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On separable extensions over a local ring

By Kozo Sugano

1. Throughout this paper A is a ring with 1, and B is a
subring of A such that 1 € B. A is a separable extension of B
if and only if there exists ingyi in A®BA such that inyi =1
and Zxxi@yi = inayix for all x in A. For a ring automorphism ©
of A we denote as usual by A[X;o] the ring of all polynomials
with.an indeterminant X whose multiplication is defined by aX =

Xo(a) for each a in A. Now consider the following condition

(T. P. R) A= B[X;c]/(x2 - u) for some automorphism O
of B and a unit u of B such that o(u) = u and au =

ucz(a) for each a in B.

In the case where A and B satisfy the above condition, we
will say that A and B satisfy condition (T. P. R) with o. The

aim of this paper is to show the following

b

Theorem. Let A be a separable extension of B, and suppose
that A = B ® M with a B-B-submodule M such that M2C:B. Then A
and B satisfy condifion (T. P. R) with some automorphism ¢ of B,
in the case where one of the following conditions is satisfied;

(1) B is a local ring, and M is finitely generated as 1eft
(or right) B-module

(2) B is a left (or right) Noetherian local ring

(3) B is a commutative Noetherian semi-local ring, and M

is faithful as left (or right) B-module
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(4) B is a commutative Noetherian semi-local ring without

proper idempotent.

2. To begin with we will pick up some lemmas which we need

to prove our main theorem. Some of them have already been known.

Lemma 1. Let A be a separable extension of B, and suppose

that A = B @ M with a B-B-submodule M such that M2C1B. Set M2 =

2

I. Then we have 1" = I # 0 and IM = MI = M.

Proof. See Theorem 1 and Proposition 2 [6].

The next lemma can be seen in [3] in more general form.

But we will repeat here.

Lemma 2. Let R be a commutative ring with 1 and I a fi-
nitely generated idempotent ideal of R. Then we have I = Re for
some idempotent e of R.

Proof. Let I = I.

m 2 m
l=

lRai‘ Then a; € I =1I" = Zj=lIaj' and

a. = m for each 1 with_cij e I. Set d

i T %5=1%i5

a det (E _v(cij))

]
(= det(Gij - cij)), where E is the unit matrix and Gij is the

Kronecker's delta. Then, we see by direct computations that 4 =

1l - e for some e € I, and daj = 0 for each j. Thus (1 - e)I =
0, in partiqular, (1 - e)e = 0. This means that e2 = e, and I
= Re.

The next lemma is also well known. So, we will state it

without proof.

Lemma 3. If there exists B-B-submodules X and Y of A such

that XY = ¥YX = B, then X and Y are left as well as right B-pro-



44

generators, and there exist thekfollowing ring isomorphisms

. ; ; (@]

iy s B-——f>[H0m(BX,BX)]O, iy * B—> [Hom(gY,pY¥)]

jX B—w Hom(XB,XB), jY : Bem—ms Hom(YB,YB)
defined by iX(b)(x) = xb, jX(b) = bx for each b ¢ B and x € X.

Lemma 4. Let B be a commutative subring of A (not neces-
sarily contained in the center of A), and X and Y be the same
as in Lemma 3. Then for each maximal ideal J of B, we havé that
[X/JX: B/J] = [X/XJ: B/J] = 1.

Proof. Set n = [X/JX: B/J]. Then, Hom(BX/JX,BX/JX) =
(B/J)n, the nxn-full matrix ring over B/J. On the other hand,
we have by Lemma 3 that B = [Hom(BX,BX)]O. But X is left B-pro-
jective. Hence there is a canonical ring homomorphism of B =
Hom(BX,BX) onto Hom(éX/JX,BX/JX)J where the former is commuta-
tive. Hence (B/J)n must be a commutative ring. This means that

n = 1. Similarly, [X/XJ: B/J] = 1.

Remark. In the case where the left B-module structure of
X coinsides with the right B-module structure of X, the obove

lemma has already been shown in, for example, [l1] Chap. 1 §5.

3. Now we will prove our main theorem.

First supposeAcondition (3). Set M2 = I. Then by Lemma 1,

0#1I = I2, and I is finitely generated, since B is Noetherian.

Hence, I = Be for some 0 # e2 = e ¢ B, by Lemma 2. We have also
Me(l - e) = 0. But M

1, and we see that M2

M = MI = Me by lemma 2. Then, M(1l - e)

It

is faithful as right B-module. Hence e

= B. Then by Lemma 4, we see that [M/JM; B/J] = 1 for each maxi-



45

mal ideal J of B. Now let {Jl’ J ‘°°,Jr} be the set of all maxi-

27
mal ideals of B. Since MM = B, we see that J,:-- Ji 19341 I M
¢5JiM for each i. Hence there exists m, € Jf'" Ji—lJi+If’ JrM
such that m, |4 J;M. Set m = Zmi. Then m ﬁ,JjM for each j. There-
fore, B/Ji(m + JiM) = M/JiM, and M = Bm + JiM for each maximal

ideal J; of B. Then by Nakayama's Lemma we have M = Bm. Similar-

ly, we have M = nB. Hence, M2 = nBm = B. Thus there exists s in

B such that nsm = 1. Then, n(smn - 1) = n - n = 0, and smn € B.
Therefore, M{(smn - 1) = nB(smn - 1) = n(smn - 1)B = 0. But M is
faithful as right B-module. Hence we have that 1 = (sm)n = (mn)s.

It

Thus m, n and s are all units. Hence we can easily see that M

mB = Bm, and there exists an automorphism o of B such that xm

mo (x) for all x in B. Set u = m2 (e M2 = B). Then, u is a unit
of B, and xu = xmm = mmoz(x) = u02(x) for each x iﬁ B. Further-
more, um = m3 = mu = mo(u). This means that o(u) = u. Now it is

obvious that A = B + Bm = B[X;G]/(X2 - u) by m-éxl+ (X2 - u).

Next assume condition (1l). Set M2 = I, and lét'J be the
radical of B. If I € J, we have IM = JM = M bvaemma 1. Then, M
= 0, since M is left B—finitely generatedf Thus I &« J, which‘

means that M2 = B. On the othere hand, since B is a local ring,

every finitely generated prbjective B-module is B-free 6f finite
rank. This fact together with Lémma 3 Shows that M =‘nE = Bm.
Then, 1 = nsm for some s ¢ B. Since B has no proper idempotent,
we see that smm = 1. Thus m, n and s are units. Then, for the
same reason as obove; we see that A and B satisfy (T. P. R) with

some o. Assume condition (2), and suppose I < J. Then by Lemma

1, we have I = II = JI = I. But I is left B-finitely generated.
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Hence I

that M

0, which contradicts to Lemma 1. Thus we have again

= B. Now we can follow the same lines as above. It is

also easy to see that under condition (4) we can obtain the

same conclusion by the same method.
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