goooboooogn
0 2920 19770 9-19

“CERTAIN RIGHT REGUIAR BANDS

Reikichi Yoshida

0. Abstract. A band is called a right regular band if it

satisfies xyx = yx. Theorem 1 in Kimura [2] proved that a right
regular band is a semilattice of right zero semigroups. Hence the
'fine structure of a right regular band is obtained by constructing
all J—compositions of a system of right zero semigroups. Theorem 4.3
in Yamada [6] discussed its problem using the concept of the free
product. We shall discuss the same problem by more effective method.
Purthermore we shall describe certain right regular bands. We use

the natations of Clifford and Preston [1] without comment.

1. Preliminaries. Let S be a semigroup. /\=§A§ [P=§P}, ﬁéo),
P(o)] denote the full left [right, inner left, inner right] translation
gemigroup of S. A structure semilattice means a lower semilattice.

1 denotes the identity mapping. A chain C means a semilattice in
which BY = B or 7 in C.
To each ¢ in a semilattice [chain] T' assign a pairwise disjoint
semigroup SO={x0,y0,i--§. Let S=lJ{SO: 061“}. If S(o) becomes a
, : =X ¥, if o=1,
semigroup by defining a composite () by X5°yr§
, < SGT otherwise,

then S(.) is said to be'a semilattice [chain] or an.Jl [GLT

composition of a system ;so:'oe{qf of semigroups. 5 £
T F &

An T- [v-, Y-] semilattice means a semilattice having LAFS §
: Bls Y

al s T
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the structure isomorphic with {§,7,a} | {Y,B,af,{g,?,ﬁ,a}] defined

by Table 1. An T~ [ J@r,_g;‘] composition means an;f—composition

of which the structure semilattice is I~ [V-, Y-] semilattice. We

‘write ;rIEJA if A and p are linked.

2. J;—compositions; Let SB and SY be any semigroups. If to

each element t of S, we let correspond a left translation Ay(t)

B

and a right translation py(t) of Sy, respectively, such that the

following conditions (C), then {(Av(t), pp(t)): t{fSB} is called a

system of strictly linked translations:

(c) S{)\y(t2)vk7(tl)=>\7(tlt2), pw(t)ofﬁi\y(t),
py(tl)p?(t2)=py(tlt2)v )\-’(tl)P'T(tZ):p?(tQ))\y(tl)~ .

Theorem 2.1. [7, Theorem 2.1] Let C be a chain, and to every
element a of C assign any semigroup Sazgaa’ba"'°§' Let § =
Uls,: «€C$. Assume that the following conditions hold:
(2.1.1) To each pair ¥,B€C, ¥<B, there is a system of strictly }
linked translations.

(2.1.2) If $<¥<a, their translations satisfy the next equations: -

As(Byroy(d N=Agb INslgy)s  Asley-ryla))=rgley)rsla,),
pslEy-ry(b ))=o4(b los(gy)s pg(gy-p,,(aa))=pg(g,)pg(aa? ,
Msleylos(a)=og(a IAglgy) s ISNCIINCMEINCISE R

Then S{+) becomes a ﬁ?composition of %gx: aégcf by defining a
composite (o) in S as follows:
uo-Ao(yT) if o<1,
(2.1.3) YooUy = yT-pT(uGJ if 1<o,
Yol . if o=t.
Convérsely, every glcomposition of %SG: oe§C§ can be found in

this way.

Theorem 2.1 is rewrited in the following for a system of left
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reductive semigroups. P(k) denotes the set of all right translations
naving a linked left translation. A denotes the correspondence

which prescribes for each p in P(k) left translations linked with p.

(2.2) 1If a semigroup S is left reductive, then the corresporndence

A is one-valued.

Corollary 2.3. [8, Corollary 2'] To every « of a chain C, assign
a left reductive semigroup Sy let Aa be the ﬁapping of Pék) into
Aa described in (2.2). Then every é;composition of %Sa: aé£C§ is

A . (%)
T<p, of SB into PY

completely determined by homomorphisms wB 77

s

satisfying

(2.3.1) [gy-(ag v )Tty c=(g vy Na_ -t )
7 & (x,? . ?,8 Y ?’g .a a,g % fOI' S<T<a inC.'.

(2.3.2) Ley {lag vy, y)-LyfTvy s=(ag-v, I leyvy g)

Now we shall treat a system of right zero semigroups.

(2.4) Let S be a right zero semigroup. Then
(1) A =131} and P =7f;

(ii) o £k 1 for all aé?s.

(2.5) Let C be a chain. Tor évery «€C let S be a right
zero semigroup. LetvS=\JfSa: «€c}. To each pair £<¥ of C, we
let correspond @& homomorphism 2&,5 of Sy into j%ssatisfying
(2.5.0) Ley-(ay- Xy )Xy s=(ey- Xy 5) (2 Xy 5)
(2.5.2) gr'xr,f(aa'xa,s)(gr‘X/r,S)
Then S(.) becomes g Grcomposition Qf {Sa: af{C} by defining a

f for $S<¥a« in C.

product (<) in S as follows:

(2.5.3) v

7 {yT.(uO.XO,T) if T<0’
ol =
T [¢]

u if 1Z=o0.
Conversely every g—cqmposition of {Sa: a:ecf can be obtained

in this way .



Yereafter we shall consider a partition n:of'a‘semigroup S as
the equivalence relation on S defined by sTt (s,t€S) if s and t©

belong to the same member of T.

(2.6) Let ST and S; be two right zero semigroups. Then we
take a partitiqn ﬂ;'s of Sg; where ﬂ;,s:58=lJ}SF: f“EPAL To every
g(gsy. fix an element u,(g) from each equivalence class SF of Sg
mod ﬂ;'s. Ve define X;.S by uvo(goxg’;)=ur(g) for all uvg,sv.
Then X%’S is a homomorphism oflS' into :@s' |

Conversely every homomorphism 2;’5 of SY 1nto.3g8 can be

obtained in this fashion.

Theorem 2.7. Let C be a chain. For each aeC assign a
pairwise disjoint right zero semigroup Sa‘

(1) PFor every palr y,a in C, y<a, we take a partition T Y
3

of SY such that

(2.7.1) 1if 68<y<a then "7’6 =R Y

| : : = : : d
that is, let 7 {SE Ees }, L {s]J ueti} an

a,y’
Ty, 8! v(n)’ v(u)eN(u)f.ueP.}.
(ii) For each aeS L geSY, aeS ], let {Eg(a): EeZ}

({1, (&): uepll, (T

Yy (u

{s

)(a): v(u)eN(u), ueﬂ}] be fixed elements from
equivalence classes Sg [ Su, Sv(u) ] for indices in (i). Suppose
that they have the next connection:

(2.7.2) If g

o,y h, then uu(g) LI uu(h) for all ueﬂ.

(2.7.3) Let ueﬁ and aeSa. Then
uu(zg(a)) T

o, ﬁu(Eg.(a)) implies ﬁu(Eg(a)) = GU(EE,(a)){

(2.7.4) Let aeS,. If u (zg(a))eS ( .y, then E\)(u)(a)=uu(zg(a)).



13

- Then we can construct a §-composition of {Sa:\&{EC}o

Conversely every Elcomposition of %Sds aewjfcan be so constructed.

5 . ’ 7y
Proof. Sufficiency. Define 2;,7, Ny 51 2;,3 by
z, .(a. =z,(a), z2,€S,3 u, .(g.} =u, (g - S,
(2.7.5) ﬁ 2 ( XQ,Y) S( Y 5;‘& _7'_ (g XT,S) u(l((g)o u{,kﬁ H
So() (B ke, 51700 (&) B Sy B

3.K%rcompositions. Let14=§7,8.aj be a V-semilattice. To

each element of'T, assign mutually disjoint any semigroup SY=§g.h,
oog, SB=§C,C1,-0-}, Sa=§a,b,---}.

Theorem 3.1. [7, Theoren 2.2} Let S=S?USBUS&. "Assume that
the following conditions hold.
(3.1.1) There is a system of strictly linked translations between
5, and S, [SB and S,].
- (3.1.2) There is a mapping & [v] of SgxS, [SaxSB} into S,.
f3.1.3) The connection between their translations and their

mappings is given by

% AeIr(a)=Ac, oy.yr AMa)rled=re, .y.9
pla)ple)=p(, oy yr plc)o(a)=p(y oy,
A(c)e(a)=p(a)r(c), MaYo(c)=p(c)r(a),

(abjc).v=[(b,c).v]-A(a), (c,ab).6=[(c,a)-€]-p(D),
{ [(a,e)-v]-p(b)=[(c,b)-8]-A(a),
(cd,a).6=[(d,a).8]<A(c), (a,cd).v=[(a,c)-pl-p(d),
% [(a,a).y]-A(c)=[(c,a).-0]-p(a).
Then we can construct ané%-compbsition of §sy, Sy Saf,
Conversely every J}-composition of %S,, SB’ Sai can be so
constructed.
Proof. Sufficiency. Define a composite (&) by
A 3c-a=(c,a)-9; aec=(a,c).vy,

asg=g-A(a), ceg=g-A(c), gea=g-pla), gec=g-p(c) {§
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We have the next theorem for a system of right zero semigroups.

Theorem 3.2. Assign mutually disjoint right zero semigroups
Sy, SB’ Sa. We take two partitions of SY: (T
(3.2.1) T 4 syzU}ssz zef, (3.2.2) (P s,:Ugsz: 'ZGHf.
Wor any element a in Sa’ we fix Zg(a) from each Sg such that
(3.2.3) there is z(a)e H satisfying Eg(a)efs?(aj for all 5652,
For any c in Sg, we fix Zz(c) from each SZ such that
(3.2.4) there is §(C)€Z' satisfying ?S(C)EESg(C) for all ZG}L
Then we can construct an g@-composition S(o)=SYU86USa.

Conversely every d%—composition of {sy,sﬁ,sa} can be so

constructed.

4.)X-compositions. Let'T={a,a,1,$,---,o,---} be any semilattice.

}(S) denotes the translational hull of a semigroup S and let 2(s)
=i(As,ps): s{iS} bevthe translational diagonal of S. The following
theorem is dge to M. Petrich.

Theorem 4.1. [5, Theorem 7.8.13] For every o in a semilattice
'T, let Scziao,bc,co,---f be a weakly reductive semigroup where So
are pairwise disjoint. For every pair 5,7614, 5<v, let‘Zy,g be a
mapping of Sy into #(sg) satisfying

(4.101) S 'i :(}\ ,p
0 0,40 S0 SO

(4.1.2) i agp, BEo, then (S -J  .0)(SgXg 40)SH(S,p),
(4.1.3) if S<aB, then

) for all soeso,

[(aa'xa,aB)(canﬁ,aB)]5xa8,;é'zaﬁ,sz(aa'xa,S)(CBUXB,S)'

Define a composite (o) in SzlJ}S ceT'$ by

(o]

fa ° %g T [(aa'%a,a‘B)(CB'Xﬁ,aﬁ)]%‘aB,;é‘

Then S(.) becomes an ﬂLcomposition. Conversely every JLcomposition

(4.1.4)

of a system of weakly reductive semigroups can be so constructed.



(4.2) If S is a right zero semigroup, then {(S) is isomorphic

onto :@ by (l’“)**a-

. Theorem 4.3. Iet T be a semilattice. To each ce] assign a
right zero semigroup So’ where\ So are pai'i'wﬂisef‘disf}beint. - To every
pair 1,0€l, :1<0,.~‘§?’er;@a%§ia partition 7{0 ;-and fixed elements

Rk ’ -
satisfying the following condition.

Let {6 ’V,B,a} be a Y-subsemilattice of T. Iet 85=}u,ﬁ,ﬁ,o-~} )
S.’=§gv,h,-:-z,§,---f, Sg={c,-+} and § ={a,-.-{. Assume that
(4.3.1)-(4.3.3) hold.

(4,3.1) As in Theorem 3.2, we take two partitionms Mg,y and TCﬁ Y
&y y
of S, and fixed elements Es(a) [5,((c)] from each S, [S;(]
. S
satisfying (3.2.3) [(3.2.4)].
. (4.3.2) wWe take a partition ﬂ;,s of Sé.: Séz U{ SH: lué(«if; and we
fix uy (g)€ Sy for g€S., and .

x Up(e)€ Sy Tor g€y and pefl
(4.3.3) As in Theorem 2.7, we take a partition 7[(;,8- of Sg
satisfying (2.7.1)-(2.7.3). Similarly for [, .. We fix 0, ,(a)

Byo ﬁ(ﬁ)
€SV(P) as fo;lows: |
N - = uy(z,(a)) if uy(zy(a))€s, .
(43.3.0) Gy B AR

H € Sv(r)n[uy(z?(a)(c))fﬁ.g] otherwise.
Similarly for ﬁ)((‘l)(c)' Then we can construct an ,j-composition
5(=)=U}s : oeTH.

Conversely every ,X-cbmposition of a system of right zero

semigroups can be found in this fashion.

‘5'. Certain g—compositions. We shall discuss certain @j—
compositions of right zero semigroups.

Let C be a chain, 3=|C|. To each a€C assign a pairwise
disjoint right zero semigroup Sa' Let S(e)= U{Sa: aeCl ve & §-

composition. Iet Y €C. A (@,(,0)- [(@,¢(,0)=, (L,0,E)=, ((,0,w)-]

15
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right regular band means a ¥-composition S(e) such that 7], <. §
. ?C

[7[&,7' T<a, 7‘.-7’{” g< v, 7((!

- \@y if Y = 7<a,

ils if §<¥ <a,
: ‘La,f}

satisfies T_

<=
o . .,
’° %u.)r otherwise L otherwise,

Ly
L, if 70< T<a, E

e BT
Wy otherwise .

by ,s= ‘a.f{

Ld_ otherwise,

Let §,Y€C, 5<7V. Pix u e Sg. Define a constant mapping

fy'g(uo) by g-g’y,a(uohuo for all g€85,-

Theorem 5.1. Let C be a chain. To every a-<C associate

L7’ a < ¥] described in Theorem 2.7

a

(\'d

right zero semigroup Sa' and suppose that'So( are pairwise disjoint.

et 5=U3s : aeCl. Pix Y €C. Let {§, 4* Y= ¥<a} be an

inductive system of mappings. Let }95. Y o< l’_s__?o} be an
’ .

ILet ues

o a€S,. Define a composite () by

u
Nega :{

as%y .5 otherwise.

if §< Vo<

—

™hen we can construct an (@, (,@)-right regular band.

‘inductive system of mappings such that 5’7 ,.5:_6/'7 ,g(uo)' Uy € Sge
: ) o

Conversely every (&,i,8)-right regular band can be so constructed.

U V eeoe k 1 s e g h ooovAc d e g C -
; uV u u u 2 3 \
“’/71(.3" ‘1‘? uo‘u v v R v -
g . 7 " L] 7 gi... o..' R N o o
l ."/ //, ! al | . . . . L
ki || 7 k K k 4 -
AR ZZ // L( 1 1 !
)7 . u: v1 "‘/ Y y ko Oooc . . e o . N .
\ e | : / / ////Q i . . . . e
8] L . o .
\IJ “iVI L) k i 1 ’c.. // Cc P- e sla D e * e
T . Vo 1 . e ﬁ 7 b’? "avy\‘ G(,Y,.'
MRS ‘ - /// "o ° ‘
nr—~ g // ya
H. 1 Ll ST g g |
O = U,Vi LI k 1 o e e g h el 7 R A A Q- by . ..
<)o ; : ) 7 a,L Uy p
( \ PR i ’ /////,/ yaw p ’ !
@ | : { I A
S',(: O u eel K 1 e g‘h .. c d i

L



Theorem 5.2. With same

situation as in Theorem 5.1, let
gﬁh,r: 70g77<ja§ be an inductive

gystem of mappings. Let kegsy,
a€5y Y<o. We define a composite

(o) DY kOazia.?‘x’y if ¥, =¥<a,

k otherwise.

17

Uy eee gh .. a b <o
u/ uju u u
v /__Y A IR v ...
h

3 ‘bc / LR A

: //,af“”'o Foorg
? 7
: i

Table 3

Then we can construct an (@,(,()-right regular band .

Conversely every (@,t,L)—right regular band can be so constructed.

Theorem 5.3. With same
gituation in Theorem 5.1, let
igj?,S: S<¥ =7} be an inductive
system of mappings. Let u<€Sy,
k€Sy, S<Y¥. We define a composite
k‘jay,sif s<T=7,,

(o) by u°K=§
u otherwise.
Then we can comstruct an (l,(,8)-

right regular band.

B/v... ab..:
g /////z
| 7 7k
% 7

; ///

Table 4

Conversely every (L,(,@)-right regular band can be so constructed.

Theorem 5.4.
Pix uoe Sg for all $ where S<70.

Tet S<1<a<?o. Let k_, u

(o]

With same situation in Theorem 5.3, we take v, €C.

be the fixed element in Sy, Sg,

respectively. Select an inductive system %ﬂa’g-: 5<:?<:TO§ of mappings

satisfying ko'5;,9 =u . Let

"

u
0O

]

(¢) by
Xk

uésg,kesy,aesw
if. S< L
k‘yy’g if §<7<107

=%

if YO§§7<:a.

Define a composite
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Then we can construct a (.,&,8)-right regular band.
Conversely every ((,&,&)-right regular band can be so

constructed.

S ; S //,//1 K ik |esdk {k loook |k loes
Y % |- S do a°o d%o
. S < s ’ /,,/ //
—— P B -
oo /s g8 £ |&
. % h h|h nlh
Yy 9. //Tf“ff“
0 . e S
oo IS b
c iy/ IC |C_
Sq % a //// ad
S o /62 ol b
a 7
P 4
I R L
Table 5 :
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Addenda. After I wrote this report, I read B.D.Arendt
"Semisimple bands", Transaction Amer. Math. Soc. 143 (1969), 133-
143. And I knew that my Theorem 2.7 and Theorem 3.2 have similar

contents as Arendt's Theorem 27 and Theorem 24, respectively.



