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Note on Proizvolov's example

By akihiro Okuysama

Dept. Math., Osaka Kyoiku University

Let £ be a map ( = continuous map ) of a topological

space X onto a tcpologicel space Y, We say that f is a

compact-covering map if every compact subset of Y is the image

of some compact subset of X under f. In the following cases,

every open map is compacti-covering

(1)

(2)

(5)

(L)

( E. Michael [4]) X is a metric space and Y is a T,
space and, for some meitric on X, f—1(y) is complete for

each ye Y.

( A. Arhangel'skii [21] ) X is a éeéh—complete space and
Y is a Té space.
( K. alster [1] ) X is & metric space and Y is a countable

T2 space.

( K. Nagami [51) X is & p-space and Y is a 4., space, and

3
f'1(y) is compact for each ye¢ Y,

On the other hand, V.V.Proizvolov [&] constructed an
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example such that there exists an open, at mcocet twe-ito-cue
mep from a Lindeldf, first countable TE space ontoc & compact

metric space, which is not compact-covering.

In this note, we would like to give an adding explanation

for his example, using the following lemma

Lemme. Let (X, 31) and (X, ‘32) be compact 5’-3Z speaces

with §, < 9 _,. Then 9, =9, holds.
1 2 i 1 2
This 1s an immediate consequence from the fact that the

identity mep from (X, 7,) to (X, 7,) is homeomorphic,
2 17

Proizvolov's example. Let P be the set [O,1]X[O,1] and

Bo = [0,1]*{%} » 8and define the topology of P as below
If peP = Po’ P has a neighborhood base in the usual sense of

Euclidean plane. For any p = (p1,—é—j6 Po and for any natursl

numbers £ s M and n, let U (p) pe the subset of P which

fmn

consists of p and of all points satisfying one of the follow-

3 . * i Lo Y2, L 4,2
ing three conditions : (1) Py 235 and (p1+ = p1) +( 5 p5)
L op oLy L. -2 ' 2

/

L= p} and p)- = < Llel-p | 5 (5

2

] ' 4,1 -
-*Q—ép2<2+£ and p,~-5

[ve)
¥ .
> m{p1..p1\, , and let {Uimn(p)} 0,m,n=1 be the neighborhood base
at pe Then it is easily seen that P is a Lindelof, first

countable T3 space., Let Y = [O,'l]'x [O’Jf] be the subspace of
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the puclidean plane and f the mai frow r ontc Y such ithet 1t
identifies the points whieh are symmetric with respect ¢ F,eo
Then f is clearly an open, at most two-to-one map. It remains

to show that £ is not compact-covering. Cr. the contrary,

suppse f is compact—-covering. Then there exists a compact
subset K of P, whose image by f covers ¥. Let J, be the
topology of K as the subspace of the buclidean plane, and let
7é be the topology of K as the supspace‘of F. Tuen fT1< 722
holds. Hence, by iLemma 71 = f72 nolds. On the other nand,

since XK covers Po’ by tne definition of ff2 it ccntains no

countable base ; however, fT1 contains a countable base.

This contradiction shows that f is noit compact-covering.

Supplement. A gpace X is called a speace gf counteble

( resp. point-countable ) type if every compact subset ( resp.

point ) of X is contained in some compact subset of A with &
countable neighborhood base { c¢fo.[3]).
as for the research of K, Nagami [ 5], there was a question

whether every open compact map defined on a T, space of count-

3

able type is compact-covering, and it was informed that V. V.
Proizvolov [6] solved it in the negative. However, in his

example mentioned above, P could not be of countable type.
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Because, P is a compact G; -subset of P which has no countable
neighborheocod base in P, | Hence, it seems that such guestion

remains still open.
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