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Introduction

Let F be a relation on a countable set X. Then F determines a

function from 2X>to'2X (again denoted by F) as follows:

X

For 2€2%, F(Z) = (yeX| ®xe2Z, x F y).

We can thus define an n-fold product F? of F as follows:

0 is the identity function on 2%,

Fl = F, and

n+1

F = F(F).

We shall use the following notations:

e e

Pfo= WP, FY = F(F), ana PP - k:fn]Fk,
where N denotes the set of non-negative integers and [n], the set
{0,11, ...y, n=1} for any positive integer n. We shall not
distinguish a singleton set (x} from an element x. Also, we refer
to a point Z in 2X as a subset ZC X whenever it is appropriate.

A subset ZCX is called invariant for F if it is a fixed point

with respect to F, i.e., F(Z) = Z.

We introduce ascendability concepts with respect to the
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function F as follows. Let Z be a subset of X. An element x€7 is

said to be ascendable in Z if there exists an infinite sequence

Xg=Xs Xqs eens Xy oeen (not necessarily distinct) in Z such that

x=x; and x.€ F(x...) (i > 0). Also, x€X is called ascendable if

i+1
it is ascendable in some ZCX. A subset Z is called ascendable if
every x€ Z is ascendable in Z. Then it is shoﬁn that an invariant
set 7 is the F+ image of some ascendable subset K, i.e., Z = F+(K)
(Lemma 1.3).

Besides the above general characterization, we can give more

detailed structure of invariant sets when F is defined by a

substitution. Consider an element x€ X called a repeatable point

that satisfies x:éFﬁ(x). It is obvious that for any repeatable
point x, the set F+(x) is ascendable and F+(F+(x)) = F+(x)_because
F+(x)CZF+(F+(x))<:F+(X). Hence F+(x) is invariant. Then for any
set S of repeatable points, the set F+(S) is also invariant. The
converse is, however, not always the case. That is, in general,
there is an aseendable element x such that there is no repeatable
point z satisfying x€F'(z).

The main result of this note is that if X is a free monoid
over a finite set (or the set of all words over an alphabet) and F
is a substitution on it, then for any ascendable element x € X there
does exist a repeatable point z such that x65F+(z) (Lemma 4.1). We
also prove that any invariant set Z for a substitution is
characterized as 72 = F+(S) where S is a set of repeatabhle points

(Theorem 4.3).

1. Invariant set for a multivalued mapping



_27

In this section, we prove several properties of invariant sets and

ascendable sets.

Lemma 1.7. ’A subset Z of X is ascendable if and only if ZCF(Z).

Proof. If part : If ZCF(Z) then for every x € Z there éxists some

y € Z such that xéiF(y); This guarantees that x is ascendable in Z.
Only if part : Let x€ Z. Since x is ascendable in Z, there is

y€ Z such that x€F(y). Thus x€F(Z).

The following lemmas show the relations hetween invariant sets

and ascendable sets.

Property 1.2. 1) F(Z) =7 if and only if F (Z) = Z.
2) If Z is invariant, then it is ascendable.

3) If Z1 and Z2 are invariant, then so is Z1LJZZ.

Lemma’1.3. A subset Z of X is invariant if and only if 7 = F+(K)
for some ascendable subset K of X. v
Proof. Only if part: Since Z = F(Z) = F+(Z) and 7 is ascendable,
let K = Z. |

If part: Since K is ascendable, we have KC F(K) by Lemma 1.1.
This implies KCF%(K) ..., i.e., KCF'(K) and hence F'(K) =
KUFY(K). Then, F(Z) = F(F'(K)) = F(KUF'(K)) = F' (K) = Z.

2. Substitution over a finite alphabet
As we stated in Introduction, our main concern is the invariant

sets for a substitution over a finite alphabet. 1In this section we

give some basic notations of substitutions.
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Let 2 be a finite set, which is called an alphabet. An

element of 2 is called a letter. The set of all words over Z,

including the empty word 1, is denoted by 2

A subsequence of g4 word s is called a sparse subword of s or,
for short, a subword of s. The length of a word s is denoted by
|s|. If V is any subset of 2, ISIV denotes the number of

occurrences of letters of V in s.

Definition. A relation F on X is said to be a substitution if it:
satisfies the following conditions.

i) F(1)=1,

ii) F(a)e %" for every a€ 2, and

iii) F(w) = F(a1)F(a2)...F(an) for every w = a,8,...a where

ai€2: for i=1,2,...,n.

Let F be a substitution on Z*. and let u and v be two words

in % such that |u| = L. The word v is said to be a descendant of

u if v belongs to F%(u) for some positive integer n. The

derivation A from u to v is an £-tuple of pairs A= ((x1,s1),

(X2,S2), ceey (XQ’SL)) where u = X1"fX£ and sié.Fn(xi) for
i=1,2,...,8.
A substitution F on Zf<is Said to be finite (resp. rational,

context free) if F(a) is a finite (resp. rational, context free)

subset of 2 for every a in 3.
We assume the reader to be familiar with the basic notions and

results of rational and cotext free languages (see, for example.

[(11).

3. Some technical results
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In this section we establish some technical results, which will be
useful in Sectibn 4. Henceforth F will always denote a
substitution on X . where J is a finite alphabet.

‘ Repeatable points for a substitution are called repeatable
words. We denote by P(F) the set of repeatahle words for F, i.e.,
P(F) = [whﬂﬁfﬁ(wj}. We note that a repeatable word u has at ieast
one derivation 4 from u to u. Let u = x1k2...x£ (xié.Z, i=
1,2,...,4) and A==>((x1,s1),(x2,32), ceny (XL’SK)) be a repeatable
word and its derivation. Then u is said to bhe decomposed into
51850448

Many properties of the repeatable words have been studied in
[2]. ‘

A letter a of ), is said to be vital if 1 is not the
descendant of a, i.e., 1 & F+(a). The set of viﬁal letters is
denoted by V. The set of non-vital letters is denoted by N, i.e..
N=3Y-V= {al1é:F+(a)}. »A letter a of 2, is said to be'cyclic if
uav €F' (a) for some uve N'. We denote by C the set of cyclic

letters.

Lemma 3.1. There is a positive integer n dependent only on F such
that for any word'u = ay...9) in C  there exists a repeatable word
w in F[n](u) Where W = S.8,8 | s, ,a s’ for some s s, €N
07171 " p=170"2 (O )
Proof. For any cyclic letter a, there exists a positive integer ka
such that uave Fka(a) for some uveé€ N . Let K be the least common
multiple of ka for any a€ C. Let M be the minimum integer such
that 1€ FM(b) for any b€ N. Let n be the least multiple of K that

is larger than M, then w = 303131,..32_1atst is in F a1...a2)

for some SO"'Sﬁe N  and W is repeatable.
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Let w # 1 be ascendable and let @ = (wO, Wys o eees W, eel) béi

an ascending sequence of w, where Wy = W A derivation trunk of
is a sequence of subwords Uy of wi (i = 0,1,...) which is definedi
inductively by:
i) uy = vy
ii) Let A = ((a1,s1), cees (aQ,sQ)) be a derivation from w_ to

W qr d.e., wo o=rag...gy (aiQZ:) and w4 = s4...8) (sié ).

n
Assume that un_1 = b1"'bk is (inductively) given. Then we have .
wo_q = babgtyeaity bty for‘some to...tkesz . Let sdl, cees Sdm

be subwords of LA which contain at least one bi's, i.e., for some

=1tl Db t b t

j 21, s N .tL .. where t! is a suffix of
dy fi fi+1 i+ fiti fl+3 fi
' . . . .
tfi and tf1+j is a prefix of tfi+j (see Figure). Then u, is

defined as u_ = ceod
n d

a .
d1 m

In the remaining of this section, let w # 1 be an ascending
word, € = (wo, Wi ...) be the ascending sequence of w, and (uo,
uT, ..}) be a derivation trunk of 0. Then we have the following

properties and lemmas.

Property 3.2. 1) |un_1| > Iunl and Iun| > 0 for any n > O.

ii) W is in Fn(un) for any n > O.

Property 3.3. There exists a positive integer M such that IuM[ =

'uM+il for any non-negative integer i.

Lemma 3.4. If u = b

n 1.j.bk, then w, = t0b1t1"'tk—1bktk for some

st
=

O...tké N

Proof. We prove this lemma by induction on n. Since Uy = Wg, the

t

lemma holds for n = 0. Assume that it is true for some n > O.

i.e., u_ = b1"'bk and w, = t0b1t1"'tk—1bktk for some to...tké.N f

-6 -
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Let w = ag...8 and u = a Let A = ((aT,s1), “ees

n+1 n+1 dyt By,

(a ,s )) be the derivation from W ﬁo wo. If dj < i< dj+1 for
some j (1 < j<m), i< dy, or d < i, then s; is a subword of tp
for some p. Since tp is in N%, as is non-vital. Therefore we have

se
b3

v_ for some vA...v_ in N .
m 0

Va1 T VOad1V1"°Vm-1adm m

Lemma 3.5. If'un = u for some n # n', then u, is in c'.

n!

Proof. Assume that n > n'. Let u, = ag...ap. Then W is decom-
. ; ' ' n-n' v s

posed into s1a1t1...s£aLt£ such that siaitié F (ai) where s; 1s

a suffix of 85 and ti is a prefix of ti for i =1,...,2%. Henée as

is cyclic because siti is in N for i = 1,¢..,8 from Lemma 3.4.

4. Main theorens

In this section, we first establish the following lemmas, which
state close relations between the ascendable words and the

repeatable words.

Lemma 4.1. If a word x is ascendable for a substitution F, then
there exists a repeatable word v such that XEEF+(V).

Proof. If x = 1, then x is in F+(1) and 1 is repeatable for any F.
Then, assume that x # 1. Let 0 = (XO’X1"") be an ascending
sequence of x and (uo,uT,...) be a corresponding derivation trunk
of 0. By Property 3.3, there is a pair u and un, (n # n') in the
derivation trunk such that U, = U " Then u, = b1"'bﬁ is in ¢t
from Lemma 3.5. Let v = Sob1s1"'SL{1bLSz be the repeatable word
in F+(un) whose existence was proved in Lemma 3.1. By Property 3.2

ii), x is in Fn(b1...b£). And we can assume that n is greater than

the least integer M such that 1€ FM(SO...sz). Therefore we have
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xe P (v).

Lemma 4.2. If a subset X of 2:*‘18 ascendable for a substitution
F, then there exists a subset W of P(F) such that F' (X) = F' (W).
Proof. For an ascendable word x, let p(x) be the repeatable word
whose existence is ensured by Lemma 4.1, i.e., v = p(x) € P(F) and
){éFﬁ(v). Let W = {p(x)|x€X}. Then we will show that F+(X) =
Fr(w).

First we show that FI(X)cF (W). Let u be a word in F'(x) for
some x in X. Then u is in F+(W) since:céF&(p(x))ClF+(W).

Next we show that F+(X):DF+(W). Let u be a word in F+(V) for
some v in W. By the definition of W; there is a word x in X such
that v = p(x). That is, there is a word u in the derivation trunk

of the ascending sequence ¢ = (xo,x .) of x such that VGEF+(un)

TRr
from the proof of the above lemma. Let X, be the word in ¢ which
corresponds to U - Since the letters contained in Xy which do not

. . + .
occur in u, are non-vital, we have veF b%g. Because X is

ascendable, we have Xné X and hence the lemma follows immediately.
Then we proVe the main theorem.

Theorem 4.3. A subset X of Zﬁzis invariant for F if and only if

X = F'(8) for some SCP(F).

Proof. If part: For any subset S of P(F), F+(S) is obviously

ascendable. . Then F+(F+(S)) = F+(S) = X is invariant by Lemma 1.3.
Only if part: _If X is invariant set, then there is an

ascendable set Y such that X = F+(Y), By Lemma 4.2, there exists

WCP(F) such that F'(Y) = F'(

A subset ZCX is said to be maximum invariant for F if Z is
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invariant and there is no invariant subset Z'C X such that ZQ;Z'.

We denote the maximum invariant set for F by I(F).

Corollary 4.4. The maximum invariant set for a substitution F is
the image of the set of all repeatable words by the substitution,
i.e..

"

I(F) = F (P(F)).
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Figure. Derivation from Wo to W1 where fi+1 = fi+j+1.
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