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0. A. Oleinik
Lecture No.?2

Analyticity of solutions and boundary
value problems in unbounded domains

for parabolic systems

A new approach 1s given here for proving uniqueness
theorems, based on the use of apriori estimates of the analytic
ucontinuation, with respect to an independent variable, of
solutions of some auxiliary systems (see lecture 1). This
approach can also be used for the study of the behaviour of
solutions of the Cauchy problem and of the boundary value
problem, of the fundamental solutions and of the Green
functions as |[x| »+ =.

Similar uniqueness theorems for the Cauchy problem for
parabolic systems in the sense of I. G. Petrovsky [1] were
proved before by different methods.(See for example, [2],
(37, [43.) More general parabolic systems were considered
in the paper [5]. A short note on the uniqueness theorems
and the method discribed here is published in [6], [7]1, [8],
the full proofs are given in [97].

Let w be a domain in the Euclidean space RQT% =
(xl,...,xn,t) bounded by the planes t=0, t=T, where T=
const. > 0 . In the domain w we consider the system of

differential equations of the form



N B

(1) ] ) a%‘?(x,t)@i 3~1§ =0, 8=1,...,N ,
j=1 [on|+2b8_§_sz+tj J 3t
. o o
where & = —i—%;— , k=1,...,n , %= 9 1...gn™n ,
Xy 1 X x4 X,
u==(ul,...,an), lal = a;t--++ o , b 1is a positive integer,

> 0,

sl,...,sN,tl,...,tN are integers, such that sj < 0, tj

j=1,...,N, (sj+tj) = 2bm, m 1is an integer. Let us set

| o~

Ly(x:6,8,0) = || ] a 80, 0)%P) L n,=1,.. LW,
|o|+2bR=s  +t ,
L]
We suppose that system (1) is uniformly parabolic in w.
This means that the roots Oysece>0, of the polynomial in

the complex variable o
P(x,t,8,0) = det L (x.t.£.0)

for any (x.t)€w and any & = (51,...,gn)é;R2 satisfy the

inequality
' 2b
Re GS(X,t,g) < -x|g|°", A=const > 0, s=1,...,m

A

We denote by gzo(x,t,g,o) the matrix szal, where
Qzal(x,t,é,g) is the reciprocal matrix for dfo(x,t,g,o).
Suppose that for t¥0 the initial conditions are given in

the form



B

¥ aB a &Yy
O ) Cpy () B —4= = 0, h=l,...,m
j=1 ]a|+2bB§Ph+t. ot
= J
where Py are negative integers, h=1l,...,m. Let conditions

(2) be the uniformly complementing initial condition, (see
[5]1). The complementing initial condition means that the
rows of the matrix

Fa
K = CO(X,O,G)DCO(X,O’O,O) *

(x,0)

where

Colx.E,0) = | ) ng(x)gaoeu , h=1,...,m;
|a|+2bB=P +t J
J j=1,...,N,

are linearly independent moduls o for every xew N{t=0}

Set

mol S m

K(x,0) = || ) dy s (x)o I (mod ¢ )

- J

s=0
The matrix

S

lag,; Gl

has m rows: h=l,...,m, and mN colums: s=0,1,...,m—1;
j=1,...,N. Under the complementing initial condition (2),

the rank of the matrix Ildij(x)“ will be m. Hence, if
M, (r=1,...,k), denote all the m-rowed minors of Hdii(x)ﬂ,
not all of the M° will be zero and, in particular, A(x)

= max |M (x)| will not be zero. Set Ay = inf A(x)
l<r<k X€RY
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For the uniformly complementing initial condition on
w N{t=0} the constant AO is positive.

For systems which are parabolic in the sense of
I.G.Petrovsky, the initial condition (2) lead to the Cauchy
data, (see [5]).

We introduce the space Cs’b(A) of functions u with

the norm

Q
)

Tl 5°° = sup ] 1 2y

lo|+2bgss  * atP
In order to study system (1) in w with the initial conditions

(2) for t=0 we consider in the domain § = w X {|xg] < =}
n+2

of the space RxO,x,t = (xo,xl,...,xn,t) an auxiliary system
of the form
q a8 o, 8 b, B
E N S 238300, 0) D% (2 + 897 v =0,
J=1 |o|+2pBss 4t J 0 J
2=1,....N,
where )3 = —i5§-, with the initial conditions for t=0
%0 0
of the form
N oB 0,9 2b\B
CONEED) ) Cri(x) D (5¢ +& )" v.=0 ,
J=1 |o|+2bB<P, +t; J 0 J
h=1,...,m.

It is easy to see that the system (3) is uniformly parabolic
in € by virtue of the uniform parabolicity of the system
(1) in o . In addition, the initial conditions (4) is the
uniformly complementing initial conditions on Q N{t=0}

for the system (3).

The further investigation of the problem (1)-(2) is
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based on the theorem concering the analyticity, with
respect to the independent variable L of solutions of
the problem (3)-(4).

The proof of the analyticity, with respect to Xq> of
solutions v=(vl,...,vN) of the problem (3)-(4) uses the
apriori estimate, proved in the paper [5] and the Morrey-

Nirenberg method.

Let us set

Q {xo,x,t; IXO] <R; |x] <R, 0 <t <1},

T

R
wg = {x,t5 [x| <R, 0 <t <1}

QG(A) = {xo,yo,x,t; (xo,x,t)tiA, [yo| < 8§ }.

Theorem 1. Suppose that v={( v,..., v,) 1is a

N

T with the initial condi-

solution of the system (3) in Qp4q

tions (4) for t=0. Suppose that

B -s,+1,b a;B; 7Pﬁ+1,b
(5) [la'zj‘lﬂ + ”Chj ”t:o i M
for £,j=1,...,N, h=1,...,m, |a|+2bB < S+t o’ [+2bB" <
Ph+tj’ M = const. Then any solution v = (vl,...,vN) can

be extended into the domain QS(QE) as an analytical vector-
function of the complex varilable Xo+iyo and the following

estimate holds:

N Lot N
(6) ) sup % % < Cq y sup | v.| ,
J=1 g (qTy lol+208st -1 9t J=1 o1 J
¢*"R ! R+1
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where &, Cl are positive constants dependent only on n,
N, m, b, A, M, AO, (they do not depend on 1 and R).

Now we prove the uniqueness theorem for the initial
value problem (1), (2) in the class of growing functions

using the analiticity theorem 1.

Theorem 2. Suppose that the coefficients of the problem
(1)-(2) satisfy the condition (5) and u = (ul,...,uN) is
ti+l,b .
a solution of the problem (1), (2) in w and uJE(JJ ’ (w)

for any bounded subdomain ® of the domain w, Jj=1,...,N. If

0
(7 Fuyll _’[b < exp{GiIqu} s
® .
R
here - —2b__ §, = const i=1 N, then u = 0 in
W q 2b-1 B 1 s J 5 v e iV =
w for 0 <t <Ty<T

0 R TO = const.

Proof. Consider in § the auxiliary system (3) with the
initial conditions (4). It is easy to see that if u is a
solution of the problem (1), (2), then v(xo,x,t) = u(x,t)x
exp{iuxo-pzbt}, for any Llefﬁg is a solution of the problem
(3), (4). For this solution the estimate (6) is wvalid.

Therefore, for R=1,2,... we have

N N
(8) Il vl®® <oy T v %0
521 Jdg.el) T k= KT
§'"'R R+1
From (8) it follows that
N 2b N 2b
(9) Y Ie™ Fug % < oo ] et Ty %P
i=0 wR k=1 wR+1
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Using successively the estimate (9) for R = R

O’
RO+1,..., Ro+s, we obtain
N 2b N 2b
T le™ Full%P < expis( oo —sw)} T fle™™ Fu |00
J=0 Il 1 k=1 K wr
RO ) Ro+s
and also
y 0,b 2, N 0,b
(10) Y Ju.l U2 < exp s(hnc,-su)+Ttu Y ¥ Ju |2
=0 I wl 1 k=1 ¥ ol
J R, RS

Using the condition (7), we deduce from (10) that

N
(11) ) HujHO;b < Czexp{s(l%LCl—Su)+Tu2b+51(RO+S)q}a
J=0 wp
0
02-const.
1
_ 2b-1 .
Then we set W = s . From (11) it follows that
N 2b 2b 2b
(12) ) HuJIO’b < C exp{sika ~652P=1 Lg2b=1,5 (R +s)2b_1 }.
.2 J = 2 1 170
j=0 Wl
Rg
If T+61 < §, then the right hand side of the inequality
(12) tends to zero as s - o . Therefore, in this case
u. 0,b = 0. It means that u, = 0 in w , since R is
Jn T J 0
w
Ry
an arbitrary number. If the inequality rt+§, < § 1is not

1

valid, then we change the variables for system (3) with

initial conditions (4)
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new variables we have the same § in the inequality (6),
but 51 can be arbitrarily small, if © 1is the inequality (6),
but 61 can be arbitrarily small, if 0 1is sufficiently
small. It proves the theorem 2 for TO < 6.

In the same way the uniqueness of the solution of the
boundary value problem in an unbounded domain can be proved
in a class of growing functions and also the behaviour of

solutions of parabolic systems as |x| > © can be studied

(see [6], [7], [81, [91).
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