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Generalized foliations and algebraic representations

of self-covering maps
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The strongest useful equivalence for study of the orbit
structures of covering maps of a compact metric space M will be
topological conjugacy. A continuous map f : M+ M is called a
covaring map if for x €é M there exists an open neighborhood Ux
of x in M such that f—l(Ux) is the disjoint union of open
subsets of M each of which is happed homeomorphically onto Ux
by f. We say two continuoug maps f : M+ M and g : M s M
are topologically conjfugate if there exists a homeomorphism h : M
+ M such that f o h = h o £. In this case any orbit of g is
mapped by h to an isomorphic orbit of f.

Interesting examples in our study are among matrices of the

following types

m ED . om (3l e G .
Type (1) has eigenvalues of modulus < 1 and modulus > 1 (i.e. hy-
perbolic), eigenvalues of type (1) are larger than one (i.e. ex-
paﬂdingi and those of type (ll) are in the same condition as type
(1) (i.e. hyperbolic). They can be though of as linear maps of
the plane R2 which preserves the lattice Z2 of points with
integer coordinates. The type (1) induces automorphisms of the
factor group RZ/Z2 = ng the 2-torus and the types () and (1)
2

induce endomorphisms of T . The automorphisms of the type (1)

and the endomorphisms of the type (1) satisfy the much stronger

. property of being structurally stable. " However the endomorphism



of the type (@) does not have such the property (see a result of
Przytycki [16] stated below). A differentiable map f  is said
to be structurally stable if there is a open neighborhood N(f)
of f in the C1 topology on the set of all differentiable maps of
a closed C™ manifold M such that g e N(f) vimplies f and g
are ﬁopologically conjugate.

Let M be a closed C” manifold. A diffeomorphism f : M -
M is called an Anosov diffeomorphism if there is a continuous

splitting of the tangent bundle TM = E® @ EY which is preserved

by the derivative Df and if there are constants ¢ > 0, 0 < y <

1 and a Riemannian metric || | on TM such that for n 2 0 we
have

(1) wpe™(v)n < cx™v (v € E¥),

(2) IDE™ (VN = ¢ L Puvy (v € BY).

For the main properties and topological conjugacy of Anosov
diffeomorphisms, see Smale [14], Franks [7, 8] and Manning [111.

Amap f € CI(M, M) is called ezxpanding if there are con-
stants ¢ > 0, 0 < p < 1 and a Riemannian metric on TM such

that for n 2 0
IDEM (V)N = cu uv.

See [8], Gromov [4] and Shub [13] for the properties of ex-
panding maps. The above notions were extended by Przytyéki [16]
as follows.

A map f € Cl(M, M) 1is called an Anosov map if f is a

regular covering map and if there exist constants c >0, 0 ¢ pnu <

1 and a Riemannian metric on TM such that for a sequence of

points in M satisfying f(xn) = X for every integer n,
there is a sgplitting of v T‘c M=E2eEY:= u Ei @ E:
n=-« n n=-c n n



which is preserved by the derivative Df and conditions (1), (2)
are satisfied.

It does not follows there is a splitting of the tangent

bundle TM = E° o EV. Note Ez depends on the sequence (xn).
. 0
. u u . _
Thus it may happen Exo = Ey0 if Xg = Y but (xn) = (yn).
Such a phenomenon is impossible for Ei , that is, it depends only
0
on  Xg.

Amap f € CI(M. M) 1is called a gpagcial Anosov map if f is
a Anosov map and E; does not depend on the sequence (xn) con-
taining x. Thus special Anosov maps satisfy the conditions (1)
and (2) as well as diffeomorphisms. A typical example of such
the map is the type (I). The class of special Anosov maps con-
tains Anosov diffeomorphisms and expanding differentiable maps.

The type (1) is an example of Anosov diffeomorphisms and the
type (I) is that of expanding differentiable maps.

Przytycki proved in [16] that Anosov maps do not be structur-
ally stable ; that is, every noﬁ—empty open in the Cl—topology
subset of the set of all Anosov maps of class Cl, which are not
diffeomorphisms nor expandings, contains an uncountable subset

such that, if f = g are any elements of its, then there exists

no' continuous surjection ¢ : M + M which makes the diagram
M f
17 ] commutes.
M -4

If the manifold M is the torus then we knhow every expanding

differentiable map is topologically conjugate to some expanding



toral endomorphism (Shub [13]), and every Anosov diffeomorphism

is topologically conjugate to some hyperbolic toral automorphism
(Manning [11]). It is unknown, however, whether every special

Anosov maps of the torus are topologically conjugate to a toral

homomorphism.

Our investigation will be within the context of the conjugacy
pfobieh for Anosov maps, which can be stated in its more general
setting, topological setting.

Let X be a metric space with metric d. A homeomorphism
f : X » X is called ezpansive if there is a constant e > 0 such
that x, y € X (x = y) 1implies d(fn(x), fn(y)) > e for some in-
teger n. Such an constant e 1is called an exzpansive constant
of f. A continuous map f ! X - X 1is positively exzpansive if
there is a constant e > 0 such that if x = y then d(fn(x),
fn(y)) > e for some positive integer n (e 1is called an gzpan-—
gsive constant of f). For compact spaces, these notions are
independent of the compatible metric used, although not the expan-
sive constants.

If X 1is compact and f : X+ X 1is a positively expansive
map, then there exist a compatible metric D and constants g >
0, x> 1 such that D(x,y) < e (x,y € X) implies D(f(x),f(y)) =
aD(x,y) (Reddy [!I7]1). Define a local stable set W:(x,d) and a

local unstable set W:(x,d) by

(v € X : a(f™(x), f%(y)) < &, n = 0},

1

w:(x,d)

w‘;<x.d> {(y € X : d(£ T ™x), £T™y)) < e, n = 0},

If f : X » X 1is an expansive homeomorphism, then there exist an
equivalence metric D and constants g > 0, 0 < x ¢ 1 and a 2 1
such that if y e W:(x,D) then D(f'(x), £'(y)) < aa"D(x, y) and

if y € W:(x, D) then D(f—n(x), f—n(y)) < aan(x, y) for all n



> 0 (Reddy [1T1).

If a homeomorphism of a compact metric space is positively
expansive then the space is a space consisting of finite points;'
Since f 1is positively expansive, there is a compatible metric D,
constants & > 0 and O < ax < 1 such that D(x,y) < & implies

p(£ Y (x), £ 1 (y)) < aD(x,y). Thus o = (£

i > 0} 1is equi-
continuous. Put & = & U ®+ where 0+ = {fl 1> 0}, By a
metric p defined p(f,g) = max (D(f(x), g(x)) : x € X}, & is
| ' i

= f

1) for

totally bounded. vDefine amap G : & - ®+ by G(f~
i =2 0. Then G is p—isomefric. Therefore ®+ is totally
bounded. Since X is compact, 0+ is unifﬁrmly equicontinuous
and so there is v > 0 such that D(x,y) ¢ v implies D(f’(x),
fi(y)) ¢ e for all i =2 0 (e 1is an expansive constant). This
shows x = y and therefore x 1is an isolated.

A continuous map f is called azpanding if f 1is positively
expansive and it is a covering map. Thus every positively expan-
sive map of a closed topological manifold onto itself is expanding
in our sense. Expanding (differentiable) map of a compact mani-
fold onto itself is positively expansive.

A sequence of points {xi :a <i < b} of a metric spaée X
is called a 8-pseudo orbit of f if d(f(Xi); X;41) ¢ &8 for i e
(a, b-1). Given g > 0 a §-pseudo orbit (xi) is called to be
e-traced by a point x € X 1if ‘d(fi(y), xi) <>e for every 1i €
(a, b). Hence the symbols a and b are taken‘as - £ a (b <
o if f 1is bijective and as 0 < a < P £ o if f is not bijec-
tive. We call f to have‘the pseudo—orbtt tracing propertﬁ
(abbrev. POTP) if for every‘ g > O there is & > 0 such that
every S-pseudo orbit of f can be e—ﬁraced by some point of X.
For cohpact gspaces this notion is independent of a compatible

metric used. It is well known every expanding (differentiable)

map satisfies POTP and every Anosov diffeomorphism obeys expan-



sivity and POTP.
Henceforth X will be a campact metric space. For f : X =

X a continuou surjection, we let

Xp = ((xi) : x; € X and f(xi) T Xi4q0 1 € 2),
(1.0) ’
4 a((xl)) = <f(xl)).
Then X¢ is a subset of the product space X = W Xi where each
i€

X is a replica of X and o : Xp » Xp is called the shift de-

termined by f. If Pi : Xf + X 1is a projection defined by

(x;) » x; (i € Z), then P; 0o = f o P; holds. We give a

métric d for X by

~ _ b 1
(1.1) d((xi), (Yi)) = iE—m '——z—ri-r—d(xi, Yi) .
Then Xf is closed in  X. We say (Xf, o) 1is the inverse Limit
of (X, f). If in particular X is a torus and f : X -+ X 'is a
toral endomorphism (surjective but not one-to-one), then Xf is
the topological group hhich is called the sotenoidal group. The

notion of solenoidal group will be later defined in other words.
A»continuous surjection f : X - X 1is called c-exzpansive if

there is a constant e > 0 (called an ezpansive constant) such

that for (xi), (yi) € Xf if d(xi, yi) < e for i € Z then
(xi) = (yi). The notion of c-expansivity for continuous surjec-

tion is weakervthan that of positive expansivity. For homeomor-

phisms the notion of c-expansivity implies that of expansivity.

It is easily checked if f : X - X is c-expansive then so is fk
for k > O.

A continuous surjection f : X - X 1is c-expansive if and
\only if o : Xf - Xf is expansive. For, if (xi) = (yi) then

there i k € Z such that d(xk, yk) > e by c-expansivity.



~

Then d(ok(xi), ak(yi)) > d(xk, yk) > e. Therefore o 1is expan-

sive.

Conversely let ¢ > 0 be an expansive constant of o and
let d(xi, yi) < c/4 for (xi), (yi) € Kf. Then we have
é(o“(xi>, an(yi)) < c¢c for n € 2, and hence (xi) = (yi) by ex-
pansivity of o. Therefore c¢/4 1s an expansive constant of f

X -+ X.

A continuous surjection f : X - X obeys POTP if and only if
for every g > 0 there is 5 > 0 such that for every s-pseudo
orbit (xi) € X there exists a point (yi) € Xf so that d(yi,
xi) ¢ g for i€ Z. .This is easily checked and so we omit the
proof.

If f : X -+ X has POTP then o : Xg »+ Xp obeys POTP. This
is checked as follows. Let o = diam(X) and g > O. Choose N

> 0 with oz/ZN‘2 < g. Let y > 0 be a number such that

dix, ¥y) < v = max d(fi(x), £3(y)) < es8,
0<ig2N

and &' > 0 be a number with property in the definition of POTP

of f. Choose § such that 0 < 2N6 < &', Let k > 0 and
((x}) : 0 < n <k} bea s-finite pseudo orbit of o in Xg.
Then we have
s> dlo(x™), (™)) > dcexB), Ptly,N (0 < n < k-1)
i i -N -N
and hence {fo 0 <n < k}) is a §’-pseudo orbit of f. Since

f has POTP, there is y € X such that
d(f™(y), x0) < v (0 <n < k).

And so put Yi_N % fl(y) for i > 0 and take Yi-N € f—l(yi+l)

for i < 0. Then (yi)»e Xf and
d(a™(y;), (xM) = T d(t™yp, <Nzl

J=—o



N ' i -N=1 n 15
= oz d(t™y., M2l s ™y, M2t
j=-N J J j=—o J J

v ANy, D2l o esa v esa v ere e
J=N+1 . .
because d(fn(yj), x?) < &/8 (}]j] < N) by the fact that
d(fM(y_)» xg) < v "
If o : Xf -+ Xg has POTP and f : X -+ X 1is a local homeo-

morphism, then f has POTP. For ‘¢ > 0 let 8 > 0 be a number
with property in the definition of POTP of o. Choose «a such
that 0 < a/28¥°2 ¢ 5. Then we can find y > O such that if d(x,

y) < v then there are ({x; : 0 <'i £ N} and {v; : 0 <i <N}

such that Xy = X, f(xi) = X0 ‘and Yo = Y f(yi) = Yim and
d(xi, yi) < §/8 for |i} < N. Let {zi t: 00gi < =} be a y-
pseudo orbit of f. Then for i > 0 we can find (zi) € Xf
such that zé =z and '[(zi)) is 'a $-pseudo orbit of o.

Since o has POTP, there is (xn) € Xf such that a(ai(xn), (zi))
<& for 0<i<w, and then & 2 dloi(x,), (z1)) > d(£ (xg), z])
= d(fi(xo). zi).

We know (cf. [16]1) every Anosov map of a closed manifold
obeys c-expansivity and POTP. Thus we can give the notion be-
longing to Anosov property for continuous surjections, in hore
general setting. We ‘'say a continuous surjection f : X » X is a
c-map if f 1is c-expansive and satisfies POTP and if f 1is a
covering map. We say a continuous map f : X + X 1is a gpecial
c-map if f satisfies the following conditions;

(i) f 1is a c-map,

(ii) for every (xi), (yi) € X with x, = Yo
W) = W)

where



(1.2) w“uxi)) = {yg € X @ y;) € Xg, d(y;,x;) » 0 as i o -},

Tﬁe notion of special c—maps is a generalization of that of
special Anosov maps.

The class of special c-maps is a much larger class of contin-
uous maps, in which contains homeomorphisms with expansivity and
POTP, and positively expansive maps.

Let g4 denote the set of all c-maps of X and ¢g4 denote
the set of all special c-maps of X. In general the set g = g«
- 9ygA 1is non-empty and the union of the set &#% of all expan-
give homeomorphisms with POTP and the set 284 of all positively
expansive maps is properly contained in ¢g4«.

The orbit structures of the types (1), (I) and (I) would be
characterized, in a category df Co—topology, as follows:

(a) Type (1) is expansive,

(b) Type (1) is positively expansive,

(c) Type (II) is c-expansive,
and (a), (b) and (c) derives POTP.

In general setting, every positively expansive covering map
derives POTP. However we know the existance of examples of a
homeomorphism whose expansivity does not derive POTP and a contin-
uous map whose c-expansivity does not derive POTP}

Conversely we can easily checked

(d) if every toral automorphism is expansive then it is hy-
perbolic (i.e. type (1)),

(e) if every toral endomorphigm is posifively expansive then
it is an endomorphism of type (ﬂ);

(f) if every toral endomofphiém.is c—expanéive but not poéi-
tively expansive then it is an endomorphism of £ype (m).

We now restrict ourself to the n-torus. Then the topologi-

cal conjugacy problem raised by Franks [8] wiil be solved fof c=
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maps as follows

(i) every homeomorphism with both expansivity and POTP is to-
pologically conjugate to a toral automorphism of type fI),

(ii) every positively expansive map is topologically con-
jugate to a toral endomorphism of type (n),k

(iii) every spécial c-map, which is not bijective nor posi-
tively expansive, is topologically conjugate to a toral endomor-

phism of type (),

(iv) for every c-map which is not special, its inverse limit
is topologically conjugate to a solenoidal automorphism.

Although we do not seﬁtle heré, to avoid complication, the
case of c~maps of infra-nil-manifolds, it seems likely that the
methods and the results presented here coﬁld be pushed to give
that case.

More precisely we describe our results as follows.

n

Theorem 1. Let T be the n-torus and £ :~Tn - Fn be a

~

covering map-. Then there exist a finite cover Fn of. Fn and a

~ ~n
covering map g' : ™ > T for which

n g’

=2
=

comnutes,

A
- —
=5 —_—
A

g
such that there is an n-golenoidal group S such that for f a
covering map homotopoic to & there i3 a homeomorphism f : S - §

go that (S, f) i3 homeomorphically conjugate to the inverse

timit of a finite cover (", ff) of (Tn. f).

Theorem 2. Under the notations of Theoren 1. If f : T
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~

n . . .
- T is a c-map, then there exists a solenoidal automorphism A

~

S - S and a homeomorphism h : S - S guch that the diagran

A — S
h l h conmnutes.
S v S
f
n n . L
Theorem 3. 1r £ : T =T is a special c-map, then f

i{8 topologically conjugate to a toral endomorphisnm.

Theorem 4. lr £ : ™ 5 1% is a special c-map, then there
exist a finite covear ™ of ™ and a gpecial c-map f’ : ™ o
™ such that

~ ’ ) ~
1rn f R 1].n
n'l Jn' comnutes
™ ™
f
n’ i3 a finite covering map’ which satisfy the following
. ni
conditions . there gxzist the marimum ni—torus subgroups T (1 =
ng “n
1,2) and the n3-torus subgroup T of T and
" "y

{a) an expansive automorphisnm Al S - T,

2 i)

{(b) a posgsitively expansive endomorphisnm AZ : T - T 7,

ng N3

{(¢) a c-ezpansive endomorphism A3 : T Pind T ~,

n n, n ~
1 3

(d?) a homeomorphism h : T x T 2 x T I

such that the diagranm
n n n A, X A, x A n n n.
T 1 x T 2 x T 3 1 z 3, T 1 x T 2 x T 3
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?

.f,

conmnutas.

As an easy corollary we have
Corollary 5. (a) If f : Fn - Fn i3 a homeomorphism with
expansivity and POTP, then f i3 topologically conjugate to a

toral automorphism of the type (1),
by If £ : 1" > T" i3 pogsitively expansive, then f is
topologically conjugate to a toral endomorphism of the type (1),
(e) If £ : T" o T i3 a spacial c-map which is not
bijective nor positively ezpansive, then f i3 topologically

conjugate to a toral endomorphism of the type (I).

From the definition of c-maps we have

Corollary 6. 1f f : Tn - Fn i3 a c-map but not special.
then there do not exist toral endomorphtsus.to which f s

topologically conjugate.

Let Q(Fn) be the set of all continuous surjections of Fn.

Then g(T") becomes a complete metric space with respect to d
defined by d(f, g) = max{d(f(x),g(x)) : x € ™) for f, g €
G(Tn) (here 'd denotes the metric for Fn induced by euclidean

metric d for R™).

~ n n
Corollary 7. Let f, (T" - T') converge to a covaering map

£ (T" - T") as i » » and A denote tha toral endomorphism of



Fn homotopic to f. Then the foliowing holds
(a) if each fi i3 a special c-map then there ezxzisits a
n

continuous surjection h : T = T" such that the diagranm

.ﬂ_n
h l h comnutes,
]].n

A

~

(b) let (S, f) be homeomorphic to the inverse limit of

~

(Fn, f) as in Theorem I and A be a solenoidal automorphisnm

~

induced by A. Then there exists a continuous surjection h : S

-+ S gsuch that the diagram

e

commutas.

=t 1
0 —W
o

B

In order to capture orbit structures of c-maps, we shall
prepare the following two key points. The first point is to
establish "uniformly locél decomposition theorem” which
corresponds to the differentiﬁl structures for Anosov maps, and to
use solenoidal groupé which is thg natural extension of the
n-torus (Theorem 1).

It seeﬁs likely that this point is useful in studying
dynamics without differential struéture.

The second point is to introduce a nétion of generalized
foliations, by using c-maps of closed topological manifolds, wbich

is an extension of that of foliations in usual sense, and define



orientability for such the foliations. "~ This is important in

minutely calculating fixed point indices of c-maps.
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