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Bi-Relational Frameworks for Minimal
and Intuitionistic Logics -
by
OSAMU SONOBE

(Tokyo Institute of Technology)

Kripke-type models for minimal logic have been proposed by
Segerberg [6], Fitting [i] and Luckhardt [3]. These models
are apparently motivated by the fact that .LDA does not
necessarily constitute a thesis of minimal logic. (J; denofes
a propositional constant which is contradictory.) In fact
~ their models are obtained from those for intuitionistic logic
by introducing a hereditary set of worlds with respect to
accessibility relation, in which X is made true. “(The
definition of hereditary sets will be given presehtly.) This
is one of the characteristics of these modéls for minimal logic.
| It is the pufpose othhébpresent paper to propose another
kind of frames (model structures)'for minimal and intuitionistic
logics, which are obtained from the frames <W,RY» for intui-
‘tionistic logic by adjoining thereto an additional relation
,“.QSR to be specified below. By such bi-relational ffames
we are naturally led to some bi-ﬁodal logics, which amount to
four in number, and two of them correspond to minimal logic

with the other two corresponding to intuitionistic logic.
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We note in passing that —1 is not defined, but consti-
tutes a primitive logical symbol along with conjunction (A),
disjunction (V) and implication (D) and we will r;ot employ |
L, therefore. »

Before proceeding we wish to briefly recapitulate with
some inessential modifications the completeness result as
obtained by Ségerberg 6] and some preliminaries to be assumed.
Definition: A frame for minimal logic is an ordered triple
{W,R,N> such that

a) W is a non-bempty set (of possible worlds),

b) R is ba binary rélation, reflexive and transitive,

defined on W,
c) N is a hereditary subset of W with respect to R
i.e. a subset of W such that
YTA(TRA and TeéN = AeN)
where T,A,... are meta-logical'variables ranging over the
eleménts of W.

In terms of the frame <W,R,N> thus defined a model for
minimél logic is then defined as an ordered quadruple <W,R,N¢¥>
such that Fk is a relation between elements of W and formulas
satisfying for every T and every A and B:

d) VA(TRA and Tk A => AFA)

e) T FAAB (=) T#A and T E B

f) TEAVB < TFA or. TEFB

g) T FADB < VA(TRA = A F A or A F B)

h) T F MA = VAa(A ¢ N and TRA => A ¥ A).
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The validitykof formulas is defined in the usual way and

the completeness result follows:
Minimal (intuitionistie) Zogicvis determined by M (I)

where M 1is the collection of all the frames for minimal logic

and I the sub-collection thereof satisfying N = @.-

1. Bi-relational Frameworks

" Definition: A bi-relational frame for minimal logic is an

ordered triple <W,R,Q> such that
~a) W is a non-empty set (of possible worlds),
b)) R 1is a binary relation, reflexive and transitive,
defined on W,

c) Q is a sub-relation of R satisfying

c, VIAA(TRA and AQA = TQA)

c, Vra(rQa =+ 3A(AQA)).

In terms of a bi-relational frame <W,R,Q)> a model for
hinimal logic is defined as an ordered Quadruple <W,R,Q,P>-
such that | - | |
| d) - g) - of the preceding definition and

h') rF_-wA <  VA(IQa = A ¥ A).

In this definigion and the pfeceding one we could weakeﬁ
tﬁe condition d) so fhat the A was an atomic formula and

prove d) by induction on the degree of A.
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A Kripke-type frame for intuitionistic logic is 1dent1ca1
w1th a bi-relational frame <W »R,Q> for minimal “logic with
R =AQ. It will be of use later on to observe that R = Q is-
equivalent to the reflexivity'of Q. The hecessity is straight-
forward. For proving the converse Suppose the reflekivity of
Q+ and TRA, which in conjunction give rise to rQa by Cq.

In a b1 -relational frame {W, g Q> Q can be restricted
by the following additional condition, which stops short of
making it reflexive, but still continues to provide a frame
for intuitionistic logic:

cz VI 3A(rQa).

The condition is obviously satisfied by a reflexive Q.
(The reflexivity of Q will be refered to as c,° in the
sequel.) -

On the other hand the condition cz is strengthened to:

' VTA(TQA => AQa).

As will be seen the class of bi-relational frames for
minimal logic thus strengthened is still sufficient to determlne
minimal logic.

The collections of bi-relational frames for m1n1ma1 (1ntu1-‘
tionistic) loglc respectlvely satisfying <, and cy' ‘ (cs
and Cz') will be called BM and BM' (BI and BI'),

Obviously: |

BI ’
BI'&/ \QBM

N
N BM'./
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THEOREM 1  Minimal (intuiiidnistiéfnlogic is determined by

BM as well as by BM' (by BI as well as by BI').

The theorem is obtained immediately from the following

two lemmas.

LEMMA 2 For every model <W,R,N,k> for minimal (intui-
tionistic) logic there is a bi-relational model (W,R,Q,F')
suech that <W,R,Q> € BM' (BI') satisfying that T E A iff

T E'A for every T and every A.

Proof. Let Q = RNWx(W-N)..
Now, TRA and AQA
= TRA and ARA and A f N
= TRA and A ¢ N (by the transitivity of R)

=» TQA.

rQa | |

.=# ARA and A ¢ N (by the reflexivity of R)
=>  AQA. -

(Trivially Q=R for N = 0.)
‘v This takgs cére of tz and czf (cl and cg'), nanmely,
<W,R,Q> ¢ s (811 | '

We next define F' for every T and every atomic A
as T FE'A if T F A, then extend it to all formulas so th;t
<W,R,Q,F{> is a bi-relational model for minimal (intuitionistic)

logic.



It is then proved by induction bn the degree of A that
for evexy A T ¥ A iff T E'A as illustrated by:
' e "B <« VA(A ¢ N 'and TRA => A ¥ B)
@ YA(TQA = A ¥ B)
= -VA(I‘QA => A §#'B)
<> I F' 7B,

LEMMA 3  For every bi-relational model <W,R,Q,E> for
minimal (intuitionisitic) logie such that <W,R,Q) € B (BI)
there is a model <{W,R,N,k'> such that {W,R,N)> €M (I)

satisfying that T F A iff T F'A for every T and every A.

Proof. Let N = W-Domain(Q) (='{ I : WVaA(not TQA) }).
N is hereditary with respect to R.
Since: TRA and TéN = V.A(not TQA)
= VA(not AQA) (by Cl)
=» AEN.
(If for every I there is some A such that rQa, then N
is certainly empty. Namely, <W,R,N> € I1.)
Define T F'A for every T and every atomic A if.
I'E A and extend it so that {W,R,N,E'> becomes 2 model for
minimal (intuitionistic) logic. '
It‘is then proved by induction on the degree that TE.A

iff T F'A for every T and every A.
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We illustrate the proof by the case for A = AB.
va(rQa = A ¥ B) |
=» VYA€ N and TRA = aé(AQé)) (by the
definition of N) “ ‘
= VAL ¢ N and | TRA = ae(AQé and TQeY) (by ¢4)
= VA(AE N and TRA => 30(AR® and © ¥ B))
(by QSR and assumption)
= VAL ¢ N and TRA => A ¥ B) (by 4))
= vA(A€ N and TRA = A V'ﬁ) (by induction

hypothesis).
Conversely:
VAL ¢ N and TRA = A ¥'B) |
= va(rea = 30(sQe))  (by c,)

=  VYA(rQa => A€ Domain(Q))
=> Va(rQq = TRA and 4 ¢ N) (by QSR and thé’

definition of N)

= VA(rQd = A ¥'B) (by assumption)
=  YAa(rQpq = A ¥ B) (by induction hypothesis).
Thus, '

TF B <  VA(IQA = A¥B)
& VA€ N and TRA => A F¥'B)
< T F'7B. | |

On the basis of these results we next prove a theorem,
which describes a relationship between minimal and intuition-

~ istic logics.
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LEMMA L;‘ If A does not contain '3,  then
I+ A & ME NA
where 1 and M denote respectively intuitionistic and minimal

logies.

Proof. & 1is obvious. For proving =) assume M ¥ -A.
There is then a model"<W,R;Q;F) for minimal logic with-
{W,R,Q>epy and a T such tha; fbl A. By h') this
gives Q # #§. - Putting W'= Domain(Q) and R'= ROAW' W',
we have Q&W'xW' by c,, from which follows QCR'. We
therefore have <W',R',Q> € BI.

For every A€W' and every atomic A, & F'A is defined
| as j F A obtaining a bi-relational model <W',R',Q,E'> for
intuitioniétic logic. By induction oh the degree of B it
is proved that A E'B iff A }= B for évery Aew a“nd:everyr

B not containing D. Obviously TE€W'., Hence T ¥'—A-

and I ¥ —JA by the consistency of intuitionistic logic.

The lemma just proved is generalized as follows:

overlap with each othexr, then

IA < Mt A

Proof. <= 1is obvious. =) is again proved by induction on

| the degree of A.
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(i) IFAANB = It A and I} B
=~ Mt A and Mt B
= Mt ANB.
(1) TFAVB = TtA or I+B (by disjunction
| property of intuitionistic logic)
= MY A or M} B
=> M} AVB.
(iii) I F ADB =

Mt ADB (since ADB 1is already
a thesis of positive logic). |
(iv) I+ "A = M} 1A (by Lemma 4, since

A does not contain D ).

As is well-known any formula containing only A and -}
'is provable in classical logic iff it is a thesis of intuition-
istic logic (G&del). From the above theorem follows then the' i
"generalizétion 6f this result to minimal logic, which was alreac.ly'

mentioned in Schmidt [5].

2. Embedding Theorems

Four bi-modal logics are introduced for the purpose.
S4-D*4 is a bi-modal logic to be obtained from classical

logic by adjoining the fovllowing classes of axioms:
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X,  O,(A>8)>(0,A>0,B)
TI DIADA
4, 0,A50,0,4
K, O0,(a5B8)5(0,AD0,8) _
- D*, 0,(0,A>Q,A) (or equivalently 0,<¢,m
4'2 DzA:)DIUZA :

0,-0,. 0,AD0,A
where 01(02) stands for ".’DJ"’ (~D2~) and T a
constantly true formula such as ADA.
‘Rules: FA, F ADB = } B (detaphment)
k A = ¢} DIA (necessitation for '[]:.l).
Bi-modal logics S4-D4, S4-T*4 and S4-S4 are obtained
from S4-.D*4. as above defined by replaéing D*z respectively

'-by:

D, 0,AD QA  (or equivalently sz)
T, 0,(0,A08
T, O,ADA.

In S4-S4 we have ‘0O,A=0,A since O,AD[O,A by

2
S4-S4 1is therefore a logic essentially the same as (uni-modal)

84'

4 and Tz, the converse being taken care of by []1-[]2. .

These bi-modal logics are related to each other as illust-

rated by the di”agram:;

84-S4 ———> S4-T*4 _
T—

S4-D4 ———> S4-D*4.

/o0
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A model for bi-modal logic S4-D*4 (S4-D4, S4-T*4 and
S4-S4) is a quadruple <W,R,QF > such that <W,R,Q) § BM
(B, BM' and BI') satisfying:

re 0,40 < VA (TRA =>-A ¥ A)

TE O,A & VAT = A E_A)
along with the usual requirements for thg (classical) satisfy-
ing relation Fn for other lbgical symbols.

Each of these bi-modal logics is consistent and complete
with respect to the corfespondiﬁg semantics.  For example,

Tr, 0,0, 7 & VATQ = A ¥ O,T)

‘ « VA(TQA = 3 A(AQA and AFmT),
which is obtained from éz. D*2 i.e. []2<>2T is thus
valid in BM. ’

T e O,AD0,0,A

&> I‘#m[]2A or r~FmD1,D2A

&> 3AA(TQA and A#mA) or YA(TRA = AkmDZA) .

- 3A(rQA and A VmA) or VAA(TRA and AQA = A %mA),
which is obtained by Cqe This proves the validity of 4',
i.e. O,ADO,0,A in BM.

The completeness is proyed'by the well-known method'due_tc
Lémmon-Scott [2]. v

With a view to proving embedding theorem we define a .
.mapping 0, which transform every formula of intuitioniétiﬁ

logic into another belonging to bi-modal logic:

/7 /
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o(A) = 0,4 for atomic A
o (AAB) = o (A)Ac(B)

o (AVB) = ¢(A)\vo(B)
c(ADB) = O,;(c(A)D0a(B))
o(A) = OyA0(A).

LEMMA 6 For every bi-relational mgdel <{W,R,Q,Fy for
minimal logic there is a model {W,R,Q,k > for bi-modal
logie such that T E A iff T Fmd(A) fbr.every3 il and

every A.

" Proof. For every I and atomic A T FmA is deffined as
T £ A.  We then prove by induction on the degree «if A that
' e A iff T B (A) for every I and every A.-

The induction steps are illustrated by:

I = ADB VA(TRA => A F A-or AF I
VA(TRA == A ch‘(A) or A Hma(B))
I k£, 0;(0(A)D0(B)) |
I k 0(ADB),

F'e nA VA(IQA = A ¥ A)

VA(TQA = 4 K 0(A))
r hmD2~o(A) '
r qu(ﬁA). f

11131181
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We note in passing that the newly'obtéined model for
" bi-modal logic depends upon the frame of the given model.
For example, a model for S4-D*4 'will be obtained from a

‘frame (?,R;Q>' beldnging toi BM.

Lemma 7 For every model (W,R,Q,Pm) for bi-modal logie
there is a bi-relational model <W,R,Q,E) fbr minimal logie

sueh that T ¥ A iff T PmG(A) for every T and every A.

‘Proof. For every T and atomic A T F A is defined as

T F,0;A.  Then proceed by induction on the degree of A.

By Lemma 6 and 7 as.well as Theorem 1 we obtain:

THEOREM 8 | | |
(1) MEFA &  S4-D* } o(A) <>  S4-T* I o(A)
(31) IFA <> S4-D4 t o(A) <> S4-S4 F o(A).

Since DIAE O,A in S_4-S44, the second equivalence -
of (ii) is nothiné but the celebrated embedding theorem of

McKinsey-Tarski [4].

Appendix

- The tableau proof system for intuitionistic logic by Fitting

[1] consists of the following reduction rules:

/9



S, TANB S, FAVB
TA & —— FV
S, TA, TB S, FA, FB
S, TAVB S, FAAB
TV FA -
S, TA | S, TB. S, FA | s, FB
S, TADB S, FADB
TS FD —_
S, FA| S, TB o Syps TA, FB
S, TA | S, FaA~
™ @ @&—_—— Fl = —
S, FA Sp, TA

where S;p ="{ TA : TA€S }. (For details consult Fitting [1].)
| By restricting T to:
ST,TﬂA

Sy, FA

T'w'

we obtain a tableau proof system for minimal logic.

By replacing T™71 and F- respectively by:

'S, TAA, F4B S, F1A
T FM ~
Sy, FA © Sg, TA, FTIA

we could also obtain a tableau proof system for minimal logic.

/<L



‘Employing any one of these tableau proof systems we could
prove the same completeness result of minimal logic with respect

‘'to the proposed bi-relational frames in a more constructive way.

/s
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