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Unconditioned strong d-sequences
Kikumichi Yamagishi

(Science Univ. of Tokyo)

A sequence 81y Bpy ees 9 Ay of elements in a commutative
ring A 1is called a d-sequence if the equality

[{al, cee 5 By 1)' a;2y [(al, cee ai_l): aé]
holds for all 1 g i § J g s and is called a gtrong d-sequence

if alnl, ese o asns is a d-sequence for all nq, ves s Dy > 0.

Moreover if ays 8oy ses 5 8y is a (strong) d-sequence in any

order, we will say that 81y Aoy eee 5 B is an unconditioned

(strong) d-sequence ([9]).

The behaviour of parameter ideals in Buchsbaum rings are
studied by S. Goto and many others (cf., [5] and [6]). The
aim of this lecture is to give a new approach to them in terms
of unconditioned strong d-sequences. This motif is suggested
by Prof. S. Goto, and the writer wishes to thank him and the

members of his seminar for helpful suggestions.

1. Let 813 85y eee 5 2 be a sequence of elements in a com-.

s
mutative ring A and put I = (al, cee as) . Our first

result is stated as follows

Theorem 1. Let 81y 8oy ees 3 By be an unconditioned

strong d-sequence. Then the following equalities hold:

(l) Ba, Ly e, asn stlg): 7 ]a i =

/\ n i=1 n
2 :Eal lyeey al iyeey ag s): a:] + (a1 1y eee 5 ag s) for
8

a1l nl,m>o(1<1§ );
(2) (a1 PR )[\ Z Eaini. SRR} for all
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1<{k{{s,n >0 and n€73Z;

12 *°°
(3) [(a Ly een s B _q Me1) s ak]/\I
Z :a 0y 4 ) ! T'la i Ba,|IEF> ]
1"'1 FC_{]. LY k-l} f&l’
, > an—l) > n
feF

for all 1k (s , Dyyoeee s nk__:l»>p ”and n€%Z.

Let G (4) = @1 '/I’n+l‘ and R (4) = @ I" denote the
- nx0 . - n20

a88001ated graded ring of I and the Rees algebra of I ’ ré;
spectlvely. : H (. ) (resp.' M( ) and H ( )) stands for the
132 local oonomoloay deflned by the dlrect 11m1t of Koszul co-
homology relatlve to I (resp. M = G (A) and N = I Ry (A) +

RI(A)+). Wlth thls term1nology we also have the follow1ng

‘Theorem 2. 'Lef;;al;vaz,r,;. y By be an unconditioned
strong d-sequence.. ~ Then

(0) for all 0 <1+ j<s

(1) T. HF(A/ (3,71, wen s 8579))

and: eew g N >0,
and nq, » Iy >

(2) '[H_;I_(GgA))}n:«. Bha) (m=-1),
= (0)  (n#-1)
for every 0 < i ( 5 éﬁd - | . » '
[Hmce @W]p= © @>-e) .
(iR (N)], = 2@ @=0),
= (o) (@#0)
[Fy(R (4], = B (2-1¢ng-1),
= (0) (mgl-4i or n20)

for every 1 {i¢s and

[HS+1(R (A))] (0) (n >0)

(4)  Hp(Rp(a)) = (0) forall 1>s+1.
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A1l conclusions of our theorems are led by Lemma 4 which is
given by S. Goto and another powerful application of this lemma
can be found in Efﬂ. So we belive that this lemma plays very
important roles in the whole of our research,

In order to discuss an application of out results, let us
recall some definition. For a while let A ©be a Noetherian
local ring of dim A =d >0 and m the maximal ideal of A:.
Then A is called a Buchsbaunm ring if the difference

1y(a/a) - e,(a) | |
is an invariant I(A) of A not depending on the particular
choice of a parameter ideal q ofk A', where '1A(A/q) and)
eA(q) denote the length of the A-module A/q and the multi-
plicity of A relative to ¢ ., respectively. This is.eqﬁiva—
ient to saying that every systenm 31y 8oy eee ad~ﬂof paranme~
ters for A is a weak-sequence, i.e., the equality [(al, cos
, ai_i}: ai] = Bal, ces 5 By _q)0 ﬁ] holds\for all 1 i < d
(14]).  ©. Huneke showed in [9, (1.7)] that A is Buchsbaum
if and only if every system of parameters for A forms a é—éé—
quence. The theory of Buchsbaum rings (and modules) has rapid-
1y developed and nowadays much is known about them (Qf.,,e.g,,
1, (3], 143, 7], [8),020), a1} , [a2) , 23], 5), a6}, f20]). et
@ be a parameter ideal of A and put

G (a) = © ¢®/d™1  anda R (A) = 8 °
q ngo q ngO

y the associated graded ring of ¢ and the Rees algebra of q ,
respectively. As an application of our results we give an af-
firmative answer to the question posed by S. Goto in [2] as fol-

lows: is Rq(A) a Buchsbaum ring if so is A 2 Our answer
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is stated as follows

Theorem 3. Suppose that depth A >0 . Then the follow-
ing conditions are equivalent.
(1) A is a Buchsbaum ring;
(2) Gq(‘A)M is a Buchsbaum ring for every parameter ideal ¢
of A ; B
(3) Rq(A)N is a Buchsbaum ring for every parameter ideal ¢
of A, -

here M and N denote the unique graded maximal ideal of

Gq(A) and Rq(A) respectively.

2. Sketch of Proof of Theorem 1.

Let 81y 8oy eees 5 2 be a sequence of elements in a com-

s
mutative ring A and put I = (a;, «.. , as) . Then

Lemma 4 (S. Goto). If a., 8,y see » 8 is an uncondi-

<

tioned strong d-sequence modulo bA s then the equality

[(alnl, sos 4 aSns): b] = é’C&E, — s}:fL%afnf-l.[ﬁafifeF): ﬁ]

holds for all Nyy see ns-> 0o .

Lemma 5 ([6, Theoren (2.4)]). If &y, 85y eee 5 ag is

a d-sequence, then

\ n
[(al, cee o ai-l}: a.i] nI = (a.l, see 9 ai_l). I
for all 1< i<s and n>0.

n-1

Lemma 6, If 31y Bpy ees 5 3B is an unconditioned

strong d-sequence, then the following conditions are equivalent.
n n n-n
(1) (afnf'fe F) N\IT® = 2 alr. T
feF
for a1l FC{l, «o. , 8}, n,> 0 (f&F) and n€ %,
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(@) Gtre mNTT - 2_Jale I

for a1l F C{l, «eo , 8} ,np=1,2 (f€ F) and ne % .
(3) (alnl, 2ee 9 asns)/\In = §. 1: ainic In-.nl
1=

for all n; =1, 2 (L (i ¢s) and n€ %.

Lemma 7. If 873 8y eee 5 A is an_unconditioned
strong d-sequence such that
2 2 n 2 2
(al 9 ee¢e o as_l 9 as)/\I = (al $ eoes 9 as_l )
for all n € Z , then the equality

2 2 Y -2 2 -2
([(al 9 oo g as-l ): as] + aSA)/\In = (al s ese g as_l )o In

+a. 181l 2 I i [a.. (a.|feF): a ]
S FC{1l, .., s-1} feF * [ fl S
#F > n

holds for all n € % .

Proof of Theorem 1. (1) Use induction on s and apply
Lemma 4. (2) By Lemma 6, we must show that
S
n n n z::: n. n-n.
(al 1’ ces ’as S)/\I = =] ai i. I 1
for all n; =1, 2 (1{ig¢s) end n€ %. Casel: n, =1

for some i . Use induction on s and apply Lemma 5. Case
2 : n; =2 forall i . Apply Lemma 7 and Case 1.  (3)

Use induction on n and apply Lemma 4 and the above assertion

(2).

3. Sketch of Proof of Theorem 2.
Let J Dbe an ideal of A . A sequence 819 8oy ees y By

is called a weak-sequence with respect to J if the equality

Bal, cee 9 8y 9 aj] = Bal, cee s a5 1)t J]
holds for all 1 i< s . We will use the words "strong"

and "unconditioned" with the same meaning as d-sequences.
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Lemma 8, Let J be an ideal of A which contains I .
Then a,, a,, «es 5, a, 15 an unconditioned stroﬁg weak-sequence
with respect to J if andionly if it is an unconditioned strong

d-sequence and an unconditioned weak-gequence wer.te J .

Proof of (1) of Theorem 2. By Lemma 8, we see that
I. HY(4/(a) 1, «ee , a%3)) = (0)
for every O <J <8, nl, cee 'y n > O . ” The assertion comes
at once by descending induction on j and thevsimilar discus;'

sion as in LZO, Lemnma 2].
We put hi = a; mod ;

Proposition 9. hl’ h,s eee 4 h is an unconditioned

strong d-sequence if so is 819 8oy ees g By

Lemma 10, If él, 8oy eee y By " is an unconditioned

strong d-sequence, then

(1) [Bd(epa)]

Hg(g>, (n = 0)
(0) (n # 0) ;
(0) (n # - 1)

-y

it

(2)  [Ehcep(a))
for every 1 £ i (s

(3)  [mS(a (a))]

n

-

ws

(0) for all n > =8 .

n_ .. 18 -1
We put a = a; . As aA NI = {n € %) by

0
‘Theorem 1, we get the folleowing diagram: , : 1‘)
- A

I

r

0 —> [o 3 a] —> Ry(4) __-—_u—ij”R (A)-——} Ry (4)/a.Rp(4) —> ©
e QI(A)

(A/ah)
A \\$\9O I/aA +

0
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Lemma 11. If 8iy 8oy eee 4 B is an unconditioned

strong d-sequence, then
; O h O / — R
(0) (n £ 0) 3

(2)  the camonical map Hp(Rp(A)) —> Hp(Rp(A)/a.Rp(A))  is

i

an isomorphism;
(3) [H§(RI(A))]n = (0) (n<=-1i or n>0) for every 1X¢
i<s and [§§+1(RI<AJ}]H = (0) (n20).

Proof of Theorem 2, Consider the following two exact se-

quences:

0 —> Rp(a), —> Ry(A) —> 4 —> 0
0 —> R(4), (1) —> Ry(4) —> G (&) —> 0 .

Use these sequences, and apply Lemma 10 and 11.

4. Sketch of Proof of Theorem 3.
Let A be a Noetherian local ring of dim A =d > O and -
m the maximal ideal of A . We say that A has finite local
cohomology if the local cohomology H;(A) of A are finitely
generated (i.e., the length 1A(Hi(A)) are finite) for all i
#4d . Let 81y Bpy see 5 By
and put g = (al, cee 5 @

be a system of parameters for A
d) « We define that

I(ayy «es 5 ag; A) = 1,(4/q) - ¢,(q)
, where 1,(4/q) and e,(q) denote the length of an A-module

A/q and the multiplicity of A relative to ¢q , respectively.

Lemma 12. The following conditions are equivalent.

(1) Ga9 8ny eee 5 @, 18 an unconditioned strong d-sequence.
1 2 d

, ‘ : 2
{2) I(al, see ad; A) = I(al 3y eee adz; A) .
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(3) A has finite local cohomology and

G=1 .
fd-l‘ l A
I(ayy eee 5, ag; A) = — (T 1, (H(A))
. < . . 5 n,; n+li
Let G denote the associated graded ring Gq(A) = © q/q

n>0
of q and h, the initial form of a, (L£igd) . B
Lemma 13. hl’th’ ese o hd is an unconditioned strong

d-sequence if and only if so is B1s 8oy eee 3 B e

In the 422 Symposium on Commutative Algebra at Karuizawa
in Japan (Nov. 3-6, 1982), N. V. Trung introduces a standard
system of parameters for an A-module E which is a system aqs
8oy eee 3 34 of parameters for E satisfying the same condi-
tion as (3) (and (2)) of Lemma 12, i.e., H;(E) is finitely
generated for all id%ldimAE and 1A(E/(a1, cee s ad).E) -
ep(ers ooy 2) = 2 (4h. 1, (A (®)) , where d = dimB .
Hence a system of paramaters for A 1is an unconditioned strong
d-seguence if and only if it is standard ([191).

Let us recall that A 1is called a2 gquasi-~Buchsbaum ring if
m, H;(A) = (0) for all i # 4. This is equivalent saying i m
that at least one (and hence every) system of parameters fofF_Et>

is a weak-sequence (By a weak-sequence we mean a weak-sequence

with respect to the maximal ideal of the local ring A ), see

(B7h.

Proposition 14 ([5], also [19]). The following two con-
ditions are>equivalent.
(1) Gﬁ is a Buchsboum ring, where M=mG+ G .

(2) @y, 8,y ees 5 4, is an unconditioned strong weak-sequence.
1 2 d

In this case, A is a gquasi-Buchsbaum ring and I(GM) = I(A) .

P

2
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Theorem 15. Let A be a guasi-Buchsbaum ring. Then the
following two conditions are egquivalent.
(1) Gy 1is a quasi-Buchsbaum fing with I(GM) = TI(4) .
(2) BgemmﬁiW' ] h
(alz, e adz)/\ ? = Z;i; aiz. qn_z

holds for all ne€ % .

Lemma 16,  Suppose that depth A >0 and Proj Rq(A)
is Cohen-Macaulaye. If A1y 8oy eee 5 84 5 is an unconditioned
strong d-sequence modulo adnA for almost 2ll n > 0 , then the
equality

2
[(al’ ese ad-l): ad ] = [Fal’ see o ad—l): ad]
holds.

Proposition 17 ([6]). Suppose that depth A >0 ., Then
the following two conditions are equivalent.
(L) 81y @y ees 5 8y 1S an unconditioned strong d-sequence.

‘o5 e 9

(2) Proj R(a ny a nd)(A) is Cohen-Macaulay for all
i —? d

nl’ . ®® ’ nd> O -
Proof of Theorem 3. The equivalence of (1) and (2) comes

at once from Proposition 14. (3) = (1) follows from Proposi-

tion 17 and the converse is proved by Surjective Criterion in

[13] end [15]).
Finally we also have the following

Proposition 18 ([5]). If 81y 8py ees 5 By 1S an uncon-

ditioned strong d-sequence, then

;d'l d=1, - (ui
eA(Q) Z i= (i—l)‘ lA(Hm(A)) .
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