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1°) Let X be a finite set wi’rh % e‘em‘e.rﬁs 5
e.q. X={01,,9-1}. Bta the star-triangle (ST)

relatien we mean the Fo“owinﬂ set of functional

eclua‘tions for ‘14. tnknown Lunctions wWla b c d; w)
(Q,b,C,déX) L(eC) :
(1) 2. wlah 9. 55u)wis, 3 d.esundn(g b, c.d;v)

9eX
= 3;7( w(g.c,d,e;u)wlabe,q;usv)w(f,a,9e; v)

for any a,b,-, § e X

Graph‘!cauy (l) can be represen'teal as
e .

e d
¢ -":-fc
, a

whene each face stands for  the  functione
w(ab,c,dsu)
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u = wlak.cdsu)

o b

Equaﬁons (1) are the condition for " exact Solvability)
of the corresponding statistical mechanics model in

2 dimensions (so-called the nteraction- rownd - the - face
model ) 3 wlab,c,ds u) are the Boltzmann weghts.

For details see ref 1).

A number of solutions t (1) are alreaal7
known (mest often in a slightly different Cormulation),
For these seec the references cl“oi-ed in 2). However
comp\e’re dassi Fication of solutions s shll an enﬂ're\;«
open problem.

20) It' is easy to see that (1) l)ecomes‘ o

fau’ro‘oﬁy 'Fo,r v=0 Prbvialed

(2) wia,b. ¢, d;0) = S, .

Weve@:re [S RS Y\ah&ra\ o assuwme the prans”fcm
wa,b c,d, ) = Sa + —Z W@k, C,CUUJ
3zt

Since (D) s a b\\%\f\\\/ overdetermined cyshem (
, , ,
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q° equations or A% wiknowms )  the coefficients
W}(a,b,c,al) are also subject to  overdetermined
velations. Tt canm be shown that wp 1o the ZM( order
in Wand v, (1) determine W, lab, c.d) wriquely
in terms of W;_(a,b,c,d) , (ea\vina ne eXtra Constraints
on the latter. To the 3™ order ore gets o non-
trivial  system of  homeqeneous cubic equations Cor
Wl(u'\"fc'd)' Wc call thews the anaential  star-triangle
(TST) relation. ’U"e*j are a necessary (bm—

a priori far frem being sufficient ) condition Ror

the exsfence o{: selutions to ) sq‘h's?y{ncj (Zv)-

3°) Su—ﬂooSe that  the wetcjh'rs wia,b.c. d) Saﬁs§:7

‘?Mr‘ﬂ\er H\e Fouowmﬁ Z%'Symmefry cond,tions
d < d c+n din ¢

(3)

fr any M

[

G b am b a btn

where the indices a,-, d,n are read modulo 1.
(‘ue. take X= Z‘l ). This  reduces the Numbe r of
unknowns and  equations o ¢ amd TR
res pe cfi ve\y . Pux |
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—Dnen the sfar—rr\anﬂ\e relation (1) reads as

(L[.) w;\(uw)z éd-)\wa(_u)\a#(lf) = (A< p )

e
for any YV peZ
where k= o rop), For =) A=) Z’
'D;F(erenﬂa-}mﬂ (4) with Yesfec* to U and sefting
v=0 , we have

I4

- - - ~A0¢ —_
(5)  FWh = %W;‘*’x-a_ -0 20 Wi,
() W W, Z Wonr, (T4 C7FY)
W wo Z o ,\a(c-/‘d' L)
+ W Wy g VV; (1 = ‘Ao‘ = Q0
Here ’TIA = w)(/Wb and W; = di lu=o .
Fi nal\y the 15T relation wan bé writen as

€ Wy 2L DWW = (Aemp)

wp=p
‘FOY‘ any A,)" #(OIO)

gmce, (5)"(6) are necessary cond1+ions, Hoe\/ Can

be used fo C«lass{(:y ﬁ” the solutions Saﬁgycyrnrj (2)
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Actuo\‘ work?nﬁ involves  the \Co“owincj Sf?PS-

\

&(WA}

Emk ST @) \

We \fmve caone H"m"‘ﬂl" -quse Si-e‘os in the cases
CL‘—‘—3 and 4 (Fw 9=2, (€) is void anmd the

solutien to (4-) s Bax+e(’s B-Vertex SOluTiDV\ ) with

the aid  of  algebraic manipulation  system (MACSYMA)
—Df\e Y‘eSu\ﬂnc_\ c\assigiCc\hon oF Solutions s 3"\/6‘4
in the fobles of ref. 2). Al the sclutions are

parametrized by elliphic, frigonomeiric or rational

;&AV\CTTOV\S. -I-V\ the coursge we ehserved the

Qo\\owincj focts by ex plicit Computation !

Q) /'\\\ the irreducible Components & TST

(64) are linear wmanifolds,

Cl.\) To each So\uT(OV\ O‘F TST ) there Qlwa\/s
Q.X;S'\'S an achua\ LuV\}Cime) solutrion o(: (4‘)
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( Tt s  the prope rty () that wckes  the actual
weorlki nq Yo be caried through to the end ;
otherwise such brufe Corce calculation weuld have

bYeen Im V”s;b\c )

Thus we are led to

Con\egfure_ ’We statements Q) ond ) are

Valio\ ivn the wost ﬂenem\ Case ( net assuming

the th— Symmetry ).
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