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APERY¥ oS ESE
Wmyk ¥ BWA B
Apery(d 5(3) =2 OVAEIREE OZEBE 1] Ok =1, 2O

BEXNTEZSNIEFTIER > T\ 3,

3

3 2 3
n“a - (34n° -5In*+27n-5)a, _; + (n-1) a _,

(nz2)

(1)

ML, EASEA ny=1, A=5 EE> (1) DR A, (n20) KR

thHEISN3ITEFTLE,
n
MW= (R

S.Chowla-J.Cowles-M.Cowles [2] Id, T M A [TV T

-

A = 1 mod 2 for all

nz0,

ApE 5 mod p* for all primes p

TEIEAL , ZEFELK

A = 1+4n mod 8 for all

AnE (-1)n mod 3 for all

nzO0,

nz0,

A, =5 mod p> for all primes p >3,

ADE 0 mod 5 for all primes p>»2.

(2)
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ST, RoEREEALE,

(1) OAR a,(n 0) ORTE a, ABILT 3125 O 5
FER/ NN

MEZHR, SHRHI3IMBEL, roF@sutzamt
INTETETOSRN EEAT 3,

272 |

an(n

ag-ay (IB¥ LT3, Zor=x (1) the T 5
0) P&TE a, RBET S INBTHEEGIT, o
Y1 L3 T K3,

= 5a0
(ZEBR) F(x) = 5-27x+51x*-34x° pf< , 1£i€i (234LT
f(i) i’ \
i f(i+1) (i+1)
O ()= G st 0
£(3-1) (3-17
\ 0 (-1 F)] k<,
p t%%%{c‘;Lt, p*=p (p>3), p*=9-(p=3) ¥ I3, BFSAIT
£(i) + f(j) =0 mod p* if {i+j = p+l. (3)
AT W E;%;i,%»: 1
0
W =
0
:
(3) M5 WH,IHW =-H(i,3) mod p* if i+j = p+l.
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D(1,3) = detD(i,i) v H < ¥, Rov T 5 N3
D(i,j) = 0 mod p* if i+j = p+1. (4)
D(i,3) neg vls) 45
D(2,p) = f(p)D(2,p-1) - (p-1) D(2,p-2)
= 1°(p-1)>-D(2,p-2) mod p*
= 1 (p-17-{f(2)D(3,p-2)-2 D(4,p-2)}

- (p-10-2>-(p-2)-D(4,p-2) mod p*

i

. -i{(p-l)!}3 mod p*

N

7,

%5 T, D(2,p) = -1 mod p*. | V - (5)

(D EFEFH3 a, £ 23, tz0 Z_L’CI N7 kL

Ozt ) (apt+1’ apt+2""’apt+p-1)

By = GV ay, 0,50, ~(ptep) ay )
X L3, (1) &y

Za, RV K3 LT3, Dlpt+2,pt+p) = H(2,p) mod p*
A5, 61:D(2,p) = B mod p*. |
(5)h5, D(2,p) mod p* D HFFFH HX KB AT D, f, T

mt -—_-ggtﬂs mod p*. .
Dy aF—43%& (-d,(V),eeny =d(p-1) T3
apt+j b j ot mod p* (7)
Ak 3=0. 1.1 AL T RT3 (L, (001 vTs)



(4) &, 0 =D(1,p) = f(1)D(2,p) - 1°D(3,p) mod p*,

SN D(3,p) = 5 mod p*.
1%, T -d (1) =0(3,p)D(2,p)"' = -5 mod p*.
(7Y A5, a; = dp(])aO =5ay mod p* v ti3, l|a;-5a5) &y K

FOWER p kW» R, THIE, Th(3E ay%5a, %9,

G Avery 0 £Z EROMIE O\,

h

PLfEL(Zagier) Let Bn be the solution of (1) with BO=O,B]=1.
The main ingredients in Apery's proof of the irrationality of

(3) were the assertions

12NiBn €z (N=T.c.m.{1,2,..,n}) (8)
and B /A =%5(3)/6 + 0((1+ 2)78"), (9)

In fact the 12 can be omitted in (8) (though this is not quite
trivial), but apart from that our argument shows that (8) is
essentially best possible. Indeed, taking an=Bn and t=0 in (6)
and observing that B],..,Bp_] are p-integral and BO=O, we deduce
from (6) and (5) the statement

3 2
B d B .
B € Zp an p pé.Zb
‘ Zp denotes the ring of p-integers. Note that this statement

actually implies Theorem 1, since any solution of (1) is a lin-
ear combination of {Anﬂ and {B J.

PFE A 0OSRIN R>0VT X 3,

PROP.T. An = 1+4+4n mod 8 for all nz0.
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(GEBRA) [ 1 3 Gauss 2% ¥ 73, k WEBE L, e I3,
2¢[(25), 2" (%) w223 BIE T3,
_ o0 _—2—!& ) k. _ ) "k _ Qo __k_ _

° Z[zr] 25[2‘”] “ r-][ "] 7K 12:1 2" o
-7, O sfeay, (PO = P0EH wmx,
wz 1L, (MR = 0RO mod 4

2 n 2
bz A =1 Z(“*“ (M =1 +{k§(”ik> (")} mod 8
= +{>; ("Ek)(k) }* mod 8.
n
[2] @ Lemna &y, T(n) = > CDRM M= DY as
Ap =1+ ((-1)"-1)" = 1+4n mod 8
LEMMA. (g'ﬂ) = (}) mod p* for all primes px5,
(gr{(‘ = ("r(l) mod p* for all primes p.
EBA) P & 3 Jr}?t" WEX ¥YT3.
k-1 p-1 i .
°h - 1_7]] plol)2i — (l Ho'“h’ =TT 2lmekeh)d
p"-l t
TT(pt+i) = (TT J)(TT(HP
j=1 j=1 j=1
-1
= (p-1)!(1+pt . —%—+p‘t1 Z T}n) mod p*.
J= 0<1<J<KP
-l 1 2 1 p-]v .
Z_TEO mod p 3t Z -17—-;0 mod p 2.5 [T(pt+j) =
j=1 o<i<j<p j=1
(p-1)! mod p° Uy = 1 mod p3,a'l*5, (g?:) E(t) mod p3.
p=2,3 13, BIEIIAEL» Sn3,

5



A mod p® for all primes pz5,

PROP.2. Apm m

It

Apm-—; Am mod p for all primes p.

(FEBR) m=0 0 L X 1T BASA, m>0 v §3, p=3 Hp>3(

ol T, e=2 Kite=3 ¥ I3, Lemma ¥
m ™ . N m-1 p-] t+i.2
Aom = 2 GIN OO 27 RN

i=o0
pm \z pm+pt+i= e
pt+1') ( pt+i ) mod p

i
M
A

1
pm+j =-f% m+i _ (m+t

3 T : t ) mod p.

pt+i

= pm(_-l )(p-] )t+i (m"';-l

P, (17 = et (" qimod p2, (200 =0 mod p?

o
3
o
o

o

IS}

Pl +pt+i2 +t,2
&h, 2:]<p21‘1)‘(p';t5§ = (P (M ) mod p3
'l:

= P"m"(mE])1(m+t).Z—].—l mod p3> = 0 mod p€.

;i 1. Ap‘z,S mod p*> for all primes p35,

Ap‘a 5 mod p* for all primes p.

(3EBA) Prop. 2. = m=1 Y T 455 3



129
TIE 2. P RHFEHET n- > e pd (0se;sp-1) 7

(ZEBR) Prop.2 v (7) S 4 3

M
>
i

n (-1)" mod 3 for all n=20.

.

oo . oo
=} = J = - 1 o
<kBf) n jZo ej3 (ej 1,2,3) t%<b n = jZ;OeJ mod 2

K3, —7, dg(0)=dy(2)=1, d(1)=5 A5 @IR2 k. T

Po oo e. Je. n
A, 2 TTdg(e) = TT(-1) 7 = (-1) b= (-1)" mod 3.
s _ J . _
J=0 J=0
R 2. A= 0mod 5 for all odd n.

(328A) dg(0)=dg(4)=1, dg(1)=dg(3)=0, d

po . "
n = ZejSJ (0<jss) Y&EL, n I‘J%r%{’fi”l\'}, e
J=0

il

]
md 2 XT3 jXRbIHBINELE=—>%K"), ZTo jlrdrl TlT,

d5(ej) =0 £ N0 S5 A 3ﬂd5(e.) = 0 mod 5.

AR 1Ry, 7, d,0) (0gige-1) ANB <Mz 03
25, n 129393 Amod p ANEHETZ X 3, 10000 = "41104"

Tkt ERR ) ENS, H5k0%dFY) Ajgg=31558=1 mod 7
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Y113, Rz Ll v, Agis] = Apppg = 0 mod 5 Ai1ts5 =

= A

mod 11, A17t+3 =

174413 =0mod 17 FR LS A3,

Prop.3. A

1 mod p’ for all primes px=5,

z

= 1 mod p? for all primes p.

(32BR) p=2.3 oY =X 5B 4 3. pP>3 x|, 0<k<

k-1
- p“]"’k E_ +1 _R z
P ITHL, (" ) kE—_i’k mod p
Ehs, (p—|]<+k)1: (%) mod p’, (p-1k+k) =0 mod p*
k
It (pL]) - ﬂ]E;—l E(-])k mod p, (p;]) =1 mod p
'l:
p-1 p-1
- _ p-13p-T+ka p*
DXI\, Ap_] ]+l§ ( k ) ( k ) -]+|§| k=
2 Pl
= 1+p s =1 mod p*.
k=1

Prop.2, Prop.3 Bu (2) A5 R0 &£ »H-SER MiZ S d 3

Ap+] = 25+60p mod p for all primes p=>5,

Ap+2 = 365+1050p+360p mod p for all primes p>5,

Ap_2 = 5-12p mod p for all primes p;S, etc.
Prop.4. i20, >0, t=>0, i+j=p-1 T 3 ‘(_/
dp(1) =d_(j) mod p*, Apt+1' ?—Apt+j mod p*
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(GEER) T KE I3 REALITE S T, Aj= Agq mod P &

U, FTUT, Rg mApgp med prop Ay =A > mod p* 1%

p-2
ALTRI, 0<i<p-1 EAT, (1).(3) Aw 12434 0 1 %E
&y, (41 Ag = -F(i+1)A, - FA, 4
= flp-1)A; + (p-i) Ay 4
= f(p-1)A,_yq *+ (P-iV A,
= —(p-1-1)3Ap_1._2 = (i+1) A _; _, mod p*
2.7, Ajpp = A, j.p mod p* ()&, dy(1) =d (3) mod p*
(8L, i+i=p+1), B w (7) &Y, Ajiiq = Ajp,y mod p* y 113,
4% d_(j) mod p*
d4(0)=1,d5(1)=5; dg(0)=1,dg(1)=0,d.(2)=3; d,(0)=1,d,(1)=5,

d;(2)=d;(3)=3; dq7(0)=1,d;(1)=5,d;1(2)=7,d;;(3)=4,d;;(4)=1,
dy(5)=03 dq3(0)=1,dq5(1)=5,d;5(2)=8,d;5(3)=2,d;5(4)=7,
dy3(5)=5,d75(6)=9; dq5(0)=1,dy5(1)=5,dy5(2)=5,dy,(3)=0,

d'l7(4)=4:d'|7(5)=]35d'|7(6)=85d]7(7)=89d-‘7(8)=]6 i
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