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ibstreat. In 1980, F.Kubo anf T.Ando established the theory of

means of positive linear bounded operators on a Hilbert space. Their

operator means (or commectiems) are order-isomorphic to the class of
nonnegative operator monotone function on (0,%). Following after the
Kubo-Ando theory, we shall generalize operator means to selidsrities
whose class is order-isomorphic to that of operator monotone functions on
(0,o0). For invertible positive operators, the solidarity s for an
operator monotone function f is defined by

AsB-= Al/kf(A-l/zBA—l/Z)Al/z
like operator means. The relative operator entropy recently is a typical
example of a solidaritiy. Since the solidarity does not always exists for
noninvertible operators, first we show the existence condition. Next,
common properties like operator means or the relative operator entropy

are discussed. In these properties, we choose ones which axiomatize

solidarities like the Kubo-Ando theory.

AR-REEROTIc BT, ERRTY (connection) & (0,00) EOIEAERRAN
BRI T77 L VIRERERRER:, SSTOWSHARTEY (connection) Xik Hil
bert ] LOEHA RO LD 2HEE n T, ROKHEEZIDBOTHS

(M1: BiatE) ' ASC,B=<D => AmnB=Cnb,
(M2: E¥H#EHE) A L A, B, { B = AmmB, { AnB,
(M3: transformer F%X) T*(A mn B)T = T°AT n T*BT.

CCTR. ENRME;AnA = A 2EELRY. 5L LOEBENGe n o f &
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KROXNTEZ bR (£ 2RABBELES)

(1 f(t) =1nt t > 0),
WIS, FERIEAEERE A, B KO0 T

(2) AnB = AVEE(ATV2BATI2)AVE

T5XH5N3. AnB HERARL LS, D25, AHTRNEHRFHROTYHEIC
L, AHEEARORYTEUATE S, FARPEHORRAZN L O92H 5. £D5
% transpose, $ROBEEABX-TH 1° X, DBROFCEELBHLET S,
ERERTORE, F=f° )&

(3) F(t) = tmnl = tf(l/t)

TEXoh.
(4) : A n B = BI/ZF(B—I/ZAB—I/Z)BI/Z
BiFohd.

HuEEZEL bod— SAIB) B, BE5ERD)D f(t) * logt KEX:D
DTHBENM]. boi—iir, RAEBOFHARLITU-EHRHRMBY £ WY
Exlrsd, AREHPHEMERERT Y b oY—2EREE2E>H08E 0B

(5) AsB = Al/Zf(A-—l/zBA-I/Z)AI/z

I T s %, connection D—MfL& S5 EK T, solidarity & THEEA TH <L [6],
VEHBEHD L = L RBRIC.

(6) A s B = Bl/zF(B-—l/ZAB—l/Z)Bl/z
BRSO, F BEARRE LI Bt;:b\, L LUEEicd (cf. [1,7]) .

(7 F#egEzM »> F(O)=20
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LS HEEEHOTND, OB (7). Hansen-Pedersen [7] DEBETD. Jensen
TEK

(8) X*X=1 = X'F(A)X = F(X*AX)

PO A0, FEZETHD (cf. [8D) . ,

Ui=doT. #EAREHE solidarity DAZ &> ik, s (X((5), B) b
%A OH) IKOVWTHAEP LR LBETHY ., IETHREARIINL T solidarity
PRFLD (ARHEZLLTY) BET32RVA R 5. #(A,B) &5 s D domai
niKAS, HiB, A s B BEETEIHOLE D&M, £ D transpose F %45 2

(Em1] s %(5)THh¥ 3 solidarity L. F(t) =t s 1 2 FBL &,
SAsB < E(a) = FP(a)hA+ f7(1/a)B FizHERZEE (>0 .

Lo THMNMERBL Y bab—iZ>0Tik
[#1. 1] 3S(AIB) <> H(a) = aB - (log a)A:HR for o > 1.

¥ 7. Douglas [2] DOBEBT®D nmajorization DEENH B L %, solidarity EI
HETS:
[#1. 2] 3A>0; 2ASB=— f(A)A < IAsB = MAX {F(v)} B.
t=1/2 :
COREEE T, solidarity OIERHEEE BTV 2. A s B KHETHLS 2
A, B oM, T8bHB s @ domain D k. ROEBHKT BK) TH5B:

(p1) B Al —> (A,B) € D for VA
(D2) A's (B+e) : lower bounded for ¢ >0 = (A,B) € D.

X6t D kZikvnad (A,B) 220w Tid

(51) B=C — AsB=4AsgC,

(82-r) B. { B —> AsB, | AsB,
(82-1) An & A (strongly) = A,s1 > As 1 (strongly)
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(s3) T*(A s B)T = T*AT s T*BT,-
BT %, ChOoDHER., UTO2 20882 bt U THERET S :

[E1] s % f i, sa & fa(t) = f(t+d) KT B solidarity £33 (d>0) .
ScscB=A=> 0= AsiB-AsB = cf(1/c)dB.

D fa ZO0TE, {.(0) BFRERERY, s« BEARTHOEITBEH L L
%!

(2] s 2 £(0) = limof(a) > -0 2hB f ZXF B solidarity D& %,
£ —
SEHHBEY AsB = AnB+ f(0)A.

X oz, BEGSD) 26, FEFHEARD solidarity 3 (FETHIE) WHEEERK
Ko CGEPTEZDT, UTOBIRTR., EEHRBIIDVWTAIEEL2KRELTRW. F
WCBI9 BJensen FER(8) D & solidarity iXPmakfy.

9 - (A+B) s (C+D) 2 AsC + Bs D
THBZ LBV, X567 joint-concavityZRT LN TE B

[ﬁﬁZ] A=CEA1+(1—O’.)A2, B= aB1+(1'—C¢)Bz @&5\
AsB = a(A1 S B1)+(l_a)(A2 ‘S Bz)

Wiz, EEARLEO2HEHE s H (D1,2) 2#i/27F domain D DIEHRIZODVWTE
#:(S1)-(S3) HKZT DL &, abstract solidarity & THIEAE,

(8 3) £(t) = 1st itk>THREBEM ©:s = f i3, abstract solida
rity £ 5. (0,0) LOEABRFBEREER~DT77 1 VIHEREE 2T,

EOSAR-REBOEESIBORE. bBBA. © B, ¢ OBETH3I.
WRFRTHOL % L AT,

(10) £7(t) = tsl-t (te(0,1))

w&koT, (0,1) EoRERMBEEE OMEEE X RIE[3]. s o £ THE 3L
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solidarityZ#d» 6 £ (0) 2 0 %23 [0,1) LoHESEEHRMBEREE~DT7 7 4
VIEFERRL 23,
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