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On the spectra of certain distance-reguiar graphs

Eiichi Bannai (Gakushuin Univ.) and Tatsuro Itc (Tsukuba Univ.)

In this paper we discuss the unimodal property of distance-

regular graphs.
We begin with the definition of distance-regular graphs and the
unimodal property. A graph ¢ = (V, E) 1is by definition a

|

pair of sets V, E such that E CV x v , |Vl <~ o> , E=E
and E.~ 4 = ¢ , where E = ﬁu, Vj | (v, u) ¢ E f and /A =
%(v, v) | v ¢ Vf . Elements of V and E - are called vertices’
and ggggg‘respectiQely. For u, v ¢V , dfu, V) denotesithe‘
length of a shortest path joining u and v ((ﬂv unless there

is such a path), and d denotes Max d(u, v) ; d(u, v) and
: u,veV

d are called the distance between u and v and the diameter

of £  respectively. For u, w ¢ V and integers i, j, k €&

L
Phytu, w) = # {vevid, v) = 3§, dlv, w) = if
where h ='d(u, w) . P
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Definition #f is a distance-regular graph if each
T o

Pjh(u,w) is independent of the choice of u , w with h =
_d(u’ W) \

In the following we always assume that @; is a distance-
regular graph with diameter d < o and |Vl = n , and we simply

. i . i 1 .
write Pjh instead of Pjh(u, w) . P10 is called the valency



and denoted by k

Let A = (a,,) be the nxn matrix defined by

a ='*1 R if  (u, v) E

. otherwise.

Let B = (bij),fbe the (d+1) = (d+1) matrix defined by bij =

Pij . A and B are called the incedence matrix and the

intersection matrix respectively. A is a symmetric matrix with

size n , and B is a tri-diagonél matrix with size d+1 which
hésbcolumn sum k . Let us recall some well known properties
of A and B . The algebra over (€. spanned by A is isomor-

phic to»thaf spanned by B by the correspondence A +——> B

(this is the regular représehtation of <A>) . A  has d+1
distinct.eigenvalues and they are all real. Let PO, El""’
g}d with 4 N 592 e éid be the distinct eigenvalues of

A and 'm(fi) i=0, 1,..., d be the multiplicity of ﬁi in

A . Then = k and m([d)‘= 1

t‘d

' Definition Q‘ has the unimodal property if there exists

some iy such that m(Pq) Z m(/l) Lree & m(ﬂio] and m(530+1)

S {. e :
_ )Im(_\ igez) > > m(ly) }\m(l)
We are convinced that the : /‘ } \
) o 5 #Mm»»« > &
problem below is the first step 4 fa 44

to the claSsification of distance-

regular graphs.
Problem Classify distance-regular graphs with intérsection

matrix:



[y}
(2]

B = k-1 o ) with ¢ integer.

k-1 k-c /

So far the following results are known.

Theorem (Damerell-Bannai-Ito) If ¢ =1 and d 2 3 and
k 2 3 , then there exist no such graphs.

(If ¢ =1 and d = 2 , then the classification has been com-
pleted except the case k = 57.)

Theorem (Georgiacodis [2]) If k = even and d z 12 ,
then there exist no such graphs.

It seems to us that distance—regulér graphs Have the uni-
modal property in general (but not always) and the property
greatly contributes to their classification. For example, our
main theorem below helped Georgiacodis proving his theorem.

Theorem ([1])  Let g be a distance-regular graph whose
intersec¢tion matrix B is of the form (%) . Then ¢f has the
unimodal property. A

Corollary [Q(f&) : Q] €2 fori=0,1,...,d

Proof If‘ ﬁi. and §j are algebraically conjugate,
then m(@i) = m(fj1 2

“Three distinct eigenvalues cannot have the same multi-
plicity owing to the theorem and so cannot be algébraically
conjugate.

Outline of the proof of the Theorem (For the details, see

[(11.) As is well known, the minimal polynomial of A 1is the
same as that of B. and has a factor (x-k) . Let (x—k)Fd(x)

be‘the minimal polynomial of B , and (xjk)Fd_l(x) be that



with size d
0 1 )
/
k-1 k-1/
Then applying the general theory of tridiagonal matrices with
column sum k , we have

nk (k-1)¢71
(k- )Py (OF3()

m({) =

for root { of Fd(x) , where Fé(x) is the derivative of
Fd(x)_. Transformiﬁg (#%) modulo Fd(ﬁ) , we get m(#) =
Q(&}/f(f) for 'some polynomials P(x) , Q(x) of degree no more
thanAthree, By elaborate and somewhat tedibus calculation we
get the unimodal property.

Inygéneral let

k by a, \
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\\ Ci-1 bi ;‘f

for 1. =0, 1,..., d , where aj+bj+cj =k for j=20,1, 2,...

d and b: =b.+c. for i=20, 1, 2,..., d . Let (x-k)F.(x)
. 1 1 1 1

be the minimal polynomial of B, . Then there is a recurrence
formula for the Fi(x) , and by the formula we can regard the
series of polynomials Fo(x) ,vFl(x) s e, Fd(x) as ortho-

gonal polynomials with respect to certain discrete weight. The



identity- (#%) suggests a relationship with the Christoffel
number (consty/fd_l(é)Fé(@)) of orthogonal polynqmials; (cf.
[3]) It is known that the unimodal property holds for the
Christoffel numbers of classical orthogonal polynomials (see‘[B]).
This is one of the reasons that led wus to the following con-
jecture:

Conjecture the unimodal property holds for much far

wider classes of distance-regular graphs.
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