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On the fixed point set of a unipotent

transformation on generalized flag varieties

Naohisa Shimomura

Hiroshima University

Introduction

Let G==GLn be the general linear group defined over a
field K. Let P be a parabolic subgroup of G. For a

unipotent element u of @&, put
(G/P), = {gP € G/P | u-gP = gP},

the fixed point subvariety of u 1in a generalized flag variety
G/P. The author [2] obtained a locally closed partition of

(G/P)u into affine spaces. vThis is a generalization of a result
of N. Spaltenstein [3]. The purpose of this report is to give

an alternate proof to the result of [2]. The proof in this report
is simpler than ﬁhat of [2] and, it seems, applicable for other
groups. Some applications (in particular, on the character theory
of the finite general linear groups) of this paper are described
in [1] with other results on the Springer representations of Weyl

groups for reductive groups.
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Notations. Let V be a vector space over a fileld K. If
{x, | veI} is a subset of V, then we denote by <Xv' vers>
the subspace spanned by {XQ}. We denote by N the set of all
natural numbers. For neN, let A" be the n-dimensional affine
space over K. If '{Xv} is a family of subsets of a set X, then
X=={§Xv means the direct sum decomposition of X. A partition
A of n means a sequence A =(nl,n2,---,nr) such that ny e N

(i=1,+--,r), nytnstecstn, =n and n;zn,2---2n >0.

§1. Preliminaries

Let G, P and u be as in the introduction. There exists

u =(u1,4--,ur) (resp. A.=(A1,---,AS)), a partition of. n, such

that P (resp. u) 1is conjugate to Py (resp. uk), where Pu is
a parabolic subgroup of G whose Levi subgroup is isomorphic to
r ,
_TTlGLu (resp. the unipotent element of Jordan type diag
i= i -
11, b
(Jqs%Jdg)s J;=| "~ 1|11 ). Then (G/P), is isomorphic to
s i 1 j u
. —
i
G/P .
(@/°)u,

For A, a partition of n, we can assoclate the Young diagram

of type A, in the usual way.

Definition 1. Let A and u Dbe partitions of n. Put

u= (ul’...’ur)

(1) A wup-tableau of type X 1is a Young diagram of type A

whose nodes are numbered with the figures from 1 to r such

that the cardinality of the nodes with figure i 1is My -

(2) A nu-tableau is said to be semi-standard if, in each row,
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the sequence of the figures on the nodes increases (may be

stationary).

Example. If A=(3,2,1) and wu=(2,2,1,1), then

1[3][1] 1[1]3]
(1) |42 (2) |2]2
2] (4]

are yu-tableaus of type X ((2) is semi-standard). If u1=(u1,u2L

then, for simplicity, we may write as B ana as [

Example. If A=(3,2,1) and u=(4,2), then

1]1] %
7

P
Let LU(A) (resp. L“(A)) be the set of all u-tableaus of type

h“ RN

A (resp. the set of all semi-standard u-tableaus of type A).

§2. The Grassmann manifold

Let V'=<vl,---,vn> be an n-dimensional vector space over
a field K with basis {vl,---,vn}. We denote by Gk(V) the
Grassmann manifold defined by the set of all k-dimensional
subspaces of V. Put Lk=’{(sl,---,sk) eNk |1531<s2<---<sksn},
a set of increasing sequence of natural numbers. For
s = (sl,o--,s ) € Lk’ let Ss be the set of vector subspaces

defined by

{<vg_ + I apyvy [lsms<k>|apg eK}.

S
m .

We remark that we can associate to SS the following tableau :
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L) // » 7, LI
v Vv v L e a e Vv
1] " ! ///5m L5k n

The next lemma gives a well-known cellular decomposition of the

Grassmann manifold.

Lemma 1. (1) Gk(V)==§%ﬁ£SS,

(2) <v_, + T a_.v,|lsmsk>=<vg +%ahy.[l£msk%

Smo i>sy ML moT, i

where I, 1is a condition ti>s, 1.#snﬁl,‘--,sk,

k
(3) put e(s)= Zl{(n—sm)-—(k—m)}, then by (2), we have an
m:

isomorphism Ae(s):$ss under a mapping :('-°,ami,---)+—><vsm-+

IZ apiVe l1smsk>,

(4) s, 1s a locally closed subset of G, (V) 1in the K-

Zariski topology.

Let N be a nilpotent transformation of V. We take a

Jordan basis {wij ll'sji.sgi} of V satisfying the following
i

requirement :

=
IA
=
IA
L]
°
*
IA

1 5 Q’d’ Nwij =Wi+1j and NWdJ‘:O'

We remark that this basis forms a Young diagram of degree n and
Of type X:A(N):(d,uoc’d,.oo’l’ o e - s l).
i1 —23-23-1~
Example. Let dimV =8. If N has two Jordan blocks of

dimension 3 and one Jordan block of dimension 2, then

w w w

311721711

W3o|Woo W12

W33 W23
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Put u)‘=1n+N, ln is the identity matrix of size n, then U,
is a unipotent element of GLn=GL(V) of Jordan type A. We

place Wij in the following way :

VITWIg otttV TV Ve 41 g, T e Ve 4, W21 T T s VMg -

For k= (k, n-k) and XA=XA(N), put

. %
-0 = (k- N7 7] | the number of
L-(X) = {k-tableaus of type A} 7 7] is k

We have a bijective correspondence between L'\R-/(A) and Ly by
making a sequence (sl,---,sk) €L, 1f Vsy is in a node .

Then by Lemma 1, (1), we can write Gk(V) = Put

N
Ees i
Gk(V)N = {Wea (V) | N(W) <ul,

N _ N
8¢ = 8, NG (V).

Let LE“‘) be the set of all semi-standard k-tableau of type
%,
A

%

A=A(N), e.g. LE()‘)= é

Lemma 2. Let JLe'LEﬁ). In order to have Slg#d), it is

necessary and sufficient that & € LEO‘)

N —~
Proof. We. assume Sz#d). For this leLR(A), let

Vie, = W90 (m=1,2,°°¢ ; kl<k2<---) be the W, 5 which is in the

m
rightest node in the m-th row from the top in the tableau

obtained by extracting the nodes f:l from &. For example
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v

;// .
N

k3

For We SIE, there exists amj € K such that

v, + I LV, €W =1,2,%°°).
K j>kmamJ 3 (m=1,2, )

By N(W) cW, we have

h .
N & + % a_ .v.)eW (0sh_<d-i_).
(Vkm j>km mj J) ( m m)

m=1’2’c-.,}

h
The set N & + ¥ a_.v, ; . is linearl
set N g, * 0 & 2ng¥y) | osn)sd-1 y

independent and the number of its elements is greater than

k=dimW. Hence the set

hm m=l,2, o .}
N + I a_ .v, .
{ (Vkm 3>k, mJVJ) | O<h <d-i_

must be a basis of W, which implies, by definition,

2 € LE(A) .
Z%
Conversel for a semi-standard £ = € L—=(X), put
Yo A4¢> k 2
%

W= <Wij in 4>. Then We Sl;g. This means that SI;#(P. The proof

of the lemma i1s thus completed.

Let JLELL—{(X). In the tableau %, let Vi, TWiogn (m=1,2,¢°°;

k1<k2<'°-) . be as in the-proof of Lemma 2. Put
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h m=l 2 e e 0 7
_ m A 35S 5 - .
M, = \N Vkml 0<h <d-i } {Wij in Ay .

Lemma 3. For 2 e Lp()), we have

m:l 2 o o0
Vi) | o<n <d-1 ’>
m m

ami i

N hp ami € K,

S, ={{(N + I . .

I3 {< (Vkm 3>k ami=0 1if v ;eM }
Proof. It is obvious that Sg contains the right-hand side.

Apply Lemma 1 (2) to elements of Sz. Then the proof of this

lemma is similar to that of Lemma 2. Thus the lemma.

Definition 2. Let R ¢ LEU‘)' For Vie, = Wiogn (m=1,2,°°°*),
let n(&) ~ be the number of [ ] in 2 which lies in the left-
hand side of the column on which Vkm lies, or in the upper

position than that of an/f in the column on which Vkm lies.
Z.

Put

n() = n(!l,):L +1'1(SL)2 + oo,

We remark thatv n(f) <e(f), where e(f) 1is defined in Lemma

1 (3).

Examp‘le.;Vk3 ol o

For £=/ ///'/VkZ ] 5 n(2), 1is the number of [e] in s.
Z 504 /
OO

In this case n(£)2=n(2,)1=11, n(Q,)3=O and

n(g) =n(z)l+n(z)2+n(z)3 =4 +4+0=8,.
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In view of Lemma 1, (3), we have

Corollary. For & ELE(A), we have

N . .n(2)
Sz =~ A .
Put T2==S§. By Lemma 3, TQ is a closed subset (linear

subvariety) of SZ' Summing up the above statements, we have :

Theorem 1. Let the notations be as above. We have

N _

is a locally closed subset of Gk(V)N and isomorphic

where T, 1is
an(2)

to an n(%)-dimensional affine space

§3. The flag manifold

Let u==(ul,~--,up,up+l) be a partition of n. Put
kj =u1+---+uj (j=1,2,+++,p,p+1l). Then lskl§k2<---<kp<kp+l=11.
For j=1,2,*++,p, we denote Dby tﬁj the flag manifold of type

(k1,~--,kj) defined by
{(Wl’...’wj) ele(V)X"‘Xij(V) lwi Cwi+l (l=j<j-1)3}.

Then, J.

: is isomorphic to Gij+1/P(u1,...,uj+l), where

P(“l""’“j+1) is a parabolic subgroup of GLkJ.+1 whose Levi
subgroup is isomorphic to '”1GLﬂ" In particular, if Jj=p, then
i= i

:ﬁp:!GLn/Pu' For a nilpotent transformation N of V, put
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N . s
3zj = (W) <3y | N ) Wy (1sis))}.
If uA==ln-+N is the corresponding unipoteﬂt element of GLn,
. :
then ‘jﬂp “"(GLn/PU)u)\'

We preserve the notations in §2. For ZG:LEP(A) (Ep=

(kp,_up+l)), put V2=<wij inE>. We remark that v, is a

element of T2==S§. If We TQ, then the projection f :V¥—+Vz
induces an N-module isomorphism f . :W=x5V . -By the projection

W L
‘ﬂ'p :?p -_—> ka(v) ((Wl"””wp)"_)wp)’
we have the following trivialization:
-1
(T Ay X Ty (W) (B (W) 5o o= 5 By, (Wpo1)) 5 W)
Under this trivialization, we have
-1 N__ N
1Tp (T2> nﬁp_,glp._lez,

:ﬁN T,. By induction, we have

N
and therefore 3zp}; p-1 % Ty

QGLEp(A)

N

I 2%

T x T X eeoe X T

— 27 ) Lp?
j:l’oo.’p
where Xj is the Young tableau obtained by extracting .the nodes
with figure Jj+2,¢¢-,p+l. Therefore, we can write

# -

B
ZeLU(A)

where Lu(x) is the set of all semi-standard wp-tableaus of type
A and T, is isomorphic to some Tzlx---XTQp (ljeLEj(kj),

j=l3...’p)'
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Remark. Similarly, we can prove that

= s
T gely(A) 4°?

where i;(i) is the set of all u-tableaus of type A. About

this decomposition, we note that E&’=S§ and S§5£¢ if and only

if 2 .
i eLu(A)

Definition 3. For & ELu(k), let n(f&) Dbe a non-negative
integer defined by the following recurrence rule :

(1) If up= (ul, u2) or (n), then n(f) is defined in
Definition 2.

(2) For u=(u1,--°,up,up+1), put u'=(u1,°",up) ‘and

k =ul+--°+up. Let SZ,:LELRP()\) (Ep=(kp, H )) be the semi-

o) p+l
standard Eb—tableau obtained from & by changing the figures
p+l into 2 (or []) and figures i (1l<i<p) into 1 (or & ).
Let 22 be the u'-tableau obtained by eétracting the nodes with
figure p+l from & and by rearranging the rows in the

appropriate order. Thus £, €Lp,(xp_l) for some partition xp_l

of kp. Then we defines

n(g) = n(ll)-Pn(Qz).

Theorem 2. Let A and u be a partition of n. The

variety (GLn/Pu)ux has a partition
(GLn/Pu)ux = L >\)T,l,

where Tz is a locally closed subset of (GLn/PU)uA and

isomorphic to an n(%)-dimensional affine space An(g) and this
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partition is defined over K.

(1]

[2]
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