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Classification of toric singularities with simple K3

singularities as hypersurface sections

ﬁ;tl:iF}%;j{ ‘vfji Lm/ﬁ/ﬁ (Hiroyasu TSUCHIHASHI )

Introduction. Yonemural 8] classified  the weights of
non-degenerate quasi-homogeneous polynomials on @4 which
define simple K3 singularities. On the other hand, to each
quasi-homogeneous polynomial f = {VE(220)4 csz there exists

an element uj i? (Q>0)4 such that <v,u0> = 1 if Cy £ 0,
(my, ,Mqy,Mq,M m, me My, m
where =z 1>72°78° 787 z 1222233z44. Then we may regard the

point ug as the weight of f. Let A* be the convex hull

of (v € (Zyp* | <v,uy> = 11}. Then dima* = 3 and
(1,1,1,1) € Int(A*), if f defines a simple K3 singularity (

see [8] ). As a generalization of this fact, we obtain:

Theorem. Let f be a non-degenerate holomorphie funetion

on the torie singularity Y = Spec@{a* n (24)*] with f(y) =

0 and let X = {f = 0}, where c* is the dual .cone of a

4-dimensional strongly convex cone o in R4 generated by
4

primitive elements Uy, Ug, «.. and u in Z

g and f{y} = { x

e Y | zV(x) =0 for any v € (d*n(Z4)*)\{0} 1. If (X,y) s
a simple K3 singularity, then the following two conditions

are satisfied.
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(1) Y is Gorenstein, i.e., there exists an element Vo €

(24)* such that <v0,ui> =1, if Rgo“i is a 1-dimensional

face of o for i =1 through s.
(2) There exists an element u, € Int(o) such that
“dim A* = 3 and that vg € Int(A*), where A* is the convex

hull of { v e o n (ZH)* | <v,up> = 1 3.

The purpose of this paper is to show that the pairs
(c,uo) satisfying the ~conditions of the above theorem are
finite modulo GL(4,Z). We can obtain all representatives of
them, wusing a computer. However, they are too many to make a
list here.

In §1, we prove the above theorem and show that there
exists a partial order on the set of the pairs satisfying the
conditions of the above theorem such that for a pair (c,uo),
all the pairs (t,uo) 2 (a,uo) are finite and obtained by a
simple algorithm ( see Proposition 1.6 and its proof ).

In §2, we give a list of representatives of all the minimal
pairs (o,uo). We omit the proof of the completeness of the

list, for the sake of its length.

81 Toric singularities and their hypersurface sections.

Let N = Zn+1 be a free Z-module of rank n + 1 2 3 and

*

let N be its dual module with canonical pairing < , >
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N* Xx N - Z. Let g = R;O“l + Rgou2 + ce. + Rgous be an
,{(n+l)-dimensional strongly convex rational cone in NR
generated by primitive elements u; in N. Here we may assume
that R, o4y is a 1-dimensional face of o] for each i = 1

through s. Let Y = SpeeCl[o*nN*] and let zY : Y > @ be the
character of v, which is the natural extension of V@lmx
SpecG[N*] ~ ((Ex)n+1 - GX, for each v in c* n N*. Then the

b 3

set {xeY | z¥(x) = 0 for all v € (oF nN*)\ {0} 3

consists of only one point y and any holomorphie funetion f

on Y with f(y) = 0 1is expressed as the power series:
. ‘ v
[ = Lye(o*nN*)vi03 Cv2 -
Let X be a hypersurface section of Y containing y, i.e., X
= {f = 0}, for a holomorphic function f on Y with f(y) =
0. Here we note that if (X,y) is an isolated singularity,

then the dimension of the singular locus Sing(Y) of Y is
not greater than 1, i.e., any (n-1)-dimensional face of o] is
non-singular. Assume that X 1is normal and that X \ {y} has

only rational singularities. Then by [6] and [1], we obtain:

Proposition 1.1. The following three conditions are
equivalent. |

(1) (X,y) 1is Gorenstein.

(2) (Y,y) 1is Gorenstein.

*

(3) (G) There exists an element Vo € N such that

<v0,ui> =1 for 1 i £ s.
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We denote the above Voo by v(og).

Definition 1.2, The Newton polyhedron r, ) of f is
the convex hull of Ue + 0 (v + a*) and the Newton boundary

v
r¢gy of f is the union of the compact faces of [ (f).

Definition 1.3. We call f non-degenerate, if

afA*/az1 = eee = afA*/aZn+1 = 0

*

has no solutions in T := SpecG[N*] c Y for each face A of
_ v .
r(f), where fA* = ZVEA*nN* CyZ and (zl, Zos eee s zn+1) is
V.
a global coordinate of T, i.e., zZ; = % ' for a basis {vl,
*
Vogs ees Vn+1} of N .
Proposition 1.4. ([5, Theorem 2.2]) Assume that the

condition (Q) in Proposition 1.1 is satisfied and that f is
non-degenerate. Then (X,y) is purely elliptie if and only if
v(iog) € T(f). ( See [7], for the definition of a purely

elliptic singularity. )

Remark. If v(o) € al (f) \ I'(f), then X \ {y} has worse

singularities than rational singularities.

Proposition 1.5. Under the assumption of Proposition 1.4,
(X,y) is of (0,n-1)-type if and only if dim A* = n, where
A* is a face of TI(f) with v(o) € Int(aA%). ( See [2], for
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the definition of (0,i)-type of a purely élliptie

singularity. )

Proof. Let C be a subdivision of the dual Newton
boundary r*r) of r(f) consisting of non-singular cones (
see [4] and [5], for the definition of T*(f) ). Then ¥ :=
Tyemb(L)  and X are non-singular, where X is the proper
transformation of X wunder the holomorphic map p : ¥ - Y
obtained by the morphism of r.p.p. decompositions (N,E) -
(N,{faces of o)}. Let £y be the set of the 1-dimensional
cones in T whose generators are contained in Int(g) and

let ET be the intersection of the closure of orb{(t) and X,

for each T in E;. Then [TEEI ET is the exceptional set of

the resolution P|¥ : ¥ - X and we can express Kx = (p,g)*KX

+

{TEEI aIET' Here we note that aT = <V(°)’u1> - d(uT) -1,
by [5, Lemma 2.1], where u, is the primitive element in N

generating T and d(uT) = min { <v,uT> Il v e ' ,(f) }. Hence

aT 2 -1, for each T in Zl' Assume that dim A* = n. Then
there exists only one l-dimensional cone T in Ly with a, =
-1 and ET is irreducible. Hence (X,y) is of

(0,n-1)-type. Next, assume that dim A* £ n-1. Then we easily

see that there exist at least two 1-dimensional cones T in
Ly such that a, = -1 and that ET # ¢. Hence (X,y) 1is not
of (0,n-1)-type. q.e.d.
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Assume that f is & non-degenerate holomorphic function
on Y with f(y) = 0 and let X = {f = 0}. When n = 3,
(X,y) is a simple K3 singularity (, i.e., (X,y) 1is Gorenstein
purely elliptiec of (0,2)-type [3] ), if and only if (Y,y) is
" Gorenstein, v(g) is contained in the interior of a

3-dimensional face of TI'(f), by Propositions 1.1, 1.4 and 1.5.

Assume that (X,y) is Gorenstein purely elliptie of
(0,n-1)~-type. Then there exists a unique element Uy in
Int(o) such that vyug> = 1 for any element v in the face
A of TI(f) whose interior contains v(o). Hence a* is

contained in
* * *

Aa(uo) := convex hull of { v € o° n N | viyup> = 1 1.
Therefore, the pair (a,uo) satisfies the following
condition:

(E) dim A;(uo) =n and v(g) e.Int(A;(uo)).

Thus we obtain the theorem in Introduction. Conversely, assume
that (o,uo) satisfies the conditions (G) and (EY, and let X
_ _ _ v ;

= {f = 0}, where f = zVEA;(uo)nN* c,Z + higher terms, for
certain non-zero complex numbers Cy- Then (X,y) is

Gorenstein purely elliptie of (0,n-1)~type, if (X,y) is an

isolated singularity.

Problem 1. Is the set of the pairs (G,UO) satisfying the

conditions (G) and (E), finite modulo GL{(N)?
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Let
gn = (o,uO) | o is an (n+l)-dimensional strongly convex
rational cone satisfying (G), u, € Int(g)
and u, satisfies (E) }
and let &n = g“/~, where (c,uo) ~ (o',ub) if and only if
there exists an element g in GL(N) such that g(g) = o'
and that g(uo) = ub. We define a partial order on g“ as

follows: (o,up) 2 (o',up) if and only if o o o', v(o) =
v(o') and u, = ub. Let

33 = { (o,up) € gn (o,up) is minimal ]
and let 53 = g8/~, where we call (o,uo) minimal, if (o,uo)

2 (1,uy) implies (o,uy) = (T,up), for any (T,uy) € &".

Remark. (1) Assume that (o,up) € en. If the cone T

generated by a subset of L := { ue onN | <Kv(og),u> =11 s

(n+1)-dimensional strongly convex and contains u, “in the._
interior, then (T’UO) € gn, because 1* o o*.
(2) Since #L < +w, for any pair (c,uo) in gn, we have #1
(T,up) € gn o (o,up) 2 (T,ug) } < +w. Hence for any pair
(o,uy) in €N there exists a pair (T,up) in gg with
(o,ug) 2 (T,up).

Let C(o,up) = { (t,up) € &" | (1,up) 2 (o,up) }, for a

pair (o,uo) in g“. Then by the above remark, we have g“ =

) ~ . n . s . .
U(c,u0)683 C(o,uo). Hence\ if 50, is a finite set, then‘so is
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€™, by the following proposition.

Proposition 1.6. C(c,uo) is a finite set, for any pair

(o,up) in gn,

‘Proof. Since for any pair (T,uo) in C(c,uo), Ai(uo) is

the convex hull of a subset of the finite set LY := { v e

o* n N* vyup> = 1 }, we have #{ Az(uo) | (T,uo) € C(c,uo) }

*

< te. Conversely, let A be the convex hull of a subset of
L* such that v(o) € Int(pA*) and that dim A* = n. Then  #{
u € (RZOA*)* AN | <vig),u> =1 } <« +«. Hence C' := { (r,ua)
€ C(c,uo) ] A:(uo) = A* } is a finite set, because T cC

(RZOA*)* for any pair (T,uo) in C'. Therefore, C(c,uo) is

a finite set. q.e.d.

Next, we show that for a ceone ¢ satisfying the <condition

(G), all the elements Ug in Int(o) satisfying the condition
(E) are finite. Let WU(VO) = { u € Int(og) | dim Ag(u) = n, Vv,
€ Int(A;(u)) b, for an (n+l)-dimensional strongly convex
rational cone o and for an element vg in NE.

Theorem 1.7. Wo(vo) is a finite set, for any Vo €
Int(o*).

Proof. For Vi Vo, coe ’ vj € c* n N*, let
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W(vl,v2, eee sVi)Y = { u e€ Wo(vo) }I vp,u> = o0 = Lvg,ud =

]
{ve ofaN 1 <w,i>0 < 1 1.

b}
1 }. For u € Ngp, let W (u)

1

Here we note that if u € Int(g), then W*(u)‘ is a finite
set. First, take an element u, € Int{o) with <vgrug> = 1.
Then for any elemenf u in WU(VO) with u # Uy, we see that
{ v € W*(ub) | <vou> = 1.1 # @&, Hence WG(VO) Cc {uo} U
leeW*(uo) W(vl). Here wé note that if W(vl) # ¢, then
Vo and vy are linearly independent. Next, if W(vl) £ @,
then we can take an eiement u; € Int(g) with <v0,u1> =
<v1,u1> = 1, for each vy E€ W*(uo). Then we have W(vl)'-c
{ul} U UVQEW*(UI) W<V1’V2)' Proceeding similarly, we finaily

obtain W(vl, e ’Vn—l) C {un_l} U W(vl,...,vn).

U > 3
Vnew (un—l)

Then #W(vl, . e y V £ 1, because Vos Vis e and v are

n’ n

linearly independent, if W(vl, e s V £ @, Hence #W(vl,

n’

oo ’Vn—l) < +eo and #Wo(vo) < +to, q.e.d.
Now, Problem 1 is reduced to:

Problem 2. Is the set of the cones o satisfying the
condition (G) such that { u, € WU(V(G)) I (o,up) € gg I £ &,

finite modulo GL{(N)?

Proposition 1.8. If Wd(vo) #F ¢ for an element vy €
Int(o*), then #ILU(VO) £ 1, where ILG(VO) ={ u € Int(o) n Nw

| <v0,u> = 1 }. Conversely, if ILo(VO) = {uol, then Wo(vo) c
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{uo}.

Proof. If ILG(VO) £ @, then for each element Uy in
ILU(VO)’ we have viyup> > 0 for any \' in oF \ {0} and
" hence <v,uo> 21 for any v in (o* \ {0}) n N*. Therefore,

Wc(vo) c {uol, as we see in the proof of Theorem 1.7. Hence

if #ILG(VO) S 2, then Wo(vo) = g&. g.e.d.

§2 A list of representatives of all elements in gg.
1. 0 = Ryp(1,0,0,00 + Ry((0,1,0,0) + Ry((0,0,1,0) =+
Rgo(0,0,0,l). See [8, Table 2.2], for Uj.
2. 0 = Ryp(0,0,0,1) +  Ryo(1,0,0,1) + Ryp(0,1,0,1) +
Ryo(1,1,2,1) and uy = 5(1,1,1,2), #(1,1,1,3), 15(5,3,4,12),
§(3,2,2,8), o5(7,5,4,20), 1$(5,4,2,16), §(3,2,1,9), £(2,1,1,5),
o(4,3,1,13),  5(5,2,3,11),  1k(5,3,2,14), (7,3,4,16),
15€4,7,3,19) or -+(5,9,4,24).
3. o = Ry(0,0,0,1) + Ry((1,0,0,1) + Ry((0,1,0,1) +
Ryo(1,1,3,1) and uy = 7(2,1,2,4), (3,2,1,7), $(3,1,2,5),
§(5,2,3,9), £(2,3,3,6), $(3,4,3,9) or $(1,1,2,2).
4. 0 = Ryp(0,0,0,1) ¢ Ryo(1,0,0,1) + Ryo(0,1,0,1) +
Ryo(1,1,4,1) and wuy = §(1,1,2,2).
5. 0 =  Ry(0,0,0,1) +  Ry(1,0,0,1) + Ry(0,1,0,1) +
Ryo(1,2,5,1) and uy = (2,3,5,4), §¢2,3,5,5), }c1,1,1,2)

or §(1,1,1,3).
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6. g = Rgo(oaososl) + Rzo(lsovobl)

Ryo(1,2,7,1) and u, %(1,1,2,2).

+

7. g = Rzo(osoioll) + Rgo(190’0$1)

Ryo(1,3,7,1) and wu, %(1,2,3,2).

+

8. o = Rzo(oyoyosl) + Rgo(lsogoylf

Ry0(1,3,8,1) and ug = §(1,2,4,2).

+

9. o = Ry(0,0,0,1) + Ryp(1,0,0,1)

Ry0(1,3,10,1) and ug = §(1,2,5,2).
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R;O(O,I,O,l) +
Ryo(0,1,0,1) +
Rzo(oylso,l) +

Rgo(oil’obl) +

10. (o} = ‘ RZO(I,O,O,I) + RZO(O’I’O’I) + RZO(_l’—l’O’l) +

Ryo(1,0,1,1) and ug = 5(0,0,1,2), F(-1,-1,1,3), §(-1,-1,2,4)

or %(-1,—1,2,6).

11. o = Ry(2,0,0,1) + Ry(0,1,0,1) + Ryp(-1,-1,0,1) +
Ryo(1,0,1,1) and uy = 3(1,0,1,2).
12. 0 = Ryp(1,0,0,1) + Rye(0,1,0,1) + Rye(-1,-1,0,1) +
Ryo(1,2,3,1) and ug = %(2,2,3,35.
13. 0 = Ryp(0,0,0,1) + Ryp(1,0,0,1) + Ry(0,1,0,1) =+

Ryg(1,0,1,1)  + Rye(-1,0,-1,1)  and  u, =

1ai,1,0,4) or }q1,2,0,6).

3(1,1,0,3),

14. o = Rgo(o’o’o’l) + Rgo(lsoxoyl) + Rzo(o,lyosl) +

Rzo(lyoslsl) + Rzo(ono’_lyl) and uo = %(1,1,0,3) or

1(1,2,0,4).

15. o

R20(1,1,2,1) + RZO(O,O,—I,I) and ug = i(1,1,0,4).

Rgo(oyoaosl) ‘ + Rgo(lsosoal) + Rgo(oylyosl) +

16. o = Ryo(0,0,0,1) + Ryo(1,0,0,1) + Ry((0,1,0,1) +

Ryo(1,1,2,1) + Ryg(-1,-1,-2,1) and uy = 2(1,1,0,4).

- 11 -
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1T. @ = Ryp(0,0,0,1) + Ryo(1,0,0,1) + Ry(0,1,0,1)

Ryg(1,1,3,1) + Ryg(1,-1,-3,1) and uy = §(1,1,0,3).

18' g = Réo(lyoyosl) + Rgo(—lsoyosl) + Rzo(osoylsl)

Ryq(0,2,-1,1) and u, = %(0,1,0,2).

19. (o] = Rzo(laoyoyl) + Rzo(_lsoaoyl) + Rgo(lllyzyl)

Ryo(-1,1,-2,1) and ug = $(0,1,0,2).

20. (o) = Rg0(1!0$011) + Rzo(—laosﬂsl) + Rzo(o)lyoxl)

Ryo(0,-1,0,1) + Ryg(0,0,1,1) and wug = $(0,0,1,2).

21. o =  Ryq(1,0,0,1) + Ryo(-1,0,0,1) + Ry((0,1,0,1)

Ry (0,-1,0,1) + Ryp(1,1,2,1) and uy = §(1,1,2,2).

22. (o) = Rzo(lylyoyl) + Rzo(oaoylyl) + Rzo(oso,—lyl)

_ 1
Rgo(oslvoyl) + Rgo(lyoyoyl) and uo = ?(1)1a0)2)'

23. o] = RZO(I’O’O’I) + Rzo(—l,0,0,l) + R20(0,2,0,1)

i}

R;O(O,O,l,l) and Ug

1¢0,1,1,2), 4(0,3,1,3) or }(0,4,1,4).

24. (07 = Rzo(lyoyo)l) + Rzo(“lyoyoyl) + R20(0y330,1)

i

Ry(0,0,1,1) and u, %(0,2,1,2).

25. [e) = Rzo(laosoyl) + Rgo(_lsoao)l) + R20(09230;1)

Ryo(1,1,2,1) and u, %(1,1,2,2).

i

26. g = R20(0,0,091) + Rzo(lylso)l) + R20(150:091)

R;O(Oslyoyl) + R;O(O:Oslyl) + Rg0(191)-131> and

3(1,1,0,2).

Up

27. [s) = R20<1)0a0)1) + Rzo(oslsoyl) + Rzo(oaoslyl)

Rgo(-l,-l,—l,l) and ugy = (0,0,0,1).

28, o

i

RZO(—I,—l,-l,l) and uy = (0,0,0,1).

Rgo(l’osoyl) + R;O(Oylsoyl) + Rgo(lalazsl)

+

+

+

+

+

+

+

+

+

+

+

+



29, o Ry (1,0,0,1) +

\Rgo(—l,—l,—z,l) and Ug

30. o = Ry(1,0,0,1) +

,1) ~and ug =

Ryo(1,0,0,1)  +

Rzo('la_la_l
31. c

RZOC—I,—I,-Q,I) and up =

32. (o) R20(15090’1) +

R20(~23-3,—5,1) &nd Uo

Ry(0,1,0,1) +
= (0,0,0,1).
Ry(0,1,0,1) +
(0,0,0,1).
Ry0(0,1,0,1) +
(0,0,0,1).
Ryo(0,1,0,1) +
= (0,0,0,1).

Ry (0,1,0,1) +

33. ag Rzo(lsonoal) +
Rgo(—l,—l,—Q,l) and ug (0,0,0,1).
34. o} Rzo(laoso’l) +

Rgo(—1!_2)-391)

35. o Ryp(1,0,0,1) +

Rg0(0,0,2,1) and ugy = (0,0,1,1).

36. o = R20(2,0,0,1) +

1)

Ryo(-1,0,2, and ug = (0,0,1,1).

37. o] RZO(I,O,O,I) +

Rgo(—1,0,3,1) and ug = (0,0,1,1).

RZO(O,I,O,I)
and u, = (0,0,0,1).
R20(0,1,0,1)

Ry (0,1,0,1)

RZO(O,I,O,I)
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Ry (1,1,3,1)

Rgo(lyz,s,l)

Ryp(1,2,5,1)

Rgo(l!z!s,l)

Ry(1,2,7,1)

+

R,o(1,3,7,1)

+

Rgo(_ly_lsosl)

+

Rzo(—ly_lyoal)

+

Rzo(_ls_lsoyl)

38. (o) = Rgo(lao)oyl) + R;o(oylsoxl) + Rgo(—lswlyoyl)
RZQ(O,O,l,l) + RZO(O,O,—l,l) and uy = (0,0,0,1).
39. o = Rzo(lsososl) + Rgo(oal,osl) + Rgo(—ln"lsoal)
Rgo(o,o,l,l) + R;o,(lyl)—l,l) &nd uO = (0,0,0,1).

40. G = Rzo(l,O,o,l) +

Rzo(o)oalyl) + R20(2!0,_1)1) and

41. o R20(190)0$1)

Ryo(0,1,0,1) +

uO =

+ Ryo(0,1,0,1) +

Rgo('l,_l,oal)
(0,0,0,1).

Rzo(_ls_lyo31)
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Ry0(1,2,3,1) + Ryg(-1,-2,-3,1) and uy = (0,0,0,1).
42. o = Rg0<1,o,o,1) + R;O-I’O’O’l) + Rgo(o,o,l,l)
Rg0(0’4’-1’1) and ug = (0,1,0,1).

43. o

Rgo(lsoyosl) + Rgo(—l,0,0,l) + Rgo(l,l,Q,l}
A Rgo(’l,3,—2,l) and uy = (0,1,0,1),.

44, o Rzo(lyoyoyl) + Rgo(-lsososl) + Rzo(oslyosl)
Rgo(oa_laosl) + Rgo(osoyzal) and uo = (090)1)1)0

45. o

1

Rzo(“lyoxoyl) + R20(0303191) + Rzo(zsos_lal)
Rgo(oylloal) + Rgo(oy'l)oyl) and uo = (0,0,0,1).

46, o

1]

Rzo(_laoyoyl) + Rzo(lslsz’l) + Rzo(la‘ly‘zyl)

Rgo(O,I,O,l) + Rgo(o,-1,0,1> and uo (0,0,0,1).

47. o

Ryo(-1,0,0,1) + Ry(0,0,1

-

1) + Rzo(zso»_lyl)

1]

Ry0(0,1,0,1) + Ryq(1,-1,0,1) and uy = (0,0,0,1).

48. © Ryp(0,-1,2,1) + Ry0(0,2,0,1) + Ryp¢1,0,0,1)
RZO(-I,O,O,I) and ug = (0,0,1,1).

49. ¢

I

Rgo(0,0,Z,l) SoF Rg0<°’3’°’1) + Rgo(l,0,0,l)
Rgo(—l,0,0,l) and u, = (0,1,1,1).

50. o

H

Rgo(lyoyoyl) + Rgo(‘l;oaoyl) + Rgo(oal)oyl)
Rgo(oy-l,oyl) + Rgo(opoalyl) + Rgo(oyos_lyl) and uo
(0,0,0,1). ‘
51. g = Rgo(1)0a031) + Rgo(—lyoyo,l) + Rgo(oylsosl)
Rgo(os_laosl) + Rg0(1a13291) + Rgo(_ls_l,'291) and uo
(0,0,0,1).
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