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(Algebraic elements in. formal power series rings ‘VII)

= (Tal;ashi Harase) 7 (ﬁljc.ﬂ)

SECTION 0. Z O Tl ® Diagonal map, Hadamard i R XIZHOoWTODE
EOHBREEEDTRNS, |
FF®O classical % proposition %% % 5. (cf. [2])

(*) Every algebraic function ¢(z) is a coutour integral of a rational

1
function of two variables: ¢(z) = — R(z,w)dw.
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TEETHL. KOTHENEZD =D
Theorem(Furstenberg). Let ¢€k[[x]] be algebraic over k(x), then ¢
is a diégonallﬂof som'ev rétional R(x,y)Ek(‘x,y). (ktfield)
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wiz =Y anx , 8= 2 b oX Teki[x]] lzZwL T Hadamard, Hurwitz,
n=z0 nz0

Lamperti product 2 FNEFhOEXDLSICEHRT S,

f¥g= Y a b xn,
nzo 0 1
f(H)g=Z(Z nCk?KP )<,
n30 koo D KK nk)
f(L)g= X cnxn,
nz0
n! i.j k
T C = Z — a bY ¢ a. b. °
n i+5+k=n itjtk! itk itk

O EHEBMMIZ fxg=D(fg),

SECTION 1.

k % characteristic % 0 ®{K,  x % indeterminate, X/k(x)% proper
smooth variety &9 3%, S LoH6NTWABLDIZ de Rham cohomology HDR( )
}21Z "Gauss-Manin" connection MWEZEXNh 3 :

vV (X) - HDR (X) ® Qk(x)/k o

/)P dlmk( ) (X)-l <w ¢Fhi & w € H (X) 0L T,

[( (@)) 'Z " ( <dx>> ]w=0,7jek(x)

Z:&Za)'j (depend on ® ) 2)‘%-50 }'j ® denominator @ ENDEEE & €
k[x] 2:';’60

- -3 4
$Tz0 ¢ KEWLT Kndl on a[( e

OEDOTOEMAFOM%E geometric differential equation(g.d.e) WS kicd
50 ¥7% gde. ORETLZMHED gde &HHDYT ZkiTT 5,

Bk K LOMBH f~223anx (a €K) BOED HHZHETLE
nz0

G-function ¥W9H,



1. a
n

@ order,

2. £ I k(x) E® homogeneous linear differential equation DfiE,

K »EE. —Z¥ (n=1) 0BG

@ conjugates & l.c.m.{dén(al»); 1 £ n} @ absolute values [

Hadamard fI2OoWTLHRTWAZ L EEK

RIFBLRDEDICE B,
X rational algebraic g.d.e. G-function
rational rational algebraic g.d.e. G-function
algebraic | algebraic g.d.e. g.d.e. G-function
g.d.e. g.d.e. g.d.e. g.d.e. G-~function
G-function | G-function | G-gunction | G-function | G-function

#E 1, B Woodcock-Sharif Li m=2 (& % rational*rational=algebraic %
AEALEMN., —HD m ZDWTIE rational¥rational HRHTH 5,

FE2, [1]
WHELUTEBOFEIPHIN. HEDICBBTELDT. 2TEHKT S,

EOEDEHIZ Andre S, Hadamard f§ X XU Diagonal

SECTION 2.

k #% char(k)=p>0 ® fk f,g2 13 kllx, yeox 1] O L9 5& & Hadamard
B g KoWTHER3. HFH 0 OBALRZ-TRORIFSLERZLER
EROBARMMHEYIRT 2D 2o,

m{m>0)-

* rational |algebraic|?
rational | (rational) | algebraic | ?
algebraic | algebraic | algebraic | ?
2 ? ? ?

(rational) | m=1 MO & X rational, m>1 D& X algebraic AEKT S,
BlicowTdhbRERR, ¥ %

: algebraic/k(xl,...,xm) olE D(f) ¥ algebraic/k(x) THd.

Hurwitz,Lamperti fe k[[xl""’xm]] part
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LOERILUABAROERENSH S, (cf.[3])

Theorem 0’. The folilowing conditions are equivalent.

(a) f is algebraic

(b) f is contained in A-stable k(x)-finite submodule M C K.
(c) f is contained in A-stable k—finité suspace V C K.

T K=k((x))=k((x1,---,xm)) 9%, ¥7% q % p ONE, r =(r1 ey T

), 0 < r. <gq TBHELE,

= n,. . - 1/9 _n ‘ .
f = a X l2EWLT Ar(f)-— > (aqn+r ) x &¢9%, %7 subset MC

k((x) 25 A-stable &iF TEMDA (€M TEET 5.
COEMAERBET LI TOSOEBRRERAEE, (h[4]) 2T

size(f)=maxi{degX (f)} &9 3,
: i

Theorem 0". Let f and g be elements in k[[x]]=k[[x1,...,xm]].
(a) If f is an element in k((x)) of degree at most d and size at most

s then the diagonal_ 2(f) is algebraic of degree at most

d+1

pd[(pd‘zﬂ)(p -1)/(p-1)-s(p3 2 1)p Y (a2-1)+11™

where w is the smallest integer with pW 2 d.
(b) If £ (resp. g) is algebraic of degree d1 (resp. dz ) and size Sy
(resp. So ) then the Hadamard product f*g is algebraic of degree at most

exp{ log(p) . d1 32
d,-2 d,+1 d,-2 -w
[s; (@1 +D® ' -D/e-1) -5, (" +Dp (@ -1) 41 "
d,-2 d, +1 d,-2 -w,
[s, (2 +1D(® 2 -D/(-1) -s, (6 2 +)p 2 (2 -1) +1 1™ }.
w, ‘

where W, is the smallest integer with p ! 2 s .

THOWE, Tho OEHEIZ (a)=>(c)=>(b)=>(a) DMETH>%. ZDER
DEENH - =,
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{(2) M contains all qi -th powers of f, ‘
d d-1
tay £4

= 0 with a, € k[x ] and size(ai) £ ¢, then dimk (V) £ d . (

fq +...+ ao f
qd—2+1)c+1)m.

(3) If f sutisfies a nontrivial equation a d

EiZ, KO Lemma %2HEICHETS.
Lemma. If f is algebraic with degree d and size s, then f sutisfies

the following non-trivial equation over k[x ]:
'qd 441
(*) c d £+t ey f

“1)/(g-1) - ¢V (d% -1) 1.

teet ¢y £ =0 size(cj ) £ ¢ where C=S“qd+1

XCT f A Lemma OFRHEAETETHL. 2O Lemma M6 ¢ BENLHFF
flitiks. (3) 26 dim (V) PFMEHKRDDT diagonal I(f) #&<T 2 (V)
ORFTHFEMEERS. D(V) LT (1), (2) 2HWEZIck->T 2(f) @
k(x) E® degree % LM HFFfiTE %, Hadamard, Hurwitz, Lamperti % &
WTHARTH 5. ”

B3, geometric differential equation |} characteristic 1 p>0 D& &d E
ETEDN. 2OMBOMTHS hyper geometric functions (& mod p T (FhH
E%f%éc‘:%) algebraic 2% o TL %D,

FE4. LEOET 213 fAi,r? ThHF?2TH5,
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