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INTEGRABLE PLURTCANONICAL EOQRMS
and
KODATRA DIMENSIONS OF COMPLEMENTS OF DIVISORS

Fumio SAKAI

Let X be a complex manifold (possibly non-compact) of dimen-
sion n and w a holomorphic m-ple n-form on X. We write w as
w=w(w)(dwiﬂ-~oAdwn)m, using local coordinates (wl,...,wn). We
associate with w the continuous (n,n)-form (wAE)l/m, given locally
by [w(w)Iz/mﬂigl(/fi/ZW)dwiAdWi. Then w is called integrable
(L., -integrable) if [y (w\d) /™ < ». Let F_(X) be the set of all

2/m X m
integrable holomorphic m-ple n-forms on X. When X has a compacti-

fication, Fm(X) becomes a vector space. Using Fm(X), we shall

define the Kodaira dimension k(X) of X, which is a generalization

of the notion of Kodaira dimension of compact complex manifolds
introduced by Iitaka [8] (cf.Ueno [19]). Here we want to discuss
the properties of k(X) and some related aspects. Details will

appear in [17].

1. Xodaira Dimension.

Let X be a complex manifold of dimension n and Fm(X) the set
of all integrable holomorphic m-ple n-forms on X as above. Set
N(X)={m>0|Fm(X)#{O}}. If m=N(X), for a finite set of elements

wo,,_,,wNE:Fm(X), we can define a meromorphic map Q{wo”"’wN}:

Xaw—«'»[wo(w):---:wN(w)] of X intoIPN. Next we put'rkm=max[rank

® ]1,where the maximum is taken over all choices of fi-
{LUO"' . ’(DN}J

nite elements in Fm(X) for N=0,1,2,.... The rank of a meromorphic

map is the maximum rank of the Jacobian matrix where it is holo-
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morphic. Now we define the Kodaira dimension k(X) of X by

max {rk } if N(X)#%,
(1.1) € (X)= meN (X)
- if N(X)=£.

Note that k(X) takes one of the values -«,0,1,...,n.

(1.2)Theorem([17]). The Kodaira dimension «k(X) is a bimeromor-

phic (in the sense of Remmert) invariant of a complex manifold X.

Proof. Let X' be a complex manifold such that there exists
a bimeromorphic map f:X'-—» X. Then f* induces an isomorphism of
Fm(X) onto Fm(X'). To see this, take an element wéFm(X), then
f*u ié a holomorphic m-ple n-form on X'-S(f), where S(f) is the
set of points where f is not holomorphic. Since codim S(f)>2,
it extends holomorphically on X'. Clearly fX,(f*wAfyﬁ)l/m=
IX(MAE)I/m

map, we get the surjectivity. Consequently we have, by definitio

<o, which implies f*weFm(X'). Considering the inverse

K (X")=k(X). Q.E.D.

We list some properties of k(X) (cf.[17]).

1. Lei T be the complex plane and C*=C-{0}. Then k(€)=-=,
Kk (C*)=-«, Further k(TXY)=-= , k(C*xY)=-o, for any

 complex manifold Y. |
2. Let X, Y be complex manifolds of the same dimension suckh
(13) that XCY. Then k(X)>k(Y). In particular, if x(X)=-=,

we get k(Y)=-o,

3. Let X be a complex manifold and Z an analytic subset of -
X with codim Z>2. Then k(X-Z)=k(X).

4. Let X, Y be complex manifolds of the same dimesion.



Suppose that there is a surjective proper meromorphic map

f:X —> Y. Then K(X)2K(Y).

In case X is a complex space, we define «(X) to be k(X*),

using a desingularization X* of X.

2. Complements of Divisors.

In this section, we deal with the case in which X has a com-
pactification X. We assume that X is a smooth compactification
in the sense that X is a compact complex manifold and D=X-X is a
divisor of normal crossings. Let KY be the canonical bundle of X

and [D] the line bundle determined by D. 1In this case, we have
(2.1)Theorem([17]). F_(X)= H'(X,0(mKg+ (n-1)[D])).

The proof is based on the fact that if f(z)(dz)m is integrable
on the punctured disc A%, then the Laurent expansion of f(z)

becomes as Zj:_(m_l)ajzj([14], Appendix).

(2.2)Definition. vy _(X)=dim F_(X)=dim H’(X,0(mKg+(n-1) [D])).
We can redefine the Kodaira dimension as follows.

e s . 0,%
(2.3)Definition. Let L ERRRRRL 2 be a basis of H (X,O(mKX+(m-1)[D])).
Let o be the meromorphic map defined by [wo:--f:wN] of X into PN.
Put N(X)={m>0|dim H’(X,0(mKg+(n-1) [D]))>0}. Then

meN (X)

" max {dim @m(f)} if N(X)#4,
K(X)={ A
- oo i_f N(X) =ﬂ’-

(2.4)Example. Let D be a hypersurface of degree d 1ann which

has at most normal crossings. Then K(Pn-D)=n if d>n+1 and K(Pnﬂﬂ



= : P dn+1 . n+l
=-o jif d<n+l. Next put Ua—{z1 *eetzog =1} in C . Then k(U))
=n if Zil/ai<1. Here we represent a classification of comple-

ments of finite points on compact curves.

K 1Y{=g Yy (m>2) structure

~o| 0 0 P,

0 1 1 : elliptic curve

P,-{a}, P, -{a;} -{a,)}

0 | m(k-2)-k+1(except k=3, w=2)| -1 S {a }, k23

1 1 mk-k elliptic curve-LﬁEi{ak}, k>1

g>2| m(k+2g-2)-k+1l-g curve of genus;Z—Uizl{ak}, k>0

Let X be again a complex manifold of dimension n and X a
smooth compactification of X with D=X-X. We remark that Fm(X)
has an invariant Hermitian metric. So Fm(X) is a finite dimensional
Hilbert space ([17]). The Kodaira dimension g (X) has the following

relation with K(KY+D,Y).

(2.5)Proposition. If «(X)>0, then K(X)=K(KY+D,Y). Further «(X)

=n if and only if K(KX+D,Y)=n.

The first part of this relation alsec holds without the

assumption that D has normal crossings (See [17], Appendix).

(2.6)Remark. When X is a smooth compactification of X, Iitaka
calls K(KY+D,Y)‘the logarithmic Kodaira dimension of X and writes
it by k(X) ([9]). He proves that «(X) is a proper birational
invariant of X. From Theorem (1.2) and Proposition (2.5), it
follows that if «(X)>0, then k(X) is a bimeromorphic invariant.
But the following examples shoW that in case k(X)=-« , k(X) need

not be a bimeromorphic invariant of X. We consider several
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compactifications of G*Z. We have, by (1.3) K(E*2)=-m. 1)

C* éP &/ 21 I,Vﬂih three lines Hl’ HZ’ H, in general position.

3

In this case KGPZ 1H; ) 0. 2) C*Z#Plxﬁwl—&L41 L;» where

Ly=a,x P;, i=1,2 and Li#Pbei , i=3,4. We have E(P P, -V, 4 LL:)=0.

1°
3) C* =S-E, where S is a Hopf surface given by s=c? -{0}/{g} with
g:(zl,zz)*~% (dpzl+kz%,azz), A#0, 0<|a]<1l, fora positive integer p
and E is an elliptic curve given by E=(E24{O})ﬂ{z2=0} /{g}(See [7],
for details). In this case; we have KS=-(p+1)[E] and then k(S-E)=-=,
4y E*2=F—D, where F 1is a;Pl-bundle over an elliptic curve con-
strucfed by Serre ([5], p232) and D is a section with D2=0. we

also have x(F-D)=-w,

In case X is given by X=X-D with a singular divisor D on a.
compact complex manifold X, it is not so easy to claculate k(X).
Here we give a method. According to Hironaka, there exists
a desingularization m:X* —— X such that ﬂ_l(D)=D* has normal
crossings. Let w_l(Sing D)=ZiSi be the irreducible decomposition
of the exceptional set of m. Let RTT be the ramification divisor

of m. Set 8D=N*D-D*-Rﬂ. We can write 55D=Zitisi with integers ti'

{(2.7)Definition (Shiffman [18]). Let A be a divisor on X passing
through the non-normal crossing points of D. If we write m*A=A+
lelsl, where A is the strict transform of A, then pA>1 Define

YA,D=m?X{ti/pi}’ where x' means max (x,0).

(2.8)Proposition. We have

Y (02dim KO (X,0 (mkg+ (m-1) {[D] -7, p[AI}).

— * Y% —+]- X
k(X)= K(K +D* ,X*)> K(KX+D YA,DA’X)'
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Proof. Note that [ED]zﬂ*(KY+[D])-(KY*+[D*])' We have, by

definition K(YA Dw*A—éb,Y*);O. The assertion follows from this.
b

(2.9)Corollary. Let D be a singular hypersurface of degree d in
P_. Let A be a hypersurface of degree a in Pnpassing through

the non-normal crossing points of D. 1If (d—n-l-yA Da)>0, then
5

< (®_-D)=k (P_-D)=n.

3. Quasi-Projective Manifolds with x(X)=dim X.

A complex manifold is called a quasi-projective manifol if
it is given as a complement of an analytic subset of a projective

algebraic manifold. In [17], we prove the following facts.

(3.1)Theorem. Let X be a quasi-projective manifold of dimension
n. Assume that k(X)=n. Then X satisfies
1. Any non-degenerate holomorphic map £ia%a™ 1l 5 X can
 be extended to a meromorphic map from A" tb any compacti-
fication of-X.' HerebA is the unit disc and A*=A-{0}.
An equidimensional holo: rphic map is called non-
degenerate if the Jacobian does not vanish identically.
2. Every biholomorphic transformation of X extends as a
meromorphic transformation of any compactification of X.
3. bLet Aut (X) be the group of biholomorphic transformations
of X. Then Aut(X) is a finite group.
4. X is measuré—hyperbolic.

4'. Every holomorphic map £, X degenerates.

" These properties show that in this case X behaves 1like a

projective algebraic manifold of general type.
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4. Concluding Remarks.

A. Let D be a bounded symmetric domain of dimension n and
' a totally discontinuous group operating on § such that x=9D/T
has a compactification. Let m:Q—> X be the projection. In many
cases,the space W*Fm(X) corresponds to the vector space of cusp
forms on §J (For instance, see [6],[10]). So it is expected that
this phenomenon holds in general. Moreover we have the following
question: Let X be a complex manifold of dimension n. If the
universal covering manifold of X is a bounded domain in En, is it

true that x(X)=n?

B. Let Y be a complex manifold of dimesion n and Z an ana-
lytic subset of Y. We set Fé(Y) ={w€rHO(Y—Z,O(mK))/HO(Y,O(mK))l
w is locally integrable across Z, i.e., for every point xe&Z,
there is a neighborhood U of x in Y such that w 1is integrable

Y/ ' . ..

on U-ZOWU.} 1If codim Z>2, then Fm(Y)={0}- In case Z is a divisor
D having normal crossings, then we obtain

D 0 0

FLo(Y)= H"(Y,0(mK+ (m-1) [D]))/H" (Y,0(mK))
(cf.Theorem (2.1)). Take neighborhoods U, U' of Z in Y. If UDU',
then we have an inclusion Fi(U)LaFi(U'). Hence we can define
BL(yy=1im FE(U). Put vZ(Y)=dim FZ(Y) and vZ(Y)=dim FZ(Y). Then
m Tom : Ym m T m-
yi(Y);;?i(Y)=iO(mn). Further we can define KZ(Y) and QZ(Y) in a

similar manner as in (1.1).

Next in case Y is a complex space, letting m:Y* —>Y be a
Z

m

1

* . * -
desingularization of Y, we put y2(V)=y2 (Y#), $Z(1)=42"(v#) with z#=r""(z

(4.1)Proposition. Let X be a compact complex manifold of dimen-

sion n and D an effective divisor on X. Put X=X-D. Then

P (M<y, X<P (D+F %),



Proof. This follows from the exact sequence
0 — HO(X*,0(nKgs))— H (X*,0 (mKgy+ (m-1) [D*])) — FD (%) —>0,
where X*,D* is a desingularization of X, D such that X* is a

smooth compactification of X. Q.E.D.

We consider the special case in which Z=y is an isolated
singularity of an n-dimensional compléx space Y, For simplicity,
put ym=?£(Y). Let m:Y*——>Y be a desingulariztion of Y.

For a neighborhood U of y, put U*=ﬂ—l(U). Define

=d1 1 0 - 0 * . = -
L dim L%% H" (U-y,0(mK))/H (U*,0(mK)). Put O =T Yo Then cm;O.

and Yl=0. It is easily seen that if y is a quotient singularity,

then om=0 for all m (cf.[1],[2]). Question: When gm=0? When Ym=0?

(4.2)Example. Suppose that w-l(y)=E is Pn—l and E|E~(-e), where
(1) means the hyperplane bundle oniPn_l. In this case, we get

easily that om=0 for all m and if e<n, then Y= O for all m.

In case dim Y=2, Laufer showed in [15] that o,=0 if and only

1
. 1 .
if y is a rational singularity. Precisely he proved dim R“W*OU*

=g Knoller [11] calculates Lo and lim rm/m2 for several

1°
m->-

singularities. In particular, the condition rm=0 for all m

characterizes the rational double points (See also [12], for

an application).
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