ satisfying the multiplicative
congruence ' :
Y = ¢ 'mrJQi)

namely » .
Yek v=1 wmed M and VvV, - vy' >o

A class of the factor gfoup A(ﬁi)/s(vmﬁ,) is called a ray class
mod ® . We denote by h(+#l) the number of classes of this

bl

factor group. Let 4 be the different and d be the discrimi-
nant of k, so that NJ =|dl. Let R be the regulator of k, h
be the number of absolute 1deal classes of k and w be the
number of roots of unity in k [4 1.

Throughout the paper, ¢ or ¢ with suffix will be used to
denote a positive constant depending only on k, and c(#*) will
be used wheﬁ ¢ depends further on several parameters ¥. AL B
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or A=0(B), where B is positive, means that there exists c
satisfying O o S
1A= c¢B:
in the region under consideration. .

. In the first'ﬁlabé,'wershall eétimate the number T(t) of
integral ideals in a ray class C mod M. whose norms don’t
exceed t. The detailsfof this subject will be stated another
paper. We shall therefore only point out the main results.

Theorem 1. Let C be a ray class mod s»i. Take ¢ suffi-
ciently large, and suppose that

t=2cNac.
Then < T *
- b | 27 2 * IR R
= { = T (1— T
T(t) Nast, neC 'ﬁ'(v 08'"7'( Nﬁ) Jiar w-

SN
‘+O§,m);}rm‘(l——g;}-)va 7=}

Theorem 2. If 0£ y<«x, then:-
. A

. . l
=1 < L y+ Nm™ TR Nwe )
LENa S xry, nel f R .

Secondly, we shall introduce a new elegant real analytic
method due to Gallagher
Theorem 3. If 2 [am|<oo , then
(]

-
it 2 T {1 = aw |t dz
Ll%au% rat= T ) rm e |5
where "(_=e,’:"".
Proof. Write ,
| =C(£_°‘2_’L>
amw /. _
?herefore, ’ o Lt omiy t
' SAY= a.m " = = c¥de
m= 1 3 B
where ¥ runs over _
/ b‘az _’ﬁ':a.i_ S mae -
5 27| V.ZTL' s ‘
Put o s " :
~éCcording'as lzyS-LX or not, and write . )
1 = : )
Fx) = chy) F CZ—V) T 115 l¢

Accordingly,
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{georfat = Jo [ ] =—an 1M
%

sF L
e R -tl= 43
| C P d
=—— =_ a.|7T2&=
st j ‘z§n§zt ( = (2
T

4”

Assume that the right side of Theorem 3 is finite, since
the result is trivially true otherwise. Hence, f(x) belongs

to I because of (2). We have also
%

Co .
L = la.g 9z
_jw |5ml¢t§ U I =
from (1), where the coefficient of 1a,| of the left side turns
out to be
| mf <y by =1

It follows therefore from the assumption of the theorem that'
f(x) belongs to L.
By these properties,

are x t °° el
<r) Se Sty dat = Zc(v)j rg(t—v)ctt
— 00
— ZCCV)QW"IV 2 TEx 3)
' 5N
belongs to 12 [3 ] and
) o
{ 1seor17ae= [ 1Fcorae
— oo — Do )
This implies from (1) and (3) that
[
= 2 y ”C”;_M_wji’_c_zd
I Tl
G“)S ;ZQW)Q”“"VI dx
In view of (1) and (2) 1t follows therefore
%
P P 1 A CC")l dz_:—/l—j ,‘,\*_‘LE_
J lnzznq‘ @ J’ v "SS §) zanszp &
.—T —
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Now we shall apply Theorem 3 to the sum of the form
S(K, T) = = A X(a) N(a):®
where 6L runs over all integral ideals of k, £ is a character
mod M. and A(6L) is a function defined over all integral

ideals in k. Put
a, =— Z; A(m) A (o),

Nov=m
and make use of Theorem 1, we have
T Sa .
. ot
= f 1S P — = [ 1= ann it
/t el M -T

X med m, “r

°«Q .
T = = Al X ()2 4= ¢
Ss3T b P lz§Nmsza" dA(r)] =, +

Divide integral ideals n satisfying zg NoLs zt
several classes in such a way that each pair of integral
ideals in a class & 1s never congruent mod #L with each

other and that the number M of classe's is less than
] .
(2t—z+Z2"" % Nm™ + Nn) ],

into

0f =
h(m.)
in view of Theorem 2. Accordingly,
= | = A () \’”
A mod W zE Nas zt

= = M Z_lz‘_A(n)x(m)l
& e

X wmodwo _L
b
<€z —L 5, (2t 24z N Nm)z Zdnlnz Ale) (r))
L
- m N +~ N = 2
<’(ZT z42 F NwCh e Non) o AL

Substituting (4) for this result, we get

T =2
= _ 1 SCx, t) 17 dU
X omed o . ¢
& 2 p_z+z CNwEr NVL o Ay g
T J_' z 25 Nasz?
T
i L
TN T - N T )

¢ = [AYF (Na+ N
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which was the'result obtained by Hirano in his master disser-
tation.

-Theorem 4. If‘ ZIA(U\)I<°0 then
T

= [ | =A@ NI 4t < X (NatNa© = o T*“"‘T)'A‘“)’
=T '

~

A mod M
Thirdly we shall introduce a new Lindeldf principle due

to Fogels. .
Theorem 5. Let fj (s) (1€ J£m) be regular in the region
D o . '
n<er< oy, -% <1<o,
satisfying the conditions g
‘ p e, rt|
Flsy = | £, (5|5 + - +If,,,(A)| = c, e

and be contilnuous over the closure of D, p being some positive
integer. If the conditions ’

CF(& = A(lt\+ 2% ey € Cliti4 2) o o=
F(MsB(!tH 2) b Lv-ac-C<’t\4i> S T=o
are fulfilled, then there exists c(e;,2) such that |
F(A); c (e A%‘::%‘ B%TE%T

Crett 2) %EE v F““ fuﬁC(ltltljrkf
uniféf’}niy in d*gzrsr » where a, b, c are given positive numbers
and A, B, C)l are parameters not depending on t.
Proof. We know that . ‘ ‘
Cmey| = E oI F e-_im il’* o (o }
uniformly in o'sd—sb‘, [ti\=21. Hence 7
6-— &5

\"(*‘m-m [=one a5 <«+o<.ﬂnj ®)
’ o ' o >
v (« + f(a-wm B

and
A 3 g

i :__“’ 3 \=(IH+2) o ('*O(lt\ﬂ)\ 9
r (i zo=t

2 (,-5)

?
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in the region 6} 26¢=<6;,

Take ¢, such that 1—s,<6 and define
C(s+63)

{v-g Cls+03) = ‘S _____dz
[}
the contour lying on the right half plane’ e2.0. 'T‘hen

yClav o) = bog CCtie2) {1 O(tqccmm”

Now we define o~ —4

2

4 —0y
Y= A 77 g =R
—b—0 % -4 'l’ .
T’(9 265 -07) [T’( 2(55—6;) k {&‘QC(&H’:)}C
— 67 + oy —A .
P(‘-r QA(ﬁ;f‘q) r’(‘ 2(5‘—6‘)

Obviously G(s) is regular in 6;<0=6, and there exists c,

satisfying \
[G(s)|= c,
in the region stated above. By (5) and (6)

(G = AOH+2)lq(Xm*zﬁ'*O“qdmfn)}

on a"=o; and

= B (iti+ 2)" M‘ C:Cttn-z))‘1 +0 (L,-(.,ci(mu) ).}

on v =¢;. Further, from the assumption of the theorem,

FCs) ¢t
— S. (] &
lewl = “¢ for =SS
= Cq :t}o-v- 0= 0] awd 9"-‘6;

For any ¢>0,
€42 F(¢)
| | G|
is subharmonic in o<o<6; and is continuous on ALt TR
Applying the usual Lindeldf prlnc:Lple to this functlon and
letting €20, we get the desired result. j
From now on let X be a prlmltlve character mod m. m.
being mfa) dpmas before. We can find fJ (1€ j< s= N(m,)) 1n(m3')
which satisfy the follow1ng conditions:

3 I mc-alx.,, a=sis9g),

i
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each pa:Lr of f is never congruent mod fl, moreover, if ¢ €
(mﬁ) s then
= _?J mod J
for some -Pé . The set of these yJ is called a complete
residue system mod J 1n (m3)".
Let £4+0 and §e(m5) . Put
. awp S(B%
2
where g runs over a complete residue system mod m_ satisfying
}Sal mrdcf:’ (t=c=9)
Further we define

G(Ly= Z ?[(fmf})ezfisq) '

2
being over a complete re81due system modﬁ in 3 . Take
s
7=%(%) such that :
v = med m, 7= % mtﬁ!f:o) ‘(4_s_£§<[5))
then we have

GG, ) = X(4(3)3 mJ) )
and '
X)) = (a9n3’y.-..(agn3
If we define the normalized Gauss sum by
I = i) &) / [N,
then we have the following relation[ 7]
I I(X) =
Let T(s, /) and 'fu(s) be functions defined by
=AW Na"® amd = No*
for v>1, the summation being over all non-zero integral

ideals in k. Define, for 0“)1 zta,

'_‘Z_-:Z " r dZ,-'~d2¢+l
re.a) = jf e = ?T=rl “p Zy o |

>

where r+l=r +r, and

[ERESY
t asp= 3> Zp=Zpevy (htgpsmiih)

-

ap = { 6 ($+léf>§%) ’

which turns out to be
3 Ti—1 1
-t 8 s+ 1 A r(s'=
27 () T (6
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Further define

- vz Py
Do 1y)= 9{% ACLY® (s, 15 (s, 1)

and
A(l)~='m‘“|dJ Nw_

Similarly we define

"
—= = n  bx% o .4
= P Z Zvtd
I’(A,l,b)=f~j e = ;I, Z * Z, - Zea
"Zp>0, 7 zyz Nb'
A

and

AE! £ -4
Yoo ) =L AT Z ABIT (6,2, b Nb

We know that f(s,x_) is an integral function which satisfies
the formula

' 2 ¥
T, 1y=— 2 e ek SALON 72 Xyt L) ¥a-4, L)
T W VAT 4(—4) AN > )M
e £y = | ! b =0, X principal
°  oTherwie .

The functional equation
$es, 1y = L) -4, L)
follows from (7) immediately [7 ].
The formula (7) can be trénsformed in the following

form:
G+ _Y; ™ i 1 __);
é(é,,{)-—__—_ 2 " T Rﬁ; EO()__*_(QTL)R‘(TC"LIM, NWL%)Z
! wtdl  sG—4)  Idl
' $ 42
= 2 7 I T N S(t
” (Al N&)Y? + Ta) Ay N(t) = ) Na ™ € )
nEo ‘
s — 4t :
Ny =|{ — dt - - - "1 (%)
b t} t,-- - Tyer
with the abbreviations N(t)=t,--- t, and S(t)=t,+ ---+t,.

The formula (8) is nothing but the Siegel formula in case
E(1)=1[61.
If we take o7 such that

l—6, =07 = 6 = G

_ F o
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for given o £ 6, , then it follows from (8) that

21‘.—&—*‘“_*/1 R.{y E’CX-)

Bes, ey + : ; < (o2
: 3 ’W-Hl )S(l‘*A)
and QO | oy — !
(&—1) T(s, Ay c(63) e S Nwg T 1)
for & so<o; .
Let 0<$< 1. Obviously v
| ‘ l§((+&+it, u =< 50+ ) «_\;; ‘ o)
Put o 6 Ty )
f(s, 1y = I(x) At A A0 {fﬂ‘%} }‘3 ( P‘(’«%"T)j é‘"ﬁ—é)}‘
' AR reet) | (mes) ) (e
Then the functional equation can be expressed as ) ,
S(s, XY= f(s, ;;)g(.-A,Z). ‘ » Q)

Wlth the aids of (10) and (11‘)’,> we g’etk
T(—B+it, 1)< clo, o;)'\lm%dlﬂ(%ﬁ?)v‘ I1+ 0(7%?)3 02
for o~,ga~§o;, s ‘lvt!2>1,§in§:e : -
F(8, L)< elo, 63) Nmi‘—'qdl-u&— R {1+o (ﬁr }
Hence, from Theorem 5, we have -
St 1y Nt e 2y ley N (iti+ 2)

for 0O S ¢ <1, provided E( Z_)'=O. In Zapvpl-yihg the theorem
we use (9) and (10), ('12:), putting
S = — ,
Log N (111 2) .

More precisely we shall get the following result.

Theorem 6. In case E(y )=0, we have

. . o N .
PN (42} b Kmc(itf+2) =0
\—o L
S, 1) « me.(ltH?)"T 2 by N (it + 2) s 6%

. L};‘Nm‘(ltl—\- ) =
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In case E{(A )=1, we can also obtain similar results by

using

81— 4)

—_—— { . (38)
Co+05)G— 6~ 0 %

in place of T,(s), 6 being determined satisfying

(1]
(2]

31
[4]

(5]
[6]

20, 26 = 0 x 65,

In particular, we have |

et 1)K N D T Loyt )
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