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Introduction to real algebraic geometry

Masahiro Shiota (jﬁ; B S a4)

§1. Introduction

Real algebraic geometry was studied from old.. However its
systematic study was difficult, and results obtained had no interaction
til quite recent. It is after the appearance of [B] and [C-R] that
many mathematicians began to research real algebraic geometry with the
same penetrating eyes. They wanted to construct a theoryrof real
algebraic geometry.‘ A fundamental concept iﬂ the theory is the real
spectrum of a ring such as the usual spectrum in algebraic geometry.
In this paper we give a short introduction of real spectra. We refer
to [B-C-R] for all foundations on real algebraic geometry. This book
explains also all important results on real algebraic geometry except

‘results on Nash manifolds. See [Sl] for Nash manifolds.

§2. Ordered field and ring
Rings are always commutative and unitary in this ring. An ordered

field or ring means a field or ring with order which is compatible with

the addition and the multiplication. Hence an ordered ring is an
integral domain, and the order is uniquely extended to its quotient
field.
© An important example of an ordered field is R with the usual
order, on the other hand T does not admit an order.
A field K admits an order if and only if aZ+...+a2=0 for a,eK
implies a1='--=an=0. Consider the case when K admits an order.

Then its order is not necessarily unique. For example, the rational

function field R(x) (see the argument below). Its order is‘unique if
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K[i]==K[x]/x2+l is an algebraically closed field, in other words, if
any algebraic extension of K does not admit an order. We call such a

field a real closed field and we do not distinguish between it and

its ordered field. We note that any ordered field has a unique real
algebraic extension which preserves the order. We call it a real
closure. Here the uniqueness means that for two real closures Kl’ K2
of (K, 2) there exists a unique K-isomorphism from K1 to K2, which is
stronger than the algebraic closure case.

Consequently, for an integral domain A, the set of orders on A
corresponds bijectively to the set of real closed fields which are

algebraic over A.

§3. Real spectrum

Let A denote a commutative ring. The real spectrum of A, denoted

by SpecrA, is the set of pairs (F, $) where p is a prime ideal of A
and s means an order on A/R. We call the krull dimension of A/¥ the
dimension of (p, <).

_ Case of A=R[x]. Let P be a prime ideal of R[x]. There are three
cases: (i) p=1{0}, (ii) P is generated by x-a for some aeR and (iii)

2 for some a, beR with b#0. Then R[x1/P is isomorphic to

by (x+a)2+b
R{x], R, €, respectively. R is a real closed field, and T admits no
order. Hence we need consider orders on R[x]. It suffices to compare
x with all real numbers. Assume that x is bigger than anybreal number.
Then

n

a_x +---+a0 > 0 for aielR with an%O

if and only if a >0. We write the element of SpechR[x] with this
order +». -« means the order where x is smaller than any real number.

Next consider the case when x is bigger than a real number a and



smaller than any real number. inl (a, =). Then
an(x—a>)n+-- -+am(x-a)m >0 for aie]R with nzm, am#O,

if and only if am>0. Let this case be denoted by a,. We define a_

in the same way. Consequently
SpecrIR[x]= IRu{ai_: acR}u{z=}.

How to regard geometrically the above right set? We regard a, as
the germ at a of (a, +»), (-», a), respectively, and te as the ge.rm at
to of R. If the closure of an open seﬁialgebraié set U in R does not
contain a, the germ of U at a is empty.  We ignore this case. The
germ at a of R-a is regarded as the set consisting of a, and a_.
Hence if the cloéure of U contains a and if U does not contain a, then
the germ of U at a is a,, a_ or {a+, a_l Mo,reovjer a, are irreducible
in the following sense. If a, (resp. a_) is the union of two germs b,
c at a of some open semialgebraic sets, then a, (resp. a_)=b or c. Of
course *» are also irreducible. Thus we regard {ai: acR}u{z=} as the
set of irreducible germs of open semialgebraic sets in R.

This geometric interpretation is justified as follows. If (p, £)
=a in Specr]R[x], then @ consists of polynomials vanishing at a and
the class £ in R[x]/p of feR[x] is positive if f(a)>0. If (¢, $)=a,
in Specr]R[x], then Y consists of polynomials vanishing on some open
semialgebraic set which presents a, (conseQuentlyF={0}) and _f_eIR[x]/‘p
for feR[x] is positive if f>0 on the set. For a_, *=, we obtain
similar statements.

By the above explanation it is natural to give an order to Specr

R[x] as follows. For a<beR,

—m<a<a+<b_<b<+w.

Case of A=R[xq,... ,xn] . We shall regard Specr]R[xl yee e ,xn] as

o
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the set of a sort of irreducible germs of Nash manifolds (=semialge-
braic C® manifolds) in R". We need to explainvthe germ. Let M., i=
0,...,msn, be a sequencé of Nash manifolds in R®™ for i>0 or i=m=0

and in R%u{«} for i=0 and m>0 of‘dimension=i with M,cM; ; and M;nM,
=¢., Let Mi, i=0,...,m', be another one. Then we regard {Mi} and {Mi}
as the same one if m=m', My=M,, M;nU,= M;nU, for some open semialgeb-
raic neighborhood U, of My, MynUy= MénUl for some open semialgebraic
neighborhood Uy of Mlnﬁo, and éo on. Let S denote the family of these
Sequence classes, and let S1 denote the éubfamily of S consisting of «
such that for any representative sequence {Mi} there is a smaller
representative sequence {Mi} of o than {M;} such that each M; is
connected. Then

SpecrﬂR[xlf...,xn]=Sl.

This equality follows from the following correspondence. For an
element o of §;, (p, 5) is defined as follows. Let Mo _be a

representative sequence of o such that Mm is connected. Set
P ={feR{xy,...,x_I: f|Mm=0},

and let the class f in R[xy,...,x 1/p for a polynomial f be called
positive if £>0 on M& for some representative sequence {Mi} of a. We
note that the dimension of o equals m.

In the same way as the case of R[x], we can prove that each
element of S is a finite union of some elements offSl and that elements
of 5, are irreducible. Consider a sequence X i=0,...,m, of semialge-
braic sets in R" everywhere of dimension=i with XicK;II and XinXi+1=¢,
and define an equivalence relation in such sequences in the same way

as above. Let S, denote the family of these sequence classes. Then

§,=5. Hence we can regard Spechle,...,xn] also as the set of a sort



of irreducible germs of semialgébraic sets in R".

Why semialgebraic germs? An element of Spec E[xl,...,xn] means
an irreduéible algebraic set in t". However elements of Spec R{xl,.”
,xn] have not such a geometric meaning in Egﬂf Hence the usual
spectrum is not very useful for real algebraic geometry. Conversely
consider the family of all irreducible algebraic sets in R®. This
family is hard to deal with because the image of an algebraic set under
a proper polynomial map is not ﬁecéssarily algebraic. The family of
semialgebraic sets is easier to deal with. However this family also
has a fault. This is not Noetherian, namely, there is an infinite
decreasing sequence of semialgebraic sets, and hencé we can not
decompose a semialgebraic set into irreducible ones. The family of
semialgebraic set germs in the above sense solves these faults. Of
coﬁrse we are interested mostly in the globallproblems on real
algebraic geometry. Hence, when we use real spectra in real algebraic
geometry, the problem is to extend the local properties to the global.
Later I shall explain such a problem, which seems most important at
present in real algebraic geometry.

In all the statements above we'can replace R by any real closed
field. However the generalization to an ordered field is false. Fo;
example, the ideal ¥ of Q[x] generated by x2-2 is prime, Q[x]1/p=
Q[Zl/zl admits an order, and the zero set of x2-2 is empty in Q.
§4. Topology on real spectra
Let A denote a commutative ring. We give SpecrA a topology by

adopting the following type of sets as an open subbase:
U(E)={(p, s)eSpec A: T in A/p>0}

for an element f of A. It is easy to see that SpecrA is compact but

S



not a Hausdorff space except for some special cases. We call a

subset of SpecrA constructible if it is a finite union of finite

intersections of some sets of form ﬁ(f)_-fl(g) for f£,g of A. For an open
subset X of Spec A, X is constructible if and only if X is compact.

- Consider the case of A=1R[x1,. .. ,xn]. For a polynomial function £
T(£)n R™ = {xeR™: £(x)>0}

(Set U(f)=this set). Hence the induced topology on R" is the usual

topology. Conversely

- U(f) = {aeSpecrlR[xl, v ,xn]: MmcU(f) for some
representative {Mi}i=0, ..,m of al
If n=1,
U(f) = U [x, X,] for x,=a, or -«, x,=b_ or +e.
finite 2 1 2
For a constructible subset X of Specr]R‘[xL, ces ,xn], XnR" is

semiaigebraic. Moreover the correspondence X +XaR" is a bijective
map. from the family of constructible sets to the family of semialge-
braic sets. Let ~ denote the inverse map, namely, UnR™=U. Note that
the closed point set of Specr]R[xl,...,xn] consists of R"™ and curve
germs at infinity, namely, classes of sequences of form {M0=oo; Ml}‘in
Sq-
By the term of real spectrum, many classical results of real
algebraic geometry are stated and proved shortly. For example, the
semialgebraic curve selection lemma is restated as follows. For an
infinite constructible set X in Spec R[x;,...,x ] and a closed point
a of the closure X there exists an element o in X of dimension 1 with

aeo .



§5. Structure sheaf on real spectra

Let A, B be sommutative rings, and let f:A +B be a homomorphism.
Then we have a naﬁural continuous map Spech-+SpecrA. We want to
define a structure sheaf X on Spec A. Let U be a constructible open
set in Spec A. ‘Let I; denote the direct system.consisting of couples
(A', s) where A' is an étale A-algebra, and s is a continuous section
of the map SpecrA'-»SpecrA on U. Set

1 - 14 1
‘ Mo _(i"ljgl)éxu’
and let & denote the sheaf associated with the presheaf defined by
this equality. For o=(¢, <) of SpecrA, let k(a) denote the ordered
quotient field of (A/P,kS). Then the stalk X is a Henselian local
ring, and its residue field is the real closure of k(a).

Case of A=]R[xl,...,xn]. For an open semialgebraic set U of R,
we can regard X(U) as the ring of Nash (=C"” semialgebraic) functions
on U. Hence the stalk.MO of X at 0 is the Henselization of the
quotient ring of BR[xl,...,xn] with respect to the ideal generated by
KyseeosXp, in other words, the ring of formal power series algebraic

over R(xy,...,x 1. If n=1, NO is the ring of Puiseux series
+

T aixi/q, keZ, qeN-{0}, aielR, which are algebraic over R[x].
i=k

Conjecture 1. Let J be a coherent sheaf of X-ideals on Spec,.
R{xl,...,xn]. Then { is generated by the global cross-sections I'(J)
of J.

Conjecture 2. TW) »T(N/J) is surjective.

If n=1, these are trivial. The case of n=2 follows from [Sz].
For n>0,

u! (Spec_RIx,,...,x_1,4) # {0}.
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