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Kodaira dimensions for fibre spaces.

Kenji Ueno

University of Tokyo

In the present note we shall discuss briefly Kodaira

dimensions for singular varieties and fibre -spaces.

§ 1. Kodaira dimension for an algebraic variety.

There are several definitions of Kodaira dimensions for
non-complete algebraic varieties. (See Iitaka's and Sakai's
articles in this volume.) Here we follow Sakai's definition
when an algebraic variety is non-singular, and we shall show

how to calculate Kodaira dimensions for complete varieties.

Let M be a non-singular algebraic variety. For a posi-
tive integer m we set Fﬁ(M) ={¢ ¢ HO(M,Q(mKM)‘ ﬁ?&n<cm§

where ﬂ‘fﬁm is defined by
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Fm(M) is a finite dimensional vector space. Let {‘fo,

“Fl,-”, <(N§ be a basis for F (M). Then
o, : M > "
- m W U
z | > (Po(2) 16 (2) e e v 2t (2)
is a rational mapping. The Kodaira demension K(M) of M

is defined by

max dim @F (M), if (M) £ ¢

mell (M) m
K(M) =
- & ’ if N(M) = ¢ ?
where N(M) ={ mElN! Fm(M) £ 0 } .

If M is complete and non-singular, (M) is the usual

Kodaira dimension of M. DLet V be a non-singular complete

algebraic variety and let G Dbe a finite group of analytic

automorphisms of V. We set M = (V/G)___= the non-singular part
reg p

<

of the quotient variety. Then it is easy to show that
-0 G
() = B(V, o(mE, N .

' Hence if we know the action of G on HO(V, Q(mKV)); it is
easy to calculate ®(M). What is a relation between  ®(M)
and K(V/G)? The problem can be solved if we know how many
elements of Fm(M) can be extended to elements of Ho(ﬁ*,

—%
g(mKM*)) where M is a non-singular model of V/G. If G
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has only isolated fixed point, the problem is reduced to the
problem of local Kodaira codimensions. Let (U,x) be an
isolated singular point such that U 1is Stein and U-x 1is non-

singular. We set

(.0
r, = din { B (U-x, 9(mKU-X))/HO(U*,_Q(mf*{U*))

where U is a resolution of (U,x}). The problem of local
Kodaira codimensions is to study the asymptotic behaviour of
Ty when m becomes +00 When dim U = 2, +there is a
catisfactory theory due to Kndller 12) and Ma. Kato [1].
When dim U = 3, Kuramoto is studying the problem. One of his

result is the following. Let Nn be the quotient space

2Dy Q

z
€’ /<g>, when
. p a
g (zl,zz,ZB)P——~—7 (enzl, Che 7 enZB)

e, = exp(2®W/-1/n), (n,p)=(n,q)=1 .

n
Then for the isolated singular point of Nn D,q’ we have
b ?
3 T
(n-p-g-1)~ < 1im—Z < % n’ .
*pa o =

Of course we should consider a similar problem for (U,E)
where E 1is a singular locus of U, E is compact, and U-E
is non-singular, If (U,E is a cyclic quotient singularity,

there are some partial results.



Another example i1s a Hilbert modular variety,

-

Let %k Dbe a totally real algebraic member field with
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with SIL(2,0) where O is the ring of integers of

. . . _ n .
H properly discontinuously. V = H /{7 is a norm

Pl

projective algebraic variety and if we add a finit

rete subgroup of SL(2,k) which is
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(k:h ) = n.

omrensur
. [7 ac

, N e 3 Vo= ut Ul o
cusps ?Nl,...,o’hﬁ to H /T , then V = B /i Uile,,..,JJ
is a complete normel projective variety. It is easily show:

that HO(

reg
of weight Z2m, Uging the structure theorem of 2

cus

it is not difficult to show thet F_(V__ ) corresponds to the

vector space of cusp forms of weight Zm. Thus %(Vr

The locel Kodaira codimension for cusp singularity
S

studied by Xnoller (2] when n = 2,

By a similar method we can study the Kodaire dinme

<3

oy

S /" where S_ is the Siegel upper helf plane of
&

Ey

e

neions 10

and | is a discrete subgroup of S_(g,R) commensurabvle

$ 2. Kodaira dimensions for fibre spaces.

By a fibre space ¢ : V —» W we umean that

non-singular complete algebraic vaerieties defined

Wi TH

W
Py
(=28 10

V. ., O(mK)) corresponds to the space of modular forms
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¢ is surjective with connected fibres. In this situation there
is the following conjecture.

Conjecture. K(V) 2 K(W) + K(a general fibre of <),

Very little is known about this conjecture., At the moment
there are two methods to attack the conjecture. The first method
is to construct element of HO(V,Q(mKV)) (see Ueno (41, Nakamura
and Ueno [ 3]). The second method is to find a certain estimate
for Pm(V) (see Ueno [5)]). Both methods are deeply related to
each other. The first method is deeply depend on the structure
of moduli spaces of algebraic varieties and degenerations of alge-
braic varieties. The second method is related to variation of

Hodge structures.

To explain the first method we shall consider a family of
principally polarized abelian varieties ¥ : V —» W. We assume
that € is smooth so that the family ¥ : V — W is obtained
locally from the universal family"af:’U’—9Sg of principally
polarized abelian varieties over the Siegel upper half plane.

For simplicity we assume that Y : V — W has the zero section
O(i.e. for each w e W, O(w) is the zero of the abelian variety

A, = cf"l(w)). Let W be the universal covering of W. Then

~
there is a holomorphic mapping T : W —> Sg called the period
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mapping of the family and a group representation

@ :’Kl(W)-—-ﬁ Sp(g,Z) such ;that

T(r-W) = @(r) (W) .

Z2g acts on 'W X ¢ in the form

~/ A~

VoiwWx et —— Wxct
| I

~ ) . ; o ' } ‘ g

(Wy(gl gg))"_"'—"" (W,(gly---’gg)*‘u(T(w))) .
The action is properly discontinuous and fixed point free.

7 | . . B 2L .

We let V Dbe the quotient manifold W xC%/Z . There.ls a

natural surjective proper morphism ¢ : V— W. The fundamen-

tal group “Kl(W) operates on 5’ as follows.

r:V T

(W, 1$1) ——— (£, (3 5,(@) ,

where

A B
£.(0) = (¢, 2(W) + D)7, Hr) = (T o)

The action is properly discontinuous and free from fixed points.
. A ~
Thus we obtain a quotient manifold V = V/ ﬁl(W) and a surjec-

~ A
tive morphism € : V — W. It is easy to show that this fibre

space is isomorphic to the original fibre space ¥ : V —m W .
If ¢ : V—> W has no global sections, ¥¢: V -— W can be
AN

N
obtained from & : V —> W Dby twisting the fibration (see Ueno

L6)). ©Let f(z) Dbe a modular form of weight m such that
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m=nle n-forms on W,

hic) m-ple (n+o)-form on

Then s 2 holomorphic (or mercmorph
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V and in view of the action of Kl(W} on V, 4l ind
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meronorphic) m-ple (n+g)-for& or

_ x
MKy = ¢ (mKw + F)

P} hn
where ¥

is & t1 divisor on W defined by f£(T(W))=0.
i n effective divisoz / defined by £(T

the affirmative answer to
This impliesxthe above conjecture in our situation,

reneral case, the morphism ¢ is not smooth. We let &

be a subvariety of W such that Y is th at every point

-1 ; .
of V' =V - ¢ “(s). Then by a similar method as above we
can construct a holomorptic (or meromorphic) m-ple (n+g)-form

AT on V' and the problem is reduced to extension of !

L

the
to,whole space V. For that purpose we need some informations

A

avout singular fibres and behaviour of modular forms near the

houndary. In this way sometimes we obtain the m-th canonical



smooth surjective morphism of a non-singular (n+m)-dimensional
algebraic variety V onto a non-singular m-dimensional algebraic
variety W. Suppose morecver that 9 has connected fibres.

We set KV/W &VGNF (K ) and £ = ¢ £(0(X v/ D). Then £ is

!
f-ael
[
~~
™
~

a locally free sheaf of rank p where p = pg(VX),
; g

x € W and £ is the dual sheaf of R ? OV' Moreover it is
easy to see that pE(V) = dim HO(W, I;6>9(Kw)). Therefore if
we know the structure of £, we can calculate pg(V). There is

an important result due to Griffiths.

Proposition. The curvature of £ is positive semi-difinite.

This is a corollary to Griffiths' results on the theory of Hodge
tundles., From this proposition if K., 1is good we can caluculate
pg(V)' (e.g. W 1is a curve of genus g = 2, W 1is a non-singular
complete intersecticn with wW(W) = gim W etc.) Moreover there
is a natural homomorphism

Oryy g, m - 0 -
e H (W, s(LI®K) — E(V, 0(uKy))

m

where Sm(i,) is the m-th symmetric product of £ . Therefore

p, (V) 2 dim I £ . But the locally free sheaf S'(£) has not
been studied even the classical case. For example let us consid-
er the case where ¥ : V —» W 1is a family of principally

polarized abelian varieties with level n structure,.

(e¢]
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Put W = Sg / P(n),n 23, Let T :A@n‘“*% W* be the universal

family of principally polarized abelian varieties with level n

étructure. Then there is the period map @ : W —> Ww* and

¥ : V— W is isomorphic to the pull-back of the family -t :

A5 —;9 wX by means of W, Therefore for the study df the

sheaf §@(iﬂ) it is enough to consider the famiiy T, It is

easily shown that the sheaf L is isomofphic to the dual of the

normal bundle N of the image of zero section in ;4n. The line
I

bundle (/\\N*fam, .Q::%ﬂ(n+l) corresponds to the sheaf of modul-

ar forms of weight m and for this line bundle we have a good

theory (at least for the application to algebraic’ geometry).

The curvature of the vector bundle §@(N*) is positive definete

so that §?(N*) has sufficiently many sections for m > O.
But we don't know the way to construct these sections explicitly.
If this would be possible we would have a good information on
Imfm . Moreover if we know asymptotic behaviour of sections of
§m(N*) near the boundary, we would be able to consider the case
where ¢ : V—> W is not necessarily smooth.

As was shown above, the second method is deeply related to
Griffiths! theory of variation of Hodge structure. To any family
: V—> W with smooth ¢ we can attach the family of Griffiths'

intermediate Jacobians 731 : ;7> W and the family of Weil's
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intermediate Jacobians ®, : J,—> W . @ is holomorphic

but QV; is in general real analytic. Hence the second method

is related to construct the theory of matrix valued automorphic
forms on Griffiths' period matrix domain; Of course in this
case we can onlyrexpect that these automorphic forms are real
analytic,and if we restrict them to certain subvarieties (the
image of period mappings) they are holomorphic, If this is
possible,the conjecture will be solved when the geometric genus

of a general fibre of ¢ is positive,

References,

(1] Ma. Kato., Riemann-Roch theorem for 2-dimensional normal
isolated singularity. To appear. »

L2] F. Kndller. 2-dimensionale Singularitaten und Differen-
tialformen.Math. Ann. 206(1973), 205-213,

{31 I. Nakamura and K. Ueno. An addition formular for Kodaira
dimgnsions of analytic fibre bundles whose fibres are
Moisezon manifolds. J. Math. Soc. Japan 25(1973), 363-371.

[4) K. Ueno. Classification of algebraic’varieties, I.
Compositio Math., 27(1973), 277-342,

(5] K. Ueno. Kodaira dimensions for certain fibre spaces. To
appear. i

(6] X. Ueno. On fibre space of normally polarized abelian
varieties of dimension 2, I. J., Fac. Sci. Univ, Tokyo.
Sec I.A. 17(1971), %7-95.

10



