goooboooogn
0 4550 19820 53-63

Oon a 3-valued logic connected with incomplete

information data bases

by
Akira Nakamura
Department of Applied Mathematics
Hiroshima University

Hiroshima, 730
Japan

§0 Introduction

In [1], Lipski proposed a mathematical model of data bases
with incomplete information and discussed some problems related
to it. According to his proposal, propositions which express
queries to an information storage and retrieval system can be
regarded as a special kind of formulas of the first-order pre-
dicate logic. So, in [2] he gave two ways (i.e., external and
internal) of interpreting formulas of the predicate logic, by
making use of models of data bases with incomplete information.
In regard to this interpretation, some similarities to Kripke
models for modal logic are known. In fact, some relationships to
modal logic S4 were mentioned in [2].

In [3], we introduce a second-order predicate logic corres-
ponding to this query language and solved some interesting
problems about the decidability of this language. In this paper,
we propose a 3-valued (fl,l/Z,O}) logic based on this model

instead of the above second-order predicate logic. That is, we
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give a translation of formulas of the query language, called

extended formulas, into formulas of this 3-valued logic and show

that an extended formula is true in every interpretation iff the

corresponding formula of this 3-valued logic is valid. This

theorem is proved by making use of the following ideas:

(1) Incomplete information corresponds to the value 1/2 of the
3-valued logic.

(2) Formula of modal logic can be induced into the first-order

predicate logic by introducing a new sort of domain.

§1 Preliminaries

In this paper, we will use almost the same terminology and
notations as in [2]. First, we will give a brief account of
internal interpretations for a query language.

A first-order language L is a language which consists of a
list of countable n-ary predicate symbols Pn,Qn,...,P?,Pg,...,
for each n>1, a list of countable individual variables X,y,...,
XyrXgreooy the logical connectives 7], A, and the quantifier V.
Other connectives VvV, D, =, 3 can be defined as abbreviations in
the usual way. We suppose that L does not contain any function
symbol and any individual or predicate constants. p" is sometimes
denoted by P. First-order formulas of L are defined in the usual
way. Next, we will add a unary logical connective [J to L. The
language thus obtained is denoted by L*. (First-order) formulas
of L* are called extended formulas. 1In the following, formulas

will be denoted by ¢,¢,..., Or ¢(xl,...,x ) . w(xl,...,xn),...

n

(Some of variables Xjree. X may not occur in ¢(xl,...,xn) and

2
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other variables may occur in it.)
Following Lipski [2], we will introduce internal interpreta-

¢ions of extended formulas.

QfﬁiﬂiEiQE_i;i An incomplete model (or a model for short) is a

triple M=<X,u,U>, where X is a nonempty set called the individual

domain of M, and u and U are mappings which associate some sub-

sets u(P) < U(P) < X" for every n-ary predicate symbol P (n>1).
If u=U holds in a model M=<X,u,U>, then M is said to be

complete. Complete models are nothing but ordinary models for

the first-order formulas, as explained later.

=<X,u

pefinition 1.2 Given two models M U,> and M2=<X,u2,U >

1 1’71 2

with the same individual domain X, M2 is an extension oOf Ml

(MI<M2 or M2 ;Ml, in symbol) if and only if for every predicate

symbol P u (P)guz(P)gUz(P)gUl(P).

1

Let ¢(x .,xn) be any extended formula with free individual

l,..

variables XpreoerX . For any model M=<X,u,U> and al,...,anerx,

we want to define the notation "d>(xl,...,xn) 18 satisfied in M
when L1s+..% are interpreted as ays++-5a,5 respectively ", in
symbol

ME ¢>(al,...,an) .
To do so, we first extend our language L* by adding a new indi-
vidual constant a for each a eX. (By abuse of sylﬁbol, we will
use the same letter a for a, in the following.) The language
thus obtained is denoted by L*[M].

Definition 1.3 Let M=<X,u,U> be any model. For each closed

extended formula ¢ of L*[M], define ME ¢ recursively as follows:

l) M EP(a ,an) iff (al,...,an) eu(P),

170"
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where P is an n-ary predicate symbol,

2) MEV iff not MEVY,

3) MEUYAS® iff MEY and MES® ,

4) M EVYxy(x) iff for every a€éXx MEy(a),
5) MEDY iff for every M'>M M'EV.

Next, let ¢(xl,...,xn) be any extended formula of L* with

free individual variables Xyreoo X e Then, define

M #:¢(xl,...,xn) iff Mk:Vxl...Vxn¢(xl,...,xn).

Notice that 'Vxl...Vxn¢(x .;xn) is a closed formula of L*[M],

170

in the above definition. By making use of the notation in [2],
we can express the relation #= as

ME ¢(ay,...0a)  LEE (ap,...,a )€ (xg, e x )

1

for any extended formula ¢(xl,...,xn) with free individual

M

variables x SN S When M is a complete model, the definition

1"
of ME¢ coincides with the ordinary one, for every first-order
formula ¢

Definition 1.4 Let ¢ and ¥y be arbitrary extended formulas.

1) ¢ is <nternally valid if and only if M[E ¢ holds for every
model M,
2) ¢ and y are internally equivalent if and only if ¢=v

is internally valid.

§2 3-valued predicate logic 3L

We consider a 3-valued predicate logic L . The symbols of

3
this logic are the same as in the usual predicate logic except
the logical symbols and the special individual symbols. Further,

well-defined formulas (wff's) are defined in the following way:

ﬁp
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(1) The arguments of every n-ary predicate symbol P(.,...,.)
must be occupied by the special individual symbol W, (0<1i)
in the n-th argument.

(2) Other construction rules except (1) are the same as in the
usual one.

Logical symbols are A, V, D, ’Jl’Jl/Z’JO' N, V, and D
are duadic and Jl’Jl/2’J0’-1 are monadic.

The semantics of this logic is defined as follows:

First, the truth values are 1,1/2,0 and they mean truth,
unknown, false, respectively. Domains of individual constants
have two sorts X and W. X is the usual domain and W is the
special domain, called world. The ordinary individual variable
ranges over X, but the special individual variable w. over W.
Let g7 be a wff of 3L. Then, v{g2) stands for a valuation v of
oL - The truth value function of V, A ':)’-)’Jl’Jl/Z'JO are
defined as follows:

v(OLVs)=max(v(02) ,v (L)),

V(0L &) =min (v(g7) ,v(D)),

V(0L 2H) =min(1,v (L) -v () +1),

v(iqm) =1-v(07),

v(Ji02)= 1 if v(ol)=i

{0 otherwise.

Further, we use in the usual way the following definition for

closed wff's Vx {1 and VinY, . That is as follows:
viYxdlx))=1 if x is an ordinary individual variable

and for all ag¢ X v(fQ(a))=1,

=1/2 if x is an ordinary individual variable
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and for all ae€e X v(d2(a))2 1/2 and
there exists b € X such that v(Jl(b))=

1/2,

"
o

if x is an ordinary individual variable
and there exists a éX such that
v(oil(a))=0.

v(\{widl(wi))= 1 if Wy is a special individual variable

and for all re W, v(JL(r))=1,

1/2 if W, is a special individual variable
and for all re W v(O?(r))E?l/2 and
there exists s ¢ W such that v(0Jl(s))=
1/2,

=0 if W, is a special individual variable
and there exists r¢ W such that
v{Jl(r))=0.

Ax 0L and Jw, 0L are defined in the similar way.

The validity and satisfiability of wff J7 of 3L are also

defined in the usual way.

§3 Theorems
Let Sl and 52 be the set of extended wff's and the set of

wff's of 3L, respectively. Also, define a transformation T on

the set 52 as follows:

T(00) 1is a formula obtained from J2 by replacing (irrespective

of free or bounded) P(Xll"'lxnlwi) by P(xl,.--,xn,Wi+l) for
each P and each i of 1.

Then, we define a mapping f:Sl—->S2 as follows:
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(1) If ¢=P(xl,...,xn) then f(¢)= JlP(Xl,...,xn,wo),

(2) If ¢="y then £(¢)="TE£(Y),
(3) If ¢=P A then £(¢)=£(PIA£(8),
(4) If ¢= ¥ xy then f(¢)= ¥x£(y),

(5) Let ¢=[Jy and Pl""’Pk be all predicate symbols appearing
in ¢ . Then,

£(9)=Vw, ((J1P(x

l,...,xn,wo)ﬁiJll?(xl,...,x

v
A(JlP(xl,...,xn,wl) Jl/2P(xl""’xn’wl)
)V J

n,wl))

s.JlP(xl,...,xn,w ...,xn,wo))

>T(EW))),

where JlP(xl, ce X W ) < JlP(xl,...,xn,wl) means

(J p (xl,...,xn,wo) s.JlP (xl,...,x W ))A . e

(J (x e, X_,W,) S J,P, (%

1’ n 0 1 k71"
C1R W )\/Jl/zP(xl,...,xn,w ) < JlP(xl,...,xn,wo)

..,xn,wl)) and

J P(xl,..

l/2P(x reeerX gV ) has the similar meaning.

Lemma 3.1 Let M=<X,u,U> and 3M=<XUW,V,V> be models for L*

and 3L, respectively. Let am be a constant such that the

corresponding q, is in W. Moreover, suppose that for every
predicate symbol P of L* u(P)=V(J1P(.;.,qm)) and U(P)=

v
V(JlP(...,qm) Jl/ZP(...,qm)) hold. Then, for any closed
extended formula ¢ of L*[M]

ME ¢ iff 3M|=Tm(f(¢(q))),

0
where Tm(f(¢(q0))) means a formula obtained from Tm(f(¢)) by
substituting q for a special individual variable W

Proof

We will show this lemma for every M and .M and m, by the

3

induction on number of logical connectives in ¢.

7
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(1) The case where ¢ is P(a .,an) for some a -.ra €X.

Lo
Then, 1" (£(¢(qy)))=J (aj, .. a ,q ).

1’

So, Mg P(al,...,an) iff (al,...,an) € u(P)=v(JlP(al,...,an,qm))
iff  MET (E£(P(ag,...,a_,qy))) -

(2) Induction step

We will prove this lemma only for the case where ¢ is of the
form Jvy. Other cases can be provable easily. For the sake of
brevity, we suppose that predicate symbols appearing in ¢ is
only P and that P is k-ary.

By the definition,

Mk ¢ 1iff for every M'>M M'E Y
So, it is sufficient to show that
(3.1) for every M'>M M'Evy
if and only if
(3.2) M F T (£(6(qq))) -

We remark here that

Tm(f(¢(q0)))=\/w ((JlP(xll"‘kalqm)$JlP(xll"'kalw ))

m+1 m+1l

v
“(JlP(Xl""'Xk’wm+l) Jl/ZP(xl""’Xk’wm+l)

v
<JiP(xl,...,xk,qm) Jl/2P(xl,.--.xk.qm))

ST (Ewgy )

] v
We consider JlP(xl,...,xk,qm), le(xl""’xk’qm) J1/2P(x""’

m¥*

xk,qm) as the corresponding formulas of PT, P in [3], res-

pectively.
First, let us assume that (3.1) holds. For an arbitrary

constant Q1 let A=J.P(x and B=J1P(Xl""’xk’

170 ¥ 9pyy)
) such that

1

\V4
Ane1) ¥ TP Kpree e Xy qpyy
(3.3)
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3M E JlP(xl, . .,xk,qm)gAgB
scﬁ?(xl’°"’Xk'qm)VJl/ZP(xl'""Xk’qm)'
Now, let us define a model M'=<X,u',U'> by u'(P)=v(A) and
g'(P)=v(B). Since MXM' holds, M'E V. By the hypothesis of
induction, we have

m+1
(3.4) 3Mf=(T

+
(£(¥(qy))
m+1l + .
where (T (f(w(qo))) denotes the formula obtained from
mt+l
T (f (w(qo))) by replacing each occurence of JlP(xl,...,x +1)
P(x

and J P(x ...,xk,wm+l) by predicate

LS EARRIE A S DAL PP
constants A and B, respectively. Since (3.4) holds from (3.3)
for every A and B, (3.2) holds.

Conversely, suppose that (3.2) holds. Let M'=<X,u',U'> be
any model such that MM'. Define subsets A and B of x¥ by
u'(P)=A and U'(P)=B, respectively. In this case, by making use

of constant qm+l in W and v of _M, A and B are always represen-

3
table by {(xl,...,xk)] v(JlP(xl,...,xk,qm+l))} and {(xl,...,xk)l
v(JlP(xl,...,xk,qm+l)V J1/2P(Xl""'xk'qm+l))} , respectively.
Then, it holds that for the above 3M
;M E JlP(xl,...,xk,qm)ﬁAsB
S.JlP(xl,...,xk,qm)V Jl/ZP(Xl""’xk'qm)
because MM' . So, 3M F=(Tm+1(f(w(qo)))+ holds too, where
(T m+l(f(w(qo))) is the formula defined above. By the hypothe-
sis of induction, M'E 7y . Thus, ME¢ . //
Theorem 3.2 (The main theorem) For any extended formula ¢

of L*, ¢ is internally valid if and only if f(¢) is valid in 3L.
Proof

P. be all predicate symbols appearing in ¢ .

Let Py, ...,Pp

7
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Suppose that ¢ is not internally valid. Then, there exists a
model M=<X,u,U> such that ME ¢ does not hold. Let M=<XVW,
v,v> be a model such that V(J P (Xy7e0esX: ,9,))=u(P.) and

X i 0 i
l,...,x.k,qo)v Jl/2 l(xl,...,xik,qo))=U(Pi) for every i=
l1,...,h, where 9, is a constant in W. Then, it is obvious that

(JP(

u(Pi)E;U(Pi) for all i=1l,...,h. Therefore, 3M E f(¢) does not

hold by Lemma 3.1. Hence, f(¢) is not wvalid in 3L

Conversely, suppose that 3M'h f(¢) does not hold for some

model 3 '=<X'VW',v',v'> . Define M'=<X',u',U'> by u'(Pi)=
]

v (JlPi(xl,.. ik

1/2 P (xl,...,xik,qo)) for i=1,...,h, where qo is a constant in

e, X ,qO)) and U'(Pi)=v'(JlPi(xl,...,xik,qO)V
J
W'. Then, M' is a really incomplete model. Moreover, by Lemma
3.1 M'e¢$ does not hold since 3M = £(¢) does not hold. Then, ¢
is not internally valid. //

Theorem 3.2 is considered as an embedding theorem of wff's in
L* into 3L . Therefore, we get the end of this paper. By making

use of this theorem, we are able to obtain various interesting

theorems. We shall discuss those facts in another paper.
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