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1. Introduction

In the series of papers [3] - [6], [8] - [15], the author and his co-
authors have established various asymptotic behaviors of hypergeometric series
near boundary points of convergence regions. (see also [7]) The present
paper is devoted to produce more six properties {(FGl), (FG2), (FK), (FN1),
({FN2) and (FR), below} for the Lauricella series of three variables, FG , FK ’
Fy and Fpoo which are defined as follows [16]:

(1.1) FG(alaralBlr32153;71772172;}{137’Z)

< (a)m+n+p(ﬁl)m(ﬂ2)n(ﬂ3)p LO0 P

z Y
m’n'p=0 (Yl)m('Yz)n+pm'n!p'

in x| + lyl <1, Ixi + |z| < 1,
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(1.2) FK(allazrazlﬁlrleﬂ1771172173;3rYIZ)

- < (al)m(qZ)n+p(Bl)m+p(BZ>n xmyth,

in x| < 1, 1yl <1, |zl < (1-1x])(1-iyl),

(1.3) FN(alla21a3rﬁll521B1;71172172;XIYIZ)

= § (al)m(aZ)n(aS)p(Bl)m+p(Bz)n Ly 2P
B \ L4
m, n, p=0 (Yl)m(Yz)n+pm!n!p!

in |x| + Izl <1, |yl <1,

(1.4) FR(ulrazralrﬂllB2161;71172172;le:Z)

-3 @) myp (%20 Be)map (Bol xy" 2P
m, n, p=0 (Yl)m(YZ)n+Pm!n!p!

in YTzl + V7zl < 1, 1yl < 1,

where (a)m means the usual Pochhammer symbol defined by T (o+m) /T (o).
In the following establishment we shall make use of the following two

formulas for the Gauss series 2Fl [4] and the second Appell series F2 [10]:

: a+b
(1.5) 2F1(a,b;a+b;1—p) =-T] . [2y + y(a) + y(b) + log p] + o(1),
a,b

(p = +0),



(1.6) F,(a,by,byicy,cyix-p,1-x-8)

cl,cl—a—b1 —a a,a—c1+1,a+b1—cl;x_l
=T x 36 | =
cl—a,cl—b1 \ a+b1~c1+1,cz;
C1rC 1701 pi-ci+l ci~a-b;+1
T c.-a-b,+1 = ' (1-x) =~
a,bl—l,b2+1 1 1

. c;-by+1,2-by,1,1; 4

T 473 . X
c1~a-bl+2,b2+1,2,

CqrC - —a-
1’72 xb1 Ci (1_x)C172 b:
a,bl,b

-T
2

[2y + w(a+b1—cl) + w(bz) - log(l-x) + log(p+3)]
+ o(l), (p > +0, & —» +0)

with a+b,+b, = cytcyy b, % integer, c,-a-b; % integer and 1/2 < x < 1,

where the generalized hypergeometric series of single variable and the

F
p g
second Appell series F2 of two variables are defined by

p
. Oqpt e s0 s oo 'El (aj)m 0
(1.7)  _F (O, -,0 ;B.y---,B_sz) = F Pzl=3% T0—— 2,
pa 1l p'"1 a PAl g, ..., B; m=0 g m
1! 14 ql H (B')m
=1 J
o (o) (B.)_(B,)
+n'""1'm'"2'n _m n
(1.8) F (B, BiV,/¥,ix,y) = 2 = L%, Ixl o+ 1yl <1,
AN R AL LA A m, n=0 (yl)m(yz)nm!n!
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¥ 1is the psi function and Yy 1is the Euler-Mascheroni constant. When q =

p-1, (1.7) converges in |z] < 1 (cf. [16]). Here and in what follows, we

write, for brevity,

all...’ap r(al)...r(ap)

r TTBTBy

Bl' . .,?q

The formula (1.6) holds valid also for 0 < x < 1/2 by exchanging b1

with b2 and cq with CZ'

2. The Behaviors of the Series FG

Let us first consider the series FG defined in (1.1) near the points

on the plane x + z =1 (x,z > 0) and on the edge x +y =1, x + z =1

{x,v,z2 > 0) of the boundary of its convergence region. The results are:
(FG1) FG(a,a,a,bl,bz,b3;cl,c2,cz;x,y,1—x—p)
-a-b

CyrCy a:a—c2+l,a+b3—c2; b

=T 3 (1-x) 2 F132{1 \2 2 X
c,-a,c,-b 0:2;1) . atb.-c.+1l,cq7c,-by ;XL 7%
2-7"'72 73 ) 3 72 "rr1rv2 T3
€12 Cpbs c2-a-bs+l bi-c,+1
+r rabgT X A
a,b3—1,bl+1 2 3

p1:3;1] S27P3* 27bg 1, 1: byi 4
0:3;1 x-1"1-x

:cz—a—b3+2,b1+l,2;c2—b3;
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c.,C L
1772 xC2-a bs

a, b3,b

(1-x) b,+bs~Cc> (1—x-y) -b,

2y + Vy(atbg-c,) + y(b;) - log x + log p]

+ o(1), (p — +0)

w1th‘ atb,+by = ci+c,, by X integer, a+bs-c, % integer and 0 <.x < 1/2,
x <y < 1.
Note. The formula (FGl) holds valid also for 1/2 < x < 1 by ex-

changing b, with b3 and ¢4 with C,-

(FG2) Fila,ara,by,b,,b3iC /1 CpsCyix, 1=x-p, 1-x~p)

ST cl,cl—a—bl -a aya- cl+1 a+b cl x—I
= x — 5F) =
cl—a,cl-—b1 a+b ~Cq +1, 1Coyi
: A C17Py  pi-ci41 ci-a-b+1
+r Sabp ¢ AT
a,b,-1,b,+by+1 1 1

cl—b1+1,2—b1,1,1;x_l
4" 3 X
cl—a—bl+2,b2+b3+1,2,

-T “C17C2 xbl—clkl_x)ci~a—b1

a, b b2+b3
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[2y + w(a+bl-cl) + w(b2+b3) - log(l-x) + ;og Pl
+ o(l), (p — +0)

with a+bl+b2+b3 = cytcy, b2+b3 ¥ integer, a+bl—c1 ¥ integer and 1/2 < x <

1.

Note. The formula (FG2) holds valid also for 0 < x < 1/2 by ex-

changing b1 with b2+b3 and cq with Cy-

Proof of (FGl). Expanding F in the series of vy, we have its

G

representation in térms with Fy:

(2.1) FG(aralarB1162r53771172172;er1Z)

L

(o) _(B,)
_ m'"2'm . . m
""‘ mzlo _—(Yz)mm! F2(a+mlﬁllB3'71172+m’xlz)y

Then the relations (2.1) and (1.6) lead us to for a+bl+b3 = c1+c2
(2.2) FG(a,a,a,bl,bz,b3;cl,czfc2;k,y,l—x—p)

o (a) (by)

- m

= g m,— F2 (a+m,b1,b3;cl,c2+m;X, ]__X_p)y
m=0 2’ | ’ |
oo (a) m (bz) cz+m, cz_.a._b3 caem

m _m r

(cz)mm! (1-x)

=0 cz—a,cz—b3+m
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a+m,a—cz+l,a+b3—c

F
32 a+b3—c2+1,c
Cotmycy | Cphatm o a-ba+1 b3—co-m+l
T Ty-abytl (1)
a+m,b.-1,b,+1 2 3
3 1
c,~bgy+l4m, 2-b, 1,
F
4" 3
cz-a—b3+2,bl+1,
c2+m,c1 c.—a-b bi-c,-m
- r x 2 3 (l_x) 3 2
a+m,b3,b1
[2y + w(a+b3—c2) + w(bl) - log x + log
+ o(l)

which deduces the formula (FGl) in terms of the Kampé de Fériet series

(11, [16]):
(2.3 Fp:r’.u all rap:'er 'rYrr‘ﬂll"','ﬂu;X v
R P T S ] SYRER
f I n
o (o) (v.) M)
_F 3z MR JMger IR AT
- q s v m!n!
mn=0 g, o (¢, O (£.)
=1 7 m+n 4=1 J'm j=1 J'n

27 x
x-1

17¢

1; %

2.x—l

Pl

(cf.
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, . . 1:2;1 =1:3;1
Here, the Kampe de Fériet series FO:Z;l[x’y] and F0:3;1Ex,y] in (FG1)

converge in |x| + |yl < 1.

Proof of (FG2). By virtue of the series expansion of FG in terms of

the Appell series 'Fl:

(2.4) FG(a:alalﬁllﬁzlB3;'Yll":'21"x'2;xry,Z)

oo (o) (By)
m=0 (Yl)mm!

Fl(a‘*m,Bz:By'YZIYiZ)xm
and by the relation [1]
(2.5) Fylo, B ,B,rivix,x) = ,F (o,B 4B ivix),

we have the formula

(2.06) FG(aralarBllB21B37711721727X1Y1.Y) = F2 (alﬁllﬁz+ﬂ3;'¥1,“{2;x,y) ,

where the Appell series F1 is defined by [1]

(a)m+n(Bl)m(62)n

(2.7) Fl‘(alﬂlrﬁz;y;x'Y)‘ = 2 (Y)m min!

m, n=0

m
iy,

Thus the relation (FG2) follows immediately from (1.6), (2.7) and [1]

o () (B,)
(2.8) FZ(OC,Bl,BZ;'Yl:'Yz:X,y) = E _Iﬂ____llﬂ

F . . m
m=0 (’Yl)mm! 2 1(a+m’B2’72/Y)X .



3. The Behavior of the Series FK

Now let us treat the series ‘FK near the surface z = (1-x) (1-y)

(x,v,z > 0), then we have:
(FK) FK(alrazl azlblrbzlbl;cllbzr c3;XIYI (l—X) (l—y) —P)

€17¢17317°1 | _p, . Byrby=eytlsa b =cyi

=T b d 3F, =
cl—al,cl—bl al+bl—c1+1,c3;

C1re3 | €173

by,a;-1,2,+1 Cymay~bytl

a;—-c:+1 ‘c1=ai1+b+1

+T b 4 (1-x)

+1,2—a1~,1,1;x_1

p:&

€173,
cl—al—b1+2,a2+1,2;

4aF3

C.,C - _ _
-T 17+3 xa1 Ci (1—X)Cl ai-b;

ajray,by
[2y + w(a;+by—c)) + v(a,) - log(l-x) - log(l-y) + log p]
+ o(1l), (p = +0)

with a1+a2+b1 = c

0 <y < 1.

1*te3r 3, % integer, a;+b,-c, % integer and 1/2 < x < 1,

/

Note. The formula (FG2) holds valid also for 0 < x < 1/2 by ex-

changing a; with a, and cq w;th Cy-
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Proof. The series Fp may be expanded by the Gauss series as

(3.1) FK(al’aZ'aZ’Bl’BZ’BI;71'72'73;X’Y’Z)

() ) By o
0 ‘Vl)m‘73) min!

- 3

m, n=

Fl(a2+m,32;72;y)xmzn

Then by noting the relation [2]

(3.2) ,F (a,BiB;z) = (1-2)77,

we have the formula
(3.3) Fk(allazlazlﬂllleﬁl;yllelYB;xIYIz)
- gy 02 . . . z_
(1 Y) Fz(BlrallazlYllY3lxll_y)'

which together with the relation (1.6) leads us to (FK).

4. The BehaGiors of the Series FN

Following two formulas for Fy defined in (1.3) will be derived:

{FN1) FN(al’a2’a3’b1’b2’b1;Cl’c2’c2;x’y' l-x-p)

o cl,cl—al—bl -b, b b —Ccy +1, a; +b
= -4
C=ay,¢97by

C1ix-1
X
al+b c +1, cz,

- 10 -



-a .

1 xal—C1+1 1—a1—b1+1

C,,C c
+T Y e (1) ¢
bl,al—l,a3+1 17171
e cl—al+1,2—al,l,1;x_1
4" 3 .ox
’cl—al—bl+2,a3+1,2,
a,b ' -::=; = ;b,:a,;a,+tl,b,+1,1;a,;
+ i 2 v F(3) 17172 2 3 2,y,1-%
2 —::—;c2+1; -iCqi 2; =;:
c.,C _ .
-Tr 1 2 Xa1 Cl(l_x)01 a:-b,
ajs23/by

[2y + w(a;+by=c ) + y(ay) - log(l-x) + log pl
+ o(1l), (p — +0)

with al+a3fb1 = C

0 <y < 1.

1+c2, ag X integer, a1+b1-c1 %X integer and 1/2 < x <1,

Note. The formula (FN1) holds valid also for 0 < x < 1/2 by ex-

changing aq with a3‘vand cq with Coe

(FN2) FN(al,a2,a3,b1,b2,b1;cl,a2+b2,a2+b2;x,l—p,z)

a2+b2 a3b1 .3 qtl:ays a3+1,1,1;
b 3

a : ; - - -
b2 272 B .cl,a2+1,b2+l,2,

=T X, Z

a2,

- 11 -
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2.72 .
-T : ZFl(al’bl;cl;x)“[ZY + w(az) + w(bz) + log pl

+0(1), (p > +0).

Proof of (FN1l). By the series representation of FN:

(4.1) FN(alla21a3lBllelﬁl;’Yll’Yzf’Yz;XIYIz)

e (o) (B,) o
2 2
-2 B _<nm F2(31,a1,a3:71'7k2+‘m:xfZ)ym

(y2)m m!

]

=0
= F2 (Blid1,a3;71172:x, z)

azﬁz oo (a2+1)m(32+1)m

v ‘
Y2 m=0 (72+1)m(2)m

m
F2(Bl,al,a3;yl,72+1+m;x,z)y

and the relation (1.6), the formula (FN1) follows, where the Srivastava series

(3 is defined by [16]: -

(@) ::BH:BH:BH:(yH vy

4.2y 3| X,¥,2
()::(MmH ;MM (G287
oo m n_p
_ X z
where

- 12 -
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A B, - . ‘B . Bj s
| S i T PPnen I By TGy
A(m,n,p) = ) E. 1 E, ) E, ;
m (5.) I (M) I (m3) o m:z)
3=1 3 min+p 3=1 7 m+n 4=1 3 n+p j=1 ' ptm
Ci s C. s Cs s
I (y:) I (yv3) I (yz:)
3=1 Jj'm 3=1 jn 4=1 1P
F, L Fa . Fs s
m () o (&) m (£
3=1 J'm j=1 Jj'n 3=1 J'p
and (o) abbreviates the set of A parameters al,---}aA and similar inter-
pretations for (Bl), (Bz) etc. Here, the Srivastava series F(3) in (FN1)
converges in |x[ + (z| < 1, |yl < 1.
Proof of (FN2). The series expansion

(4.3)

B M3

m,

and (1.5) imply the formula (FN2), where the Kampé de Fériet series

1:1;3

Fo:1;3

(al)m(a3)n(ﬁl)m+n

FN<a11a2133l31132131771172172;x1YrZ)

0 (Yl)nﬁyz)nm!n!

n
2Fl(a2,82;72+n;y)xmz .

x,y:] converges in x| + |yl < 1.

- 13 -~
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5. The Behavior of the Series FR

For the series Fo we have:

{(FR) FR(al,az,al,bl,bz,bl;cl,a2+b2,a2+b2;x,1—p,z)

2:0;2 a1+l,bl+1: -3 1,1;
—_— z F0'1'3 X,z
2 —— :cl;az+1,b2+1,2;

- T oFy(ag/byicyix) [2y + w(ay) + y(by) + log p]
ayrby :

+ o(l), (p — +0).

Proof. By noting the series representation of Fp:

(5.1) FR(dl’aZ’al;Bl’BZ’Bl;Yl'YZ’YZ;X'y’Z)

00 (oy) B4) '
1’m+n "1 'm+n m n
= X F,(a,,B,i7,tn;y)x% 2
“m, n=0 (Yl)m(vz)nm!n! 271772rr2rt2

we have

FR(al,az,al,bl,b2,bl;cl,a2+b2,a2+b2;x,l—p,z).

, o (a,)_ (b,)
1’'m'"1'm m
= ,F.(a,,b,;a,tb,;1-p) X
271 82:02785%0) I G N

- 14 -



124

s (ap) (by) o CL Lo s :
1l1'mtn+l "1 'min+l 2F1(aszz;aé+b2+n+lr14p)xmzn+l,

+
(c]) (aytb,) _ml(a+1)!

m, n=0

which implies (FR) by virtue of (1.5) and the Gauss formula [2]

Yoy -o-p ,
(5.2) 2F1(a,B;y;l) =T for Re(y-o-Bf) > 0.
Y—aIY—B :

Here, the Kampé de Fériet series F

o N

:g'g[:x,y-1 in (FR) converges in

7
’

VT=T + Tyl < 1.
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