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Exact Solutions to Nonlinear Difference Equations.
Fac. of Eng., Hiroshima Univ. Ryogo Hirota

A method for constructing discrete analogues of certain nonlinear
evolution equations that exhibit exact solutions, is presented. Using
the dependent variable transformation, we transform the nonlinear evolution

equation into the bilinear differential equation of the following form
F(D't,DX) fog = Os

where the operators D

t’Dx operating on f.g are defined by

n_.m

D" D, fx,t) g(x,t)

_ 2 \n /2 2 _\m '
(iri - i'..}_(') (—_E - i;gy) f(x,t)e(x',t")

x=x' °
t=t!
We then replace the bilinear differential equation by the associated bili-
near difference equation, which is transformed back into the nonlinear
difference equation by the associated dependent variable transformation.
The nonlinear difference equation is a differehce analogue of the original
nonlinear differential equation.

In the following, we list some of the results: the nonlinear difference

equations that exhibit exact solutions.
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(1)

Anharmonic Oscillation

d2

5 x(t) = -x(t) - 6x(t)3 .
dt

82 x(t) = ~x(t) - (8/2)[ x(t+8) + x(t-6) ] x°(t),
x(t) =‘xocn(Qt,k),
where
(262)[1-cné0 / an260 1 =1
2 672%%sn%60 = fxoan6Q
and
Ai £(t) = 82 £(t+8) + £(t=8) - 2£(t) 1.

Pendulum

d2

——= § = -sin20 ,
dt2

§ 2 [sin(0(t+8) - 6(t)) - sin(8(t) - 8(t=58))]

= ~(1/2)[sin(6(t+8) + 8(t)) + sin(6(t) + 8(t=6))],
8(t) = am(Qt,k)

where

an?(98) = (1 - 62/2)°/ (1 + 8%/2)2.
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(iii) Two-Waves Interaction

ou  _ v _
— = -uv, - = uv,

13
u(€ + 8,n) - ul& - 8,n) = -28u(g + §,n)v(§ - 8,n)

v(g, n+8) - v(E, n=8) = 26v(&, n+S)ul&, n-8),

u = gl(n) / {Fl(n) + Fo(8)]
v =g,(8) / [F(n) + Fy(8)],
where
gl(n -6) = —(26)—1[F1(n +8) - F(n-96)]
-1
g,(& - §) = (29) [F (g + 8) - F (E - s)1.

(iv) Korteweg-de Vries Equation

u, +.6uu +u =0,
t X XXX

W (t)

= (t) - W

A N
T+ (6 - a-1/2 SRYALE

t

N-soliton solutions.

(v) Toda Equation

2
2 log(l + V() =V . (t) +V () -2V (¢),
2 —/\ N ”~

Atlog(l + Vn(t)) = Vn+l(t) +V o, 2Vn(t)

where

Gn(t) = 6'210g(l + 62Vn(t)),

N-soliton solutions.
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(vi) Sine-Gordon Equation
sin{[ ¢(x+28,t) + ¢(x-26,t) - ¢(x,t+28) - &p(x,t-zés) 1 /4}

= 8%sin{[ ¢(x+26,t) + ¢(x-25,t) + b(x,t+28) + ¢(x,t+28) ] /4},

N-soliton solutions.
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