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Let X and Y be Banach spaces, f and g be operators>@n
PCX with values in Y, where [ is Fréchet differentiable
in an openlconvex set DOCD, while the differentiability
of g 1s not assumed. Let B{(x®,r) be the open ball with
center x° and radius r in X, B(x%,r) denote its closure

and B(x%,R)CD,.

To find a solution x* of the equation
f{xX)+g(x)=0, (1)

several authors[6,7,9-11] have considered the iteration
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X .=Xx0, X xn f (xn) (f(xn)+g(xn)), nz0
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In this paper, we consider the iteration
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X . €B(xY%,R), X =X A(xn) (f\xn)+g(xn)), n20, (2)

0 n+1

where A(X) is an approximation for f'(x). Assume that

A(x0) ! exists and that for any x,y €B(x°,r) CB(x0,R),
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the following hold:

Ax9) T AR -A(xO)) 1ig Wo (iX=X010) +b,

HA(X0)~1(f'(X+t(Y*X))‘A(X))ﬂ

SW(ix-x0 +tiy-x)-w, (1IIXx-X0 i)+c, t€[0,11,

0

@A(XO)_I(g(x)~g(y)}u ére(r)nx—yn,
where w(r+t)-w0(r),t;0 and e(r) are nondecreasing
functions with w(0)=w0(05=e(0)=0,w0<r) is differentiable
wo’(r)>0 at‘every point of [(0,R], and the constants b,c
satisfy b20, c¢&£0 and b+c<l. Put

T
n=1A(x9) 1(f(x0)+g(x0))b>o s ¢(r)=n—r+j w(t)dt,
/ ’ 0
r
W(r)=f e(t)dt, X(r)=¢(r)+¥(r)+(b+c)r,
0 3
and denote by X* and r* the minimal value and the

minimal point of X(r) in [0,R]. Furthermore, let

‘ri=1- - . = x-x0 i
w(rji=1 wo(r) b, T =ix-x00,
=1 -1 g ! = - )
QX—:A(X) (f{(x)+g (X)), VX(r)~w(rX)nX X(rx)+X(r,.
Theorem 1. For some XOGB(XU,R),the iteration (2) is

well defined for all n20, and {xn} converges to a

solution x€ B(x%,r™) of (1) if and only if there exists

an x€B(x0,r’) such that vX<r*)<o.



A
o

Theorem 2. Let x QB(XO,Y%).
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(i I£ vx(r )20, then there is no solution of (i} in

B(x,8)NB(xX0,R), where & is a unique positive root of the

scalar equation

(t)= -1y -y +9t-n =
q(t) w(rx) (“(t+rx) \‘rx)) 21 nX 0.

- ES PR3
2mi - P “ F - .
We have é2min{r L dX/Z} and dX>(X(FX> &(f ))/w(rx).
(iiy If VX(rx)éo,then there exists a unigue solution X*
of (1) in E(x,r*—rx)gﬁ(xo,r*), which can be obtained by
2 3 =
(2) with XO X.
For the <case of Newton's method applied to the
equation

f{(x>=0, (3

we assume that f‘(xo)"1 exists and f’(XO)_lf’(x)

satisfies a Lipschitz condition in D, with a Lipschitz
constant K>0 and 1/K&ZR. Then we can take A(x)=f'(x),
g£(x)=0, wo(r)=w(r)=Kr, b=c=e(r)=0, so that we have
X{r)=n-r+Kr2/2. Hence Theorems 1 and 2 reduce to the
following:

Coro}lary 1. For some XOEB(XO,R),Newton's mefhod is well

defined for all n20 and {xn} converges to a solution.

x*€B(x0,1/K) of (3),if and only if there is an

x€B(x%,1/K) such that hX=KaX/(1—KrX)<1/2.
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Corollary 2. Let xX€B(x°,1/K).

(i) 1f h>1/2, then ‘there 1is no solution of (3) in
B(x,éjﬂE(XO,R), where 6=2ax/(1+¢1+2hx)§min{r*-rx,aX/Z},
and ax>(1¥KrX)/(2K).

(ii) If hX§1/2, then there exists a unique solution of
(3) in B(x,1/K-r )CB(x°,1/K), which can be obtained by
Newton's method starting from Xx.

Theorems 1 and 2 generalize and deepen Rheinboldt-
Dennis’'s results for Newtnn—like methods. Furthermore,
Theorem 2 gives a foundation for constructing an
algorithm which finds all the solutions of the equation

(1) in a domain.
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