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STRUCTURE OF THE MODULI SPACE OF SL-OPERATORS ON A RIEMANN

SURFACE AND THE MONODROMY PRESERVING DEFORMATION.
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Abstract: Let M be a compact Riemann surface of genus g
and let £ be a holé&orphic line bundle over M with c1(€) = 1-g.
The SL-operators are a certain class of second order Fuchsian dif-
ferential operators 71(&) — 71(& ® x?), where K is the canonical
line bundle over M. Given m € N and 60 = (61,"',9m) e (c-z)",
let E(m,8) be the set of SL-operators with m+n (n := m+3g-3)
ordered regular singularities such that the j-th singularity has the

characteristic exponents (18 ), 3=1,***,m, and the last n sin-
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gularities are apparent and of '"ground state". E(m,6) is naturally
an analytic space of pure dimension m+2n. Let B(k) be the space
of ordered k points in M which are mutually distinct. We have
the projection m : E(m,8) — B(m+n) which assigns each SL-operator
to its ordered singularities. There exists a nonempty Zariski open
subset X(m) of B{(m+n) such that E(m,0) := ﬂ_1(X(m)) is a com-
plex manifold of dimension m+2n and W : E(m,0) — X(m) is a hol-
omorphic affine bundle of rank n. Let p : X(m) — B(m) be the
projection into the first m factors ; it is surjective. We put

W := Pp*T, There exists a closed 2-form § on E(m,6) defined ca-
nonically such that the monodromy preserving deformation gives rise
to an {-invariant foliation on E(m,8) which is transverse to each
fiber of w : E(m,9 — B(m). K. Okamoto [5,s] considered the mon-

odromy preserving deformation for second order Fuchsian differential
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equations on the projective line (g=0) or an elliptic curve (g=1).

Our work contains a generalization of his results to an arbitrary

genus g.
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A%k SL-1ER R L V213 %12 Fuchs M4 EE T 3. F1- LX 14 m,
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p: B(mrk)— B(m) , (P Pm, 80, 80) F3 CPr, =5 Pm )

TR EWIIE RGBS £ 52 T0<. 20B12525
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T EW= SON O e Ry . 45T E@) 13 F(zm Al 24
Y AR, 1 dim E(I)-—- (22+33-3)"+4,
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(Vi) ECP.R;6,N), PEB(m), 13 #&RZ o BRIT ER] T 5.
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vl ShAEAFHTCH B, AP S'U-US (m-@) L WBHILI
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A /?i ENIE KD 1B v X2 . FLT dimR(Piyy = Im+63-6,
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ME 2270770 BB EEZHBTHSI,
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\ w v
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9%, RCPo; 0irr 3° 2(m+39-3) X T 4+ 21 1k, R(m;6)uy 1t
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Tk H®E)Fu-3% PMo L&,

PM : E("ut'ﬂ)l-rr — R(g‘)[rr
Q > QITEYS P Fo-ERH
3 PM o E(minie),, Ao B FR ¢ ¥139. Rk &bT:
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hon 3413, ERNBIETHA T-U)EE']’gfiT* l7'('l:I
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ZF n=m+39-3 D 3 PM: E(mindi — R(m)yy B O
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SRR m= m433-3 £ 73, Ck, N)€ A(m) (see 34) 12 FILT,

dim [E(m, k5 N) jyr { < } dim R(m) .y

v
t-—1

=+
< if Ck.N){ }(n.:ll,,)
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(i) PM : E(m.'n ; ﬂ’")ir?—’ R(m)jy BT PM : E(m-'n ;0. ﬂm)a‘rr —
RCmi®),, 13, B Bat+> FAEB) 514 T HA

AE 5i5hE AR AR G E0E S E/FD- KRR LT
ASL-AEMENBRTZ0FE &0 &£ 7L 3 Riemann-Hilbert RA £
L2585, 201 R0 BRE0AFHME L 2RI S
(LT Otsuki [71 o thsae BB ThITRDILIT DS

n= m+49-3 L {RE T3,
PM: ECnIn) i —> RCm)ir O 1% 0 Zariski Bl & 13 Rm) 245K,
PM: E(ml”' 0){"__" R(m"o)l'rr; lI/i\ﬁ?‘ ’ {HL € C™ /A

20 #5213, Riemann-Hilbert PARE & generic |2 BB< B12172
FHE»M+49-35RIFTROCERLIVCES -5, Lo EFH 0 (DI
2BIEE o m+33-2 WM T RIZARHMA o~ m+39-3T 5714 Btk
WHETH 3355 SLAEME EFL TR 1T (3. Riemann - Hilbert
AR 28 o generic |2 17 BRI HUILETLTCE, $EEFE 0@,
575 f: 81§55 5 12 HLT Riemaom- Hilbert Pl E0 o A% #v, D EH
g m+39-3 CRBIKE o SL{ERE o F 1B 0T o §1 Fo &
B i LT A 7520 B s EFTeS FHOFRL
LT 13, m= m+33-3 3 h 13- Riemann- Hilbert P B8 13 genericl: g1}
25350 %13 005 mi3g-3 7 ARIKg evs0 0 LaLn
RIBRTH 55,

Zl:ro gz o) o &Ll E(’"-""Qﬂﬂ),wﬁR(m;ﬂ)w

i n= 'm+33-'3 )} H% E(m,ﬂ".ﬂn)n‘rr 7
B E(mm;6, 1n)ir 1140 £59 15 @
B(mc‘n:-ﬂn)

K hy Bz EoBX(DGSE)E

34, 2212 F0VT PM 1T PR ER] T 43, xv

3t B(mnil,) ¥9 T, PIIRH T¢HA, Bom) (D.G.5)
(cf. §4 o A8, -

— 4 —
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E(m.n;6, 1,),, 124513 4> L L RA~Shb FLARIEIF
Oi-RHEMEEL EHTEA L H< o 20 F B 12 EMH
E(mn;0, dn)i L 1T MAZ 0 G L 2 £TH. Lo R, T0
5% 15 Frobemius ADTHE T 5. 487 T foliation & £ % 75 32
tH<. 31 % Ot VW [E(mn;6, dn)s,. = B(m) 0 & fiber I3
Harey e hase, T EMNsX-7-LLT, Bom) o B 4oL 1
Arr i<, 2hsoleld Lo Bk o, RATE R(mi0ir— Blm)
Lo kFoH o, A RER 1§ PMI:EB5|ELELTSZ5NS
L9 BERTH 3,

§6. Cousin PARE ¢ B RKE o SL-1EM £ 0 5 I H1E4K

S5BUREErS, BBIIOHEE 0D FHME ¥ Nn=m+33
~3 0 KBRKE o SL-1EA F 0 M E(mmn;0.1,) & #HI< A~
it X ko phriehB EIC A1 K EIRETS:

() = m+39-3,
to1BEZo FC, L2 ERRBMLTEIEDIZ Jknt51: b,

- [E¢m; ) = [E(m n 56, 1,).

YT & Ir=CP." Pn, 81, 8n) € B(m+n) IZ3FLT, MED IREFR R
SN =K*®@ [, ++Pm— (8, +~+ 8,)] € H(M. 0%
EEANLIS ~BR12 $RF P 12 H L KOFPT & Serre 0 B ok T PIS

ARIT o 28 % ¢ vEI- 22 12T 3,
S2E () EAN 13 54 ¢ ZELEERE 7Cr 1) 12, Serre 0 ZvETRA,
Gi) () pIREIZEY. CG(EAN) = 3-1 ™K ) -2, 4E2T Riemann
Roch o 2 & % §<eRoI51:775:

dim H°(M, OCEan)) = dim H'(M.OCEQrY))  for Ire B(mn),
INBIEI LB KO BDLrD HPIBTHB ZhE Fredholms
Alfernative L v¥I135, SNIRTL HO ¢ :Hi13°ce H s i3 3¢

L TRMBETH D Keld, §C 1212, 48 % 50 12 ATBELT: 2 "Gousin
ey —
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p,ﬁ]g %2153, H;=o Y13 Cousin PARBE ¥ V[ AR T35 LT H ),
Ho=0 ¢ 13 Cousin P EL o B2~ —~ & THSH L WIS THH BPS
TEEM ¢ BRo- KMt FME e n 3, 23T IR0 E FaioFr
Ao -0k BBIKTSILE Lo BA1 Fredholm 0%
Kt E&bLTV S,
3T DCm), X(m) C B(m+n) £ ko F51c 2 £ T 3:

D(m) = { Ire Bemn) 5 dim H°(M, O(xr) 21}

X(m) :== B(m+n) \ D(m),
&0 ) 8. R 13 Dim)=Dlm.n 5 1), X(m)= B(mnid) T

HH(ck S48, 550%), I>T X(m) 13 B(m+n) o E T
Zariski PR T 52T )Xo BARX (DG.6) % 7 3.

W, P, W (I PE) B FAT A Em ) s remis)
e hrcr1:EE T3, < “n
D(m) 2w &505 6T H 5 o ™) \lw' /
S ER T LRSS, P\‘
B(m) (D.G.6)

Bl ) 3=008F D(m) =9 Bpt Xm)=B(men),
(i) 3=1 0 B8F, SolF m=nc33:¢1: 2% T3 2T

D(m) = {Ir=(Pi:Pon, B,: 8m) € B(m+m)5 B+ Fon v+ +En)
| =,E,={nre5<m+m),-§j;f'wao (modfﬂﬂ)}' YA
Abel 0 Z 79,
I, wII MEo TERICR TG EB) - A ¢ 7 2.
AP OBTERTE P95 32812 X 0k 512 EASNS,

BH M Emi) 0 RE L, KoM o % & £ L TAF
Ttk tfé ﬂ E 0% Irée X(m) & "774/\“—-&1?;"(: SL-1EA %
NTICTI-INFXx-9-) WELS 23 ED 5105 7-9 12 1T
T3 SRR £ & * Cousin AL "(CPEBEEL) D BB LLT FR AKX 75
e, RIBBo TR BT AR G M L SRR L.



R D A R 13, “hito HiG v BE THH P L CREAR
BB SHZIAL TR L TALOTHD KR HTITRTF-FX>
R & GGG o 3o1 AT 8, DL FE 2o LECHHLTARINEL,

Key Lemma

(i) H'(M,OEm)=o, «—(CP) > T BAM £ AR 3E T3

i) HOM,0G)) =0 «— (CP) » Bf » “i”fi’figﬁ?i

iy 2% e XOm) 1325 §"KEFS, «—(CP) 0 A0 " 7-7" 12 B 75 E P
BY 4 5 1t & 4R BE 73,

oWl EA 4R 0SS Fﬁﬁ.l:ﬂ;»\-éh%mﬁ, KotoTha
ZIE 1w [F(m;6) — X(m) (3, PE it m+39-300 E B 77 >%
n IBREEL2. (cf (DG.6)I).

kontketmodi:, 202 58 o 5E 1< %?ﬁ)\ax%waé
BT X(m) 0 BPTEREAF (B 229 F o5 3¢ BHT 3,

E& ro=(pt P, 40880 € X(m) E 2K 1:2) @R TH, U=
((Ue, ) s BEB DT LTI Mo AIRRE LTS . 2oL U
™ Moy ro- BIEBA (an Ir°- comdinate covering) T332 13, 22 0
172044 E5ETIers%2 T4k 75,

D P;* € U (j=tomom) | Gk € Unmsn Ck=1tmm)

(i) U= Ur X=X Um+n C X(m), c.e.
U 13 Xm 125133 reexom o (EFE) M 5755,
SnbBf, U, Moawr-RBIEEE U 1:5-TZ 2%, Ir°e X(m) oif
B re$3leizds 3 kLo KXo #3528 o B Rt o
Ve := Um+e , e = Amer Ck=1, -+, n)
LB T Ir=CP o, Po, 8, 8n) € U 1S FTLT LD E51: K<,
Ae() = Yu(B) (k=1 -, n),

SOLE (tyetm A AR) 13 U E BRINE, X(m o 112200/
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?fr)i‘?#£§1%v. (U: t1,"'. tm,lu"',l‘n) 2 M t‘?ii’ft X(M)ﬂ)
B BIRS 4% L of3r,

1k, (2D IroeXm), 11X o r-SIEHEE ULV
BZL U5 233 Xm0 fpfBIREE (Us th -~ tm, Ay An)
ERCTRAIHELTHS £ Em:i®) I fT2 SL-15M % Q oA
FRegiz Ui5vs &5 Hro0E£2%, w: [E(m;e)— X(m) & (D.GE)
naT¥ 93, -
HWH QeE(m:o) 3 r=m(Q)eV 53233 Qe MLk
AR 2R LR T (f 510388), Q13 U AvVaT
Koss:RAMEFRINS:

W) A % 0 VR
Q= {(:(j_t)_)z -+ O( jj-tj>} (dxj) tn ({) (.J"1’ .m)‘

=] ---—-._L * R
fBL o := 4_(632 1)) £ B0,

J
i) W15 (v, Vn)eC™ VB ELT, |

—_ 14

B {4(3&?)\11)2 ) Vu-;u +Ve +O(y""/“=)}(dyh)z in Vi (k=l-m)

AE bo W) 12500 (YA 0 TE o fF ¥ 2 (Ju-Ae) 0
W0k o 28T 5013, GeeM Qo BHtVo HEE
Chat v i 4 s EhlELtnT523

Tk Lo 12 Bl (K- v)EC” & SL-{EMEQD
TR 1¥5%x-9- L PF3",

32014, oMo B2 E XL Frs, NEAIT HFES
Ir= (P Pm, 81, §n)EU L P2EH)-105%X-F- V=Y. Va)EC"
WE5LoNELE BMET v, Lo 2 ¢ 5253157 [E(m;6)
ni Qo -E B L Lrd IR

Ux ¢ — [Em;e) , rhv)— Q
ERN LB 51 TEBILE FESIEI RRTH B 452t
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HBAaTH Ir=CP.Pn, 80, %) € X(m) £ LT,

D;: BF® {Cp.r) e MxX(m); p=p} T2 E2nE MxXm B %

Di: B F® {CP.NEMXX(m); P=2} T £ &K INDH MxX(m) LD A,
rH<. 4BL j=1,-m, k=1-m, JRII U,V &

B 0% M LT 208 XimEo /M"XC'”)

VOl (U*1°® [2D, 442D,y +2D/+-+2D,1) \X( )
13, X(m) Lo BiPfEw s BEF R 63 22C B‘TE* 33 Xm) o
EFANIHLEE RDF51: b<:

F — X(m,

NEBATHRE re X(m) & P7eH) - IN5Xx-9- ye C" 454 51
o3 Hiwds SL-15RET, (P IERIIRBTHL0 & HRKT
BEIL WIS Fo ERAM I s V<o 0 R BTE FIELE
50U 52r-RIBHERU 5 F F 3 Ir°e Xim) 0 i 13757
Y, IXFTII X BIERUTU &TQIKRY)ETILIZLT 1hLS
dr b5 Fw, FlIF=CP,Pm, 3~ n) €U IHLT, 7(N) &

(I [2P+ -+ 2Pm + 28y + -+ 28n]
CRIZEELTE ¥, Loy KY D
xBTS EHETHE R A OB D6 PV, Op(F)) 0
=0, 1,2, k=1,~n, " LERL2BEETS re U Iz #1TLT,
PDr) e (M, GB(K*®7Cr)) C (M, M(k*)
r BUTe, PP 13, & P P, B En €M D FhY T kD E51255:
@ ¢Lar) 12 E Py, - Pm€M T Fe 1120 #E &t 0.

) oo L A0} g o Ve (2=t m)
P = [Goss + 0(%emA0 ) (dan)* i Vy (g=t=m)

P Lo R EBHETLERAM dr PE r(u Oomy (F)) 8
EEve7BRT3 reU 1T HLT

Yar) € 'CM, 0Ck*®@7¢m)) C (M., MCk™)
YBGTE, V) 0 & P~ Pm, 1. 8q I P)V T D IEFIT




28

(i)

w(ar);.—{ +0

9 in U (=t,-m)
- t)z x,—t,)}“"ﬂ in Uy 4 '

{BL o = ;*i-(oj - LEVE,
G) Par) 13 & 8, 8 T RELEO,

10220 R o ZERRIT, Key Lemma EBVT 73N 3,20
BF1: $RE ECQr) = K@ [P+ -+ Pm—(8y+~+8,)] 2 BI1£ T3 &
e Zmna iz 17L7 B 2132 0AT 2. ML o 284850k
{EEL? 1- DR T=(05) &7, MM U={U:} 1: 7L,

Cdﬂh)i (c’=m+k=#j m:a‘)
T (4 =Aw) (#mik=] nrd n Ucn U
1 o ( Zoie) |
1T RE N2t EH 23 o€ Z(MOGM) LEFTL, H'(M,
O(EW)=0 T,305 1+ED:~ o TRBHTTS EQAN (2, B~
CHIEORBRELS, 8.~ 8a T REEE2557 HFEB 208 mé\
ORIFRTIVS coatenz-L B 4T3 5o (GHD
Ai v 25N A,

ILLto#HMEMAvIL (nv)e UXC" 1z HHLT SL-mﬂfﬂ\
B3 7hhs, |
EIE  roe X(m) % EEnk, Ut -r?wzrn ol {93 V=
(Vi, = Vn)€E CT EMEJ 152X Ko 15273 Qe
Oxeomy(F)) 3 -~ BB FRT3: re U 12 LT, |
QCr) € 'CM,OCK*®7am)) C (M, M(x®)
LBTF?

() Q("’) = { CZJ t‘,): }(dzj)z in J (j'—"a "t 'm),
. - 3 _ Vr. 2 _ -
@ Q= { g2 = g POl Jb)}(dyh) in Vi Chet,m)

YKV CoF QI HMRAMT Aol 0 v ERvT,



EDEIFLS5NA:
— 2 3 (2) (4b] 2 ¢p (0)
Q lz%( { 4 kR (P + Vg ‘Ph } + ‘P.
% roexim)sigZobil, Ut ko ZER1:5173 roif 3279

A4 [E(mi6) 12 mian = m+2(m+39-3) LT ¥R EGIEEK THoT,
E(m;0)|U:= T U) 125173 [E(m:i6) 0 R Pf B R £ LT KavLns

( ty. . tm, A1, -, lln, Vi, =, Vn ).

B8 roFCBAL Em:iIU B3 BB (L=
Ctrwtm, Ao dm, i, = V) 13, U221, MEo BIRE UnL
NFIARBLT R 212 T3, 2:C 8o RIEARE UWE
ot % UBWwCLAVIIIITR 360t U'Rr (L A V) TH
2r33. 4L UnU:P o BFIs, (1L V) E(EXN V) DA 11,0
15 PEawH202 212 UnU LTI,

VT (t ) 0 ERIPABLEMGRLTIZ VO 7% b
LIgoT v, 4827 1: [ECm;0)— X(m) IJ FESnD ER 7ou>Fo
BE Lt Ho0T53,

7. E(mi®) ko K K2 4WK.

56 b5 5| FRLE, roe X(m) EfEF g, U={(U. 1)} E Mo Ir-
BIEMA L, U UIHTE2E oo (tAr )B4 (A V)
= (tritm Arodn, YoiVn) & Wiz 32T R 23 [F(m;0)|U 0 212
72. 202 Qe E(m;®)|U 13, UjxU C MxX(m) T30 & EL7:

. dj Hf
= +

Q { (:lj--tj)’ 1 ~tj

1BL Hj= Hi(@ i@ a7 [E(mio)lU Lo ER) RS 55, H; tu

) zvza mmzim AT ¥ S E)
3:0d & [E(mio) Lo gt LT, E(m:0)|VU ko BR2IEFTAE

Q= Z et dieAdve + Z‘J.:, dH;A dtj

+ O Jd5)* i Yx0 (=1, m),
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12E2 T2 3 Q :i, N LY FI:E2TEFAHEMOIV L D 5PF
1% i1 o 512 -Br23. Lerl, B1ZE25T1370v: UWorh)
CWELIELE U, A I23RTIE0E U (HAv)Ek
hie, QrRthi: E(me)|U ko Bl2AMA Q¢ ZEIN
LT, UnU=p LT3z, 130K o

R =20" mm [Em;6)|(UnU),
Thhs Lo BFE NI,
2B QI Em;®) Lo KIKMT 2B A TH 3,
2k O & E(m;:s) Lo EK2HBA v oFir,

§8.E)FpI- {215 Fm.

fer-2 T 51 EEA (DG6)E [E(m: ‘;,)M PH, Remio),
JIT B vk ES ABLISTIT ir- T
reducible Lt 5 $14 &£ 1340 T 3 X(m)\ lw‘ |
(see (D.G.T)), PM #v B P RE & P> by 067

IR THCER TS50 R),

ROm; )i = BOm) 3" APER THIEO T, 200 K F 154813, R(mi6) iy
E (3 foliatiom E B0 3. TR E PMT Z TRLT1E5 h 3 [ECm;o),,
E o foliatiom L, E)pps- 1£ 15 f—ﬂ’; ﬂ\“ih 3 fotalm & 103, =
A (D.G M EN 21T ST W [ECm; 8= Blm) B.%7p {1\ — 12

e Tss B K0S EKIE:

Z3E 2)F0-1RBEBZH3 Emi®u Lo foliatim (3 £X
2K QE FEI:4E 2,

BEEA £ RATTE LD, E)FDI-ARGET 0 293 foliation o
ZETH EmiOm EOSH, ThHhS RPRIE)FD-IEGEWE
I3 EM AR ELRTI L 455 2F80 sEm 1 BB
b INIL Tt Ly, Keon s, HOy kol
7Y Ty 12223 15, EHITEL o TANTHEE £ satd X B3l
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