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ON DEDEKIND SUMS
REMARKS ON HIGHER- DIMENSIOWAL DEDEKIND SUMS
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. 81, Classical Dedekind sums -

Dedekind uses ‘the symbol s(a,c) for classical Dedekind sums.
He originally introduced these sums in connection with the trans-
formation properties, under the modular group, of his.q4function

Nzy=e"2/12 [ (1.e27102)  (1ps50),

n=1
namely, for c¢c>0,
z+d a+d R
Llog(2Z2)=10gn(2) + ——1og2f— + mi(T5g - s(d,e)),

where the principal branch is taken for the logarithm.
Let a, ¢ be integers such that (a,c)=1, c3l. Then s(a,c) was
evaluated by Dedeklnd and he proved the relation

s(a,c)= 7 (( ))(( Ky).

k=1 -
Here the symbol ((x)) is defined by
((x))={x-[x]-1/2 if x€Z,
o if xeZ,

Where [x] denotes the greatest integer function. And these»sums are

represented by cotangents,
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namely

=1 K. rka
1€ —
s(a,c)= e kElCOt s Cot¢

We forcus our attention now on its properties and its connectiop.

with other mathematical topics([6]).

Proposition 1. (Reciprocity Low)

Let a, c be pogitive integers, (a,c)=1l. Then,

s(a,c)+s(c,a)=7%§€(a2+c2+l—3ac).

The number of lattice points in a tetrahedron has been related
to .Dedekind sums by L.J.Mordell([4]). He proved the following results:

Proposition 2. (Lattice Points)

Let a, b and ¢ be palrwise coprime, positive integers and let

N3(a,b,c) be the number of lattice points ‘in the tetrahedron

X . z .
Ngx<a, 0gy<b, 0O0gz<c, O<§ + % + €<l;
then
‘N3(a,b,c)= -{s(bc,a)+s(ca,b)+s(ab,c)}+ % abc + % (bc+ca+ab)
1 1 bec ca ab 1
toglarbre) + 30 =+ 55+ 7 ) 4 g0 - 2

Since the Dedekind sums are rational, we can evaluate its

denominators:

Proposition 3. (Evaluation of the Denominators)

2c(3,c)s(a,c) is an integér.
The range of values of s(a,c) is not fully known. Salie€([5])
proved that s(a,c) always satisfies one of the following five

congruences: 6cs(a,c) = 0, +1, +3 (mod 9). So the problem of the

)
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1 "
’Missing Values: ([1]) has arisen.

Dedeklnd sums -are connectea w1th the Jacobl symbol

Prop031tlon 4, (Connectlon w1th the Jacool Symbol)

If ¢ is odd, then |
')6vcs(a e)z %}- _‘: ($) (mod 4).

’This means thac the Dedekﬂnd sums become the Jacobl symbol lf
wé have them modulo 4 Hence we. csn con51aer that the Dede&lnd sums
'exnlaln the Jacobl symbol in detail. We have some other propertles,
for example, the range of s(a,c) is dense on the real ax1s_and“
connectéd with slass7nuﬁbersnof’quadfatic fieids etc.lNow we expiéin
about the classical Dedékind{sums no mors énd ws coﬁesﬁo theihigher

dimensional Dedekind sums that are one of thé extenteanedekihd‘sums.

§2.Higher Dlmen31onal Dedeklnd Sums

2.1 Let p be a p051t1ve 1nueger and let al | "én be ihtegers
prime to p, and n is even., Then we deflne
: n/2k wL “ L
d(p:al,...,an) = (-1) I cot ka /p o.. COT kan/p .
: : k=1 o

Remark.

If n 1s odd, the sum'is clearly eQual to zero.

Zagier called these sums the higher dimensional Dedekind sums
for the first time. Why he was interested in sums of this type ?
There are two reasons. Firstly the case n=2 is, up to a factor,.
the classical Dedekind sums: |

-1

'd(p:al,az) = -4ps(ala2v ,P),

La)



where a2_l is an inverse of a2(mod p). And as I mentioned at 3§81,

the Dedekind sums are connection with'other-mathematical Topics.
So the same things may hold about higher dimensional analogues.
The second ground for studylng this sum is that it arises in
topologlcal 51tuatlons. The first appearance of trlgonometrlc
functions in this context was the index theorem of Hirzebruch,
which evaluateslthe signature (a certain invariant of the homology_
of a differentlable manlfold) by means of a formula 1nvolv1ng
co»angents([3]) In that case, if the dimeng§ion of the manifold
is four, classical Dedekind sums appear and generally if the
dlmen81on of the manifold 1s 2n, d(p-al,.;.,a ) appears. Aftcr
that we shall pay more attention to the number theorical part of

higher dimensional case.

2.2 Some Properties of the Higher Dimensional Dedekind Sums

Proposition 5. (Rational Number ([7]))

d(p:al,o. 23, ) is rational:

d(p:a’,...,a ) = 20 p r ((k /p)) . ((k_/pP)).
1 _ n o<k <p n

p|kl 1+ tkpan

Proposition 6. (fbciprocity Law ([ 71))

Let agse -8y be pairwise coprime positive integers.

Yy = 1 - 1nga0,..,,an}/aof:.an,



‘where ln(ao,,..,an) is a polynomial defined by the next formula:
n ,

b n
Eln(ao,...,an)t :{z g.t/tanhajt .
n=0 J1’10 2.2 4 oy 6.6
= (1 + aJ £°/3 --aj t /45 + 2aj t /945 -, .2

Remark.

ln(ao,;..,an)ﬁisvnearly'equal to the Hizebruch L-polynomial.

In Proposition S,d(p:al,;.;,an) is rational j SO we can

evaluate the denominator:

Proposition 7. (Evaluation of the Denominators ([ 71))

“Let
c(n,p) = I an/(m—l)]
m :odd: prime
mf p
c(n,p)d(p:a;,...,a, ) is an integer.

» then

And for n=2,4 the denominator of d(p:al,...,an) equals to é(n,p).

We want to add much more about the evaluation of the denomi-.
nators, but before that let’s consider the generalization of the
“lattice points in the Proposition 2:

Proposition 8. (Generalization of the Lattice Points ([3]))

Let 8y, -

multiple of the a;’s. Let .

LN (n:0dd) be positive integers and N a: ¢ommon

.n ' ,
- SEE v ./
Cordf(xi,.,.,xh)50<xisai’0 <iii_xi/ai§1 (mod 2)}
—Cordt(xl,...,xn)]O<xi<ai,l'<:z xi/ai<2‘amod,2)}..»

t(al,..‘,an)

i=1
Then ( ) : . ‘
n-1)/2 2¥N-1 TP
: -1 - . Tk Tk 1k
t(al,...,an) = Ljﬁl,; - L . cot N cot,gg—;{.. cotga—

k=1,k:0dd | 1
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This is a kind of the higher dimensional Dedekind sums, too.
And the formula by which we define t(al,...,an) is the value

found by Brieskorn((2]) for the signature of the (2n-3)-dimensional

manifold defined by
a 2 2

_ N a '
Vo= {(le..,zn)e\' Izl 1 + ...+ %n n = 0, lzll 'F"'+'Izd =1},

2.3 - From now on we shall give some new .results for the higher

-~
dimensional Dedekind sums.

The first is a result about the evaluation of the denominators,
In 51 we saw the congruence which s(a,c) satisfies. And for n=4
we have the next congruences:

Theorem 1.

Let
d(p,u) = d(p:al:ag:aB:aM)-
Then
1) d(p,4) =0 (mod 2) if 3,5/p,

2) 9d(p,4) =+ 2 (mod 18) 1ir 3lp, Slp,
3) 5d(p,4) = 0 (mod 2), #0 if 5lp, 3lp,
4) 45d(p,4) = + 10 (mod 18)  ir 15lp. |
From this the problem of the "Missing Values" arises. But we can’t
find the algorithm of the d(p:al,az,a3,au) yet.
To prové this theorem we need some lemmas.

Lemma 1.

»

For the ai’s we can choose ai’s as

d(p:a;,ay,a3,2y) = d(p:ai,a;,ag,l) (p,ai,aé,a% are pairwise coprime.)
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Proof. Since (p,a4)=l ag exists such that auaa=l (mod p).

Hence by the definition d(p: al’a2’a3’au) d(p alau,azau,a3 M")'

And by Dirichlet’s theorem on primes in arithmetic progressions,
aiai can be replaced by prime number ai congruent -to aiaa modulo p.

Since the value of d(p:a ,an) only depends on the values of the

190"
2y (mod p), d(p:al,az,aB,a4)=d(p:ai,a2, 3,-) But they can be
chosen as arbiltrarily large primes,so in particular they can be
made prime to one another and then to p. Therefore we ha&e thé
résult.
Lemma 2.

ﬂSd(p:al,az,a3,au) = 0 (mod 2)

gzggi; It suffices to prove this lemma for d(p al, 2,a3,l)

(p,al,az,a3 are pairwise coprime.) by lemma 1. We first assume
that p is odd. By proposition 5,

d(p:a),a,,a5,1) = 2'p % <<—l>><< 2))(( 3>><<—5>>

O<k <p

pl 8. +a3k3+k4

- We fix one of the (kl,k2,k3)_(ogki<p). FOPLthiS‘(kl’k2’¥3) quy

one lchl (O;ku<p) exists such that p}a k +a k +aL3k34-:cL1 Therefore
k k'

z <<—l;><(——>><<—3>><<

p
ki<p
1,2,3)

y —(alkl+a k +a k )

37))
(N:integer)

d(p:a,,a,,a,,1) =2 p

13 2’ 3’ 0
(1
k

A

k +azk +a_k

u 33
5 ))

oty (L2 2)) (( 3))((
O<& <p P
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a_k.+a k.+ta.kx a.k.+a k. +a k.

S ><<——>><< B i S 333-
O§K1<O P D
23 ((——))((2)><< 3))
O<k, <p

plakitagkotasgis
Here we pay attention to

Ky
g ((=)) = 0:

Ogk, <p P

for example

k k k
5 (1) (-2 2)><<i>)k - 1k (S (BN (2
0gk, <p P Ky Pk, P kg P
= 0 .
Therefore )
‘ ‘= M £ /__ 3 k +a2K2+a3K3
| d(p.al,a2,a3,l) 2 poéklié p))< 1) ((—= ))[ 5 ]
—d(p:al,az,aB)
a.k. +a +ak
= 2% g <<-—>><< 2))(( 3))[ 141720%2 " 343,
O§k <p b P
- 16p Pol 3ikytagiotagis Ky 3\
e >><<——>><< )

16p P3 1[alk1+a2k2+a3k3 Kpkoks Lk kytepkgHegky)

K. —l D T3 172 371

1}

+

1 1
—Ha(kl+k2+k3)— g} .

4sd(p:aqi,2jy; 3,l) is an integer and since p is odd,

“5p d(p:al,az,a3, 1)

“5d(p-al, 2:a3:l)

0 (mod 2)

rof -
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If p is even, we use the re01pr001ty low and we find

45al 2a3d(p 1 al, 55 3) + MSpazaBd(al :p,1 a2’a )
+ MSpala3d(§2:p,},al,a3) + MSPalazd(a3:p,l,§l,§2)

) b 4 4 42 2 2 2 2
= Mspa aaz tp + 1 +za, +1a, f,a3 75(9 + pﬁal f...f‘aa‘a

modulo 2. Since a;’s are odd,

128583)

m.

45d(p:1,a 4-5.6 = 0 (mod 2) .

Proof of Theorem 1.

1) Let’s recall that

I m[u/(m—l) ]d(p :al,a_2,a.3,_'au)_.é.‘z .
m:odd prime
m‘p

Now 3,5} p and m|p, so my7. Hence [4/(m—l)] 0ana § mbP(m=DI
L : m:odd prime
) m|p
Therefore d(p:a;,a,,az,ay) is an integer. We combine this fact
with lemma 2, and we have the result. _
About 2) 3),4) it sufflces to prove for d(p al, 2,a3,l)

(p,a ays 2,a3 are pairw1se coprlme ) Lherefore ‘we use the re01pr001ty

law:

(®¥) 45a£ d(p 1,2y a2,a )+ 45pa2a3d(al 0,1, 2,583 )
+&5pala3d(a2:p,l,al,a3) + HSpal 2d(a3:p,l,al, 2)

4 4 4o 2 2 2% 22
= &5pa1a2§3 t ) ‘+ 1+ a; + a2 + a3 _5(p +pa; t...toa, a3 )

2) We first assume that Skai“fdrﬁéii'ai;s. Since 3fa; for aIl’
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a.’s, d(ai:p,l,o..)e 7., Hence we consider (¥) modulo 45 and we
have

R T T T
,Asala2a3d(p'l’al a2,a3) =p +1+a; +va2 t.ag —S(al +
2 2. 2 2 2 2. 2.2, '
a,"+ ag"+ a ", + a-a ag + a;"ag )
y R

5(aliaza3).+ 5(ayta;as) *~ 5(agtaja,)’ Pé* 1 falu+ 3y * a3

- L2 2. 2.2 2 2 |
¥ 10a.a.a.- lO(al +a, t a, 3 + aq ag ) (mod 45).

17273 2 .
Since either a ta, .a,,, (i mod 3) is a mult;ple‘qf’3 gtmthe

same time,

2 .

= i
5(ai + ai+lai+2) =0 (mod .5).
Therefore

HSalaéaBd(p:l,al,a2,a3)

4 i b b 2 2 2. 2 2. 2\ =
=p+ 1+ a+ay+ag- 10(a;"+ ay"+ a, ag"+ 31733:) + 10a,2,2
_ 5§ 4 2 2., 2.2 _ 2 22
=p+1+a) a2_+ a3 + S(a -1)"+ 5(a2 -1) +15(a2,_a3 )
2 2.2 < . N A
+5(al‘—a3 ) ¥ lQal 2a3— 10(1 + al f>é2 +»g3 )n
_ 4 Il I -
= p - 9(1 f a; + a2, + aq ) + lOala2a3 (mod MS)f

The lést congruence is»grqund in thelfact'that either a;xl is a
multiple of 3. Put:

X = pu-— 9(l+alu+a u+a3u) Y, S
then by 3|p we find 9] X. Since pVS and a. (5 pu,aiLl ;l’(mod 5.
Hence X =0 (mod 5) and x = O(mod 45), Therefore .

45ala2a3d(p:l,al,a2,a3)z +10a,a,235 (mod 45).

10

3



By (a.a,a,,45)=1 we have
45d(p:1,al,a2,a3)s'1‘lo (mod 45).

We combine this with lemma 2 and we have
9d(p:l,2)525,25) = 2 (mod 18).

If 5|ai, we may assume 5|a1. And we consider (%) modulo 45 so -
MSalazaBd(pzl,al,a2,a3) + Mépazaéd(al;p,l,az;a3)

T T S 2, 2, 2 2 |
=D+ 1+ a +a,+ az - 5(a1»+ a,"t.. 4 2, a3.) (mod ‘45).

We muitiply 5 in the both sides and we notice that
225pa2a3d(al:p,l,a2,a3) = 0 (mod 45).

Then
225alaza3d(p:l,al,a2fa3)

. Y Y 4 4
=5(p 4+ 1 +a+a,+ag

By using the same way we have

) - 25(a;,%+...+ ay"a;%)  (mod 15).

2258,8,3,d(p11,a1,25,25) |
2 i )2+ 25( +a.8.)%- 25(a ta a)’+ 5(1 + a Yoot alh
= 25(a tayag) + 2505188y 3¥2182 taptoay¥oag

- 2 2 2. 2 2. 2
+ 50a,2535- 50(a;"+ a,"+ ay,"a3"+ a;7a; )

. . "
= 5(1 + alh+ a24+ a34) prd 5oala233-+ 25(a12_1)2+‘25(a22_1)
2 ) b Lo -4
+ 25(a22—a32)2+ 25(ay —a32)2— 50(1 + a; + a, + a3,)
= - 45(1 + a14+ a24+ a3u) $b5bala2a3
= ?50aia2a3 (mod‘45). '
And by (ajas,h5)=1

225ald(p:1,al,a2,a3) IﬁOgl (mod 45).

11
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Hence
usald(p:l,al,az,aB) z 110al (mod 9)
and by (5a1,9)=l, we have
9d(p;l,alfa2,a3)ls 2 (mod 9).
By lemma 2 we have also

9d(p:l,al,a2,a3)us +2  (mod 18).

3) Since 3fp and SLp,Sd(p:l,al,az,a3) is an integer. By using
the lemma 2 we have

Sd(p:l,al,az,a3) = 0  (mod 2).

4) Since 3, 5fa; for all a,’s, d(a;tp,1,:--) € Z.

Hence
: . - oy b b 2 2.2
u5ala2a3d(p:l,al,a2,a3)‘: lta, +a, +ag -5(aj +....a5 23")
: (mod 9).
By using the same way of 1), we have
. ) b2 b—
45a1a2a3d(p.1,a1,a2,a3) = —9(l+gl tay tag )+1Oala2a3
= +ala2a3 (mod 9.). ‘
And by(ala2a3,9)=l
MSd(p:l,al,az,a3) =¥ 1 (mod 9).
By lemma 2 we have ,
45d(p:l,ay,25,25) = +10 ’(qu'18).’
Q.E.D.

Higher dimensional Dedekind sums are connectéd with n’s

Jacobi symbols:

12
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Thearem 2.
Put
n_ = I ptn/(m=1) ]
, o m:Qdd prime

If p is odd,then

. . ) a
“n/2d(p:al""’an) = pn/z(p-l) - 2n + 2{(——)+ +(——:}

(mod 8)

Proof. We first show the theorem for the type d(piglg---,bn—l;l).

By the definition '
k

. = o1 I = _g
d(p-bl:-'°:bn_l’l) = 2 O§k<p (( )) (( ))
plbrky* +b ~1%n- 1+k
And we use the same way in the proof of lemma 2, then
, b,k +...+b_ .k k. k
‘ n_- 171 n-1ln-1 1 n-1
d(p:byse.-sb_ -,1) = 2p 5 [ J(=)) oo o ((—==))
l’ 3 n—l’ Oék.<p p p . p
(i=1,2,...,n-1)
p-1 b k + .+b k boko+#, .. +b -k -2
_ n-1"n-1 1170 n-I n-I
= A+ 4 Z_ (kqteoo+k )0 5 lJ-2py T 5 I
k.=1
i ' _ ~
where A is an integer and .
pn/zA =0 (mod 8).
Therefore
p_l 7 v o lkl +br1-l n-
un/2d(p:bl"°”bn—l’l) 4KZ= (k1+...+kn_l)f — ]
b,k,+...+b k
171 ° n-1n-1
-ZPUn/z C P »] “.(mqq.a)'
b,K-+...+b_ K -
First we calculate kal[ 1l < »n—l n-1, modulo 2.

13
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B e | : n-1n-1; _
kn—l—l' 1
- 1 k.
p-1  Dbiki+...4b, Gk 5 Diky+. .+ (k. 4 bRyt atb ok
g ( - { —=1)=[ ]
“k__,=0 P ' P e ’
n-+

where { } denotes the fractional part and
p-1 boki+...+b_ 4k

171 n-1ln-1 _ p-1
k0 P -7
n-1
Hence .
_ p-1 blki+' .+b —lkn—l] ok (p_l)(bn_l-l)
. 5 =§ 5 = biky+...4b ok ot 5
n-1
blkl+' +bn—2kn-2
- [ 1.
And by noticing that p is odd,v
p-1 bik+...#b 1k, b, 5p(p-1)
r (5[ 5 D) =
ky_o=1 K1 :
- pgl Eblkl+”‘+bn—2kn—2j_“_
=1 . p
kn—2vl : ' \ |
b__,p(p-1) (p-1)(b__,-1)
_ ‘n- -2
= = 22 = (bykyte.4by sk, 3) - 2n ‘
b .k +...b k
P —— 5 “'3 N=31  (mod 2)
5 5 blkl+°"+bn-1kn-1 _
¢ C 5 1) =
kn--3 kn—2,kn-—l
b .p(p-1) n-1 bk +...+b_ _k__ S
- _5_35————— + ¢ [ 11°°° n-3n 3] (mod 2).
k. =1 P
n-3

We repeat this operation and we notice that n is even. So

14



1 + ..
S R0 1 B B
.,k P ' '

b,p(p-1) (p-l)(bz-i) [blklj

—2 " Py - 2 SR

b.k
= _ p-1 ~171
= - bk + S5+ [

] (mod 2).

blk1+“'+bn—lkn-i
z k, [ ]
k Kk 1 P
1> 2 n-1 5
b,p(p-1)(2p-1) p(p-1) b kg
- + + ¢ k., [—=] (mod 2).
6 4 k 17 p . ,

(o]
]

1 Db,k n-1 b,k (p-1)(b,-1) -
1

= ' + i{(gif—l}‘« (mod 2)
S D 2 2°" p’ 2

hence

blki+..;+bn_lkn_l _"
k, [ ] =

4
- p

Ky

2b.p(p-1)(2p-1) 5 | by |
- , +p(p-1)" + 4(p-1)(b;-1) + B{()-1} . (mod 8).

’kn—l

3

" Since in the first term p or p-1 or 2p-1 = 0 (mod 3) and (3,8)=1,

Ejp—l)§20-l) = n-1 (mod 4).

Thus
kl+. . ,.+b
p

k
- -1
n-1n ]

b
1
qul[

o b
-2b, (p-1) + 2(p-1) + 2(51‘1)(9f1) + 2{§—%);1}.

b
2(p-1) (~b +1+by-1) + 2{(f%)—1}

2{(—5) - 13 (mod 8).
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Therefore

Dok 4+« +b
P

)
. n-1%n-1
B2 (ky+e otk )0 -=]

b
5 2{(——) Foot (B34 L (ne1)) (moa 8).
p-1 boky+s--4b .k
Next we calculate § [ 11 5 n-1n l] modulo 4.
A .
i .
pzl [blk1+ +bn—lkn-l] ke +(p—l)(bn_l-—l)
K =1 p 171 n-2"n-2 2
n-1
_[blkl+ +bn_2kn_2]
P
b.k.+e--b k
171 n-1"n-1
z [ ‘ ] = (p-L){b k +---+b_ Kk
(p-1)(b,_;-1) b, _-p(p-1) byl +eeotb Sk,
+ b+ - [ ].
2 e K p
s n-g 2
e e L bV SOV LA 1) , On-oP(p-1)
o] - 2 2
ky_3:Kp 05Ky (p-1)(h . o (oo1)
, p-1)(h, _-- _.p(p-
_(p l){b k +v-’+bn_4kn_u + 2 n 2 } _ n 32
b.k,+---+b k - .
f o3 171 n-3 n—3] (mod U).
k P
n-3

We repeat this operation and we obtain

bk +eeo4b k1 bip(p-1)°  b,p(p=1)°  (p-1)%(by-1)
o }:2 = ¥ 2 ) 2
k, P
1 : . i
blp(p—l) b k
STt (1
b1p(p- 1) (po3) (p 1200, (p-1)%1} (22K,
= + + P
2 2
k 1
2 —_—
(p-1)° byp(p=1)(p-2)  (p-1)(by-1)
] p2 , baplp : p-2) (p { 1 (mod 4).

16
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1 ) p e
. bl£l+...*cn_lﬁ
5 (

P

n-1
2pun/ ]

= ouy /o {(p=1) %40 0 (p-1) (p-2)
+(p-1)(bq-1)} a

pu 5 {2(1-p)+3b, (p-1)+(p-1) (b -1)}

puh/z(p—l)(—2+3bl+blél)

pu, 5(p=1) (40 -3)

-3Un/2p(p"l)

Therefore ,
. bl bn

. = f—=)+,..

TR PL16-1- TR 1) = 2¢4 p) +(

b n__l’
! Pho1 _
= un/z(p—l)+g{(—5)+7:.+(lip-)_(n-;)}. (mod 8)T

=)= (n1) 3450 5 (p-1)

By the.way

d(p:al,aa,...,an) = d(p:alX’°ff$an"lx’l) (gnxs}vgmod p)).

Hence

u«n/zd(p,,:‘.a],’_""an") = un/zd(P:a X,..‘..{fan__lx,l)
= (p‘l)+2{(i;f)+ son=l%)y o 1)
/2 p T Tp e

= (p-1y+2(X)( (L n-1y 5 ‘
n/2\P~ 5{ .—1-3_)+"'+(p_)}-.-(n-l) (mod 8).

‘ ) - ar
= 5 - (B
And since a_x21 (mod p), (p) = (.p)'

By using this fact we obtain that

L a a0 oa
THPPLIS SESPRRRPE IO R uh/z(p—l)+2(*505(—5)+---+( ;_”)}-2(n-l)

= Hp/2 p—:!',)+2,(—_§'){ ('FH‘."",L(?)}'Q“;

]

a; a
“n/2(9‘1)+2{(_§)+°°-+("5)}'2n - (mod 8).
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We have the last congruence by noticing that
_al a A .
(——)+...+(—3) is always even.
p p
Q.E.D..
We use this theorem in the reciprocity law and we thain

the next corollarys:

Corollary 1.

Let agse sy be odd and pairwise coprime.
Then
: ] 1
2L a3 + a3}
l:J"O i J
i<j

= -nup o+ (un/2+2n)(ao+...+an)-un/2ao...an (mod 8).
This formula is very beautiful but I don’t know what if means.
'To prove this we need the next lemma:

Lemma 3.

Jn is defined as the coefficient of tn in the poWer series

‘ £ n+1 S L
expansion of (EEHH—F) , where n is even. Then
Jn = 1,

This lemma has been shown ([3]).'

Proof of the Cofollary 1.

Since a,’s are odd,'ai2 £ 1 (mod 8). Hence

(mod 8).

un/zln(ao,...,an) = un/an Hp/2
2 2

We multiply a, --‘-an ( =1 (mod 8)) in the both sides of thea’

reciprocity law:

18



n . 4

jioajd(aj:ao’,--~,aj’.-.,an) = l-aon-.anln(ao,-._,an> (mod8)_
n A

un/2 g;oaid(a':ao"’"aj""’aﬂ)sun/2'a0"‘ah“n/zlniao:---,an)

(#%) Eun/E'un/ZaO"'ah (mod 8).

Here we use the theorem 2:

n a, i a,
1 i = . a,—i1)- nt+la {((—)+., . +(—)
the left side = §=ga3“n/2(ag 1) 2a,n 4aJ{(aj) ‘ +(aj)}]
D s *1))
(n1)M o=(B o+2n) (agh...+a )+2 ey (g o+ aj(gf)f (mod 8).
i<j3 ' '

We substitute this for (*#) and then

n a. a. ' ! :
2L la (=) + a.(==)} z-nu_ . +(M_, +2n)(a.+...+a )
1,5=0 ita; SR n/2 " n/2 “0 n
1<5 ' '

- un/2a0' . .ah (mod .-‘8)',

Corollary 2.

Let a,b be odd and (a,b)=l. Then
a(2) + b(2) = 3(a*1)(b+1) (mod ).
a b 2 : .
This is the quadratic recirpoeity law. First we assume that
a,b = -1 (mod 4). Then the right side of the corollary is zero
modulo 4, ‘ ;
namely

0 (mod 4).

a(2) + b(d)

b a

(3) + (&)
Since (%) =1 1,

b a

(5) + () = 0.

We use the same way in the remainder part and then we obtain the

11
o

(mod U4),.
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result.

Proof of the Corollary 2.

The case n=2 we use the theorem 2. Since u,= I m[2/<mfl)]=3
m:odd prime

3d(a:b,1) E 3(a—1)—U+2{(%) + (i)}

= 3(a+1)+2(2)  (mod 8).
Similarly
3d(b:a,l) = 3(b+l)+2(%) (mod 8).
We substitute these formulas for the new reciprocity law ((#%)-in
the proof of the cor.l)and then
a{3(a+l)+2(%)}+b{3(b+l)+2(%)} = 3-3ab (mod 8).
Since a and b are odd, angzsl‘(mod 8). |
Hence |

3(a+1)+2a(2)+3(b+1)+20(F) = 3-3ab  (mod 8).

2(a(2) + 0(D)} = -3(atbrlvad)

-3(a+l) (b+l)

3(a+1)(b+l)  (mod 8). |
a) + 5(3) = 3(arl)(b+1)  (mod ).
Q.E.D.

As previously stated we can’t - find the algorithm yet. After

this to do first of all is to find the algorithm.
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