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Bbundary Value Theory for Pseudo-Differential Operators

by Kiybmi Katadka ()’T la ‘:/\5% E)
| Departmént of Mathematics

Tokyo Metropolitan Univ.

In this note we introduce some fundamental properties of
poundary values of holomorphic pseudo-differential operators. This
work was motivated by the recent works of Bron¥tein concerning his
new method of constructing‘fundamental solutions to weakly hyper—
bolic operators. Further, this is also dgeply connected with the
recent works of Uchikoshi.

Let X be a compiex manifold (=Cnaz), and T*X be its cotangent

bundle (=Cnan3(z;c)). For a point p0=( dz)eT*X, we call a

Z07%0

domain of the following type "a conic neighborhood of po" :

-1
Ve = ((z2:2d2)€C°xC%; Jz-zg|<x, lo/le]-zo/legll<r, lzl»r™)

if CO#O, where r is a small positive number. Then the stalk of our

pseudo-differential operators at Py is defined as follows :

R 1inm [{P(z,;)eﬁ’(vr):Vs»O, 3C€>O, |P(z,;)|iC€eClC|, on Vr}

r ->+0

/ {P(z,0)e0(v_); 3650, 3¢50, |P(z,z)|<ce™®IT] on v 3

It is clear that {ER];}‘constitute a sheaf ER on S*X=(T*X§X)/R+.
Further it is well-known that this is a sheaf of rings. In fact,

if we write the equivalence class of P(z,g) as

P(z,D,) (D,=(3, ,...,3, )) or :P(z,z):,
1 n
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then the defining function of the composition P(z,DZ)Q(z,DZ)

has dn asymptotic expansion

N N
Y = 3!lip !l .
J>0,Jezn T 5" 5 (Leibniz rule) .
- oL 9z
FACT Sections of E§ have a unique-continuation property

on S*X.

Hence, on the basis of this fact, we can construct a "hyper-
function theory" for Eg ; that is, a formal boundary value theory of
sections of Eg defined in a wedge-1like domain in S*X with edge S&X,
where M is a real analytic manifold, X is its complexification.

- However, there is a great difficulty because a section P(z,DZ) on
an open set W CS*X does not necessarily have any global defining
function (even if W=R+WCT*Cn is a convex set). Though it has a
defining function on each relatively compact convex subdomain of W.
So we must restrict oufselves to the case of "boundary values" of

sections of E§ having global defining functions.

Consider the following wedge-like conic domain :

Q(r,R) = {(z;;dz)ET*Cn; |z—§{<r, ]g/llmcl—i%|<r,

|im§|$r“l, -R-Re;l>|Reg'|+|Im;||Imz| }

for r,R>0 and a point (§;i%dx)EiS*M with |%|=l. Then,
"P(z,rz) is a (simple) symbol"<&» P(z,z)€&Q(r,R)) for some r,R>0
s.t. VKCCZQ(r,R) (in conic sense),Ve>0,

sup |p(z,¢)|e‘€|€|<+w.
K

Formal symbols are also defined similarly.



