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Introduction

A. Krieg [2] gave a characterization of the Maass
épace on'the‘Hefmftian upperQhalf sﬁace40f degree‘z. By
using this result, he gave an explicitiformula for the‘
Fourier coefficients of the Hermitian Eisensten series
of degree 2. In this note; we show that his formula is
also derived from a formula of the Fourier coefficients

of Jacobi-Eisenstein series.



~§1. Hermitian KEisenstein series
The Hermitian uppéf‘half—spaéé’bf degree n i3

defined to be
B, =Z < 3.(C) 1 \2i) (Z-"Z) > Oy

Set

~ (0O -E . C o e :
where Jo=| 4 n} This group actls v H, in the usual
: (A C) R PRSIt
way. Qiven 1‘!1'=‘( R oplS £y, aud Z < #H, vic has
T o . M7 (A7 BNICT DY
P S [ I S R R S a

Let K be an imaginary quadratic number field of
discriminant d,. Denote the ring of integers in K by

6,6 and the order of the unit group by w.=w. Let'&fy%

stand for the Kronecker‘symbo[. Thé différen£ of K is

denoted by J{,.

L= LK) = @~ M ()

is called the Hermitian modular group of degree n

associated with K. Given an integer k the vector space

A, (I) of Hermitian modular forms of degree n and weight
k consists of all holomorphic functions F on H,, which

satisfy

%
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~R
M(Z) .- det (CZ1D) F(M<Z>)

.

e, and additively the usual condition
of bound&ess in the case n=1. Each
F in A,(l,) has a Fourier expansion of the form

F(Z)= ¥ a.Heltr(HZ)1. ZecH,.

where

vy B2 T, -1,

__f _} . 'y A v .2 . "‘
O =y =\lyy)c B \B) i A =0, ly€dg (LF))

-

and e(s)=exp(2nis) for seC.

Set

ta v ve -

d,={t'u' < digg \K) | B b=y (B, fur sume ) (fu')t_Q‘}.
Then (I',.A,) is a Hecke pair. Denote the attached Hecke

alget_)ra by H,. Given FeA,(I,) and M < A, set

gl orour o™ < @l
Catnvstg = gy L g
Lel\T MT,

This definition is extended to H, by linearity. Then

the map F ——— Fl 7 7eH

I L H., turns ount to be an

endmorphism of A,il,). which is called a Hecke opei'ator.
Let I, be the subgroup of I, consisting of all the
matrices with C—blorckv equal to 0. Given keZ. k=n mod ».

the Hermitian Eisenstein series is defined to be
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EM(Zy:- T 1\M(Z)- T det{CZaD),
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This series defines an element of A,(I,). We write the

Fourier expansion as

(Melternzy1
UL J
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UgHen,

The main purpose of this note is to give an explicit
farmnla far the Fourier conefficiente n?%”) The anthar

[3] egave a farmnla for n?kﬂ) nnder the ascumptinn that

the class number of K is equal to 1. Receptl_v. A. Krieg

2] succeeded in chalacterizing of the Maass space on

the Hermitian upper-half space of degree 2. By using
this reenlt.  he gave an explicit foarmula for nfkﬁ) in
general. In this note. we show the same result from an
explicit formula for the Fourier coefficients ot; the

Jacobi- Eisenstein series.

8§2. Jacobi forms
A Jacobi form of weight k and index m (QO<k .mecZ) is a
holomorphic function f: D=HxC*—C satisfvine

1.
l

[fa ) ‘
[N || 1%
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L f&)=f|
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-k lf-—CZ,Z,]

. at+b z z,
=1¢c1+d) e | ! )

!

o —

ver+d u.t'+d,’ ci+d ’ ct+d I
S | |
E=(T,4.,43) € D.{a d‘"}tSLz\Z),

R N I S N S 3 SN L . S.. T
=RV (A THAZyHAZ,y) J LT Byt ALY, Syt AT+U) ,

2=(7.2,.2,)€D. (A. ) e 0o}:

c(n,a)=0 unless mn';Nfa.)'. Thé vector Sp‘aice of ali‘ éuch
functions f is denoted J,,.
"For non-negative integers k.m, we define a kind of

Eisenstein series by

E, (z) = i z 2 (c'r+d)-' e.{N('L!) ut+l L Ui tUZy G2, }
% * . . H P E B : . B 2
;. 2 (c.d) ez ueo, ' . cr+d  ecT+d  oT+d
\¢,d)=1
2=(7,2,,2,) €¢D. Set
- v (! v 1)1 8¢ " ar 2 )
Gg($,N) =) f | i+]Xa (N) || d | \Nsd) |,

(s.N)eCx Z,

- Py T o - - : . A
where dy={Jd, is the decompousiition io Lhe prime
i=1 - . . ! B Sy .

r

discriminants and the lact sum extends over 2



factorizations dy,=D,D,. We should remark that the
function G, is an analoev of Cohen s function (cf. [17,
p.22) and was first 1ntr0duced by krlegF81 The first
result is .

Theorem 1 (F41) The series E, . (k>4. even)

converaes and defznes a non-zero element of J., The

Fourzer expanszon of E.. 1$ given by

N < r
’ A

B (~ ~ o~ (n ~Y At e pa
Crm\v I~ ~g o eavits, g S1az
nezs,acyds
nnaN (@)

where c, .(n,a) for mn=N(a) equals 1 if a=0 pod o, and

O otherwise. while for mn> N(a) we have

2(k-1) (1 a).
u,,\u u,)————ﬁ————————u.\k—a uci.uqu.,t'_' | )
—E-1.X, '
and
. . Z(k—l) oy o~ e AR
Coaltt, )= — —g— Gelk—2, delindg | - ])

ey,

Tlelementary p-factor). .
' ,

t

where Bb,‘ is the aeneralzzed Bernoullz number
This is an analogous result of Theorem 2. 1 in [1].

Remark. We now consider the series

wiw

2 2 \wTHd)tieT+di
(c,d)eZ® ueo,
(c,d)=1

E,o\2.5)=—1{lm7)

l\)ly—d

k3!
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at+b  uz,+uz, cz,z,]
etT+d cr+d cr+d

'e‘[N(u)

(2,8)eDxC, z=(f‘z.,é,).

Of course, l'j.zn E, .(z.s) coinsides with‘ E, .(2)if k>4.

Moreover, this function has the following properties.
Propositionv 1 (T41). 1) E, .(z.5s) has c‘z'Fouri’er.

expansion of the form

8 -
Eyatz,s)=Imz)> 24" (G
UEO,
Cifm~ T -5.p 1 8) .
*m‘t---, e T2l W {bre_1" " *
,H" !’.lb.l.c_o\ "B ‘" - .= ‘IA L L
nes 3 S ey :
Sodg

I o~ v -, 1 iy ~ v - \ .
witere C=1im7)*|itmnidgl | €1 —iT im7i. T=|nm-Nwa)|/m and

((s) ts the Riemann zeta function.

&(g,.ha,p) :=re(—nxuxngﬁx—igf’dx, (g.n:a,p)e Bx R x ol
(Shimura’ s hypergeometric function of degree 1),

- o N.(Q)
7)“‘ ls):=2 ..Q,

E39> "-‘ ao

,N,(Q):=%{umod ao, | ¢ (%)= U mod aZ }
Qiui=mN(w)+Tiua)+n.

2) Set

8 2

. - T e ! S+] v oo,
pgs,x! l;=.u.|"a°ll——:"‘"|hl\3;x')'
pA L4

where L(s.y ' is the Dirichlet L-function and '(s) is



the gamma function.For any non-negative integer k., the
Junction 8,, is continued as a meromorphic function in
s and satisfies

E._'{,27s)= E." (2,4-2k-8) .

§3. Fourier coefficients of the Hermitian Eisenstein

series

We define operators V(1),T,(1) (1>0) on functions
@: B, - c'—.C by

‘ﬂ” 'V('\‘ for & » )
‘f, N ‘ﬁ’\.”'l"“l

[
-1 < . . a( C2,2,% aT+b 1z, lz,
.=l 2 \Cird) € |\ Y| Grid  pead eead )
@ B) o iovvu (7 T o T
e a) TV
aa-bdc=m !
(¢' 'r("‘ (ow ~ =~ \-,lb4 Ay < !ﬂ| ruﬂl v
R ARSIt Rt VAN ek e ¥ oy 4D et
MESL, L\ My 2] AEONLO,
det M=t

Y- -v.u. \N)=ay.

"y
M) :HeSL;(R) and g.c.d.\#)=sq. means ithal ithe greatest
common divisor of the entries of ¥ is square. It is
easy to see that the operators V(l), T,(l) map J,. to

Jow » Jra- We define V(0) by

73



74

‘ p - - 2k it R
[el, Vio)ii=c(0,0) f——B + 200 () "],
) ’ = 1 i=1 =

9%

where (,u—z,(,m a)qg,g,, 0,_,Ln)-z, da? dl.ld B, is Lhe k-l
. ' Ocdin

Bernout l i number .
Proposition 2. i) if jf=2c¢cin,a)q" C: g’: € J,T_,' ‘Lien

j|“vu:—- 2 dc
_ ‘aith,a,ly a

By i N . 1) I’ . : 2/
where djin,w, i) mewns Lhwl -, < Z und = ¢ 3, .
‘ a’'d d k

2) For fed,,. we put

oo (T2 -— _
T . =2 Ul ‘LJI (7,2,,2;)e(lT).
) \ ~2 v 1=0

Then I, defines a map from J,, to A(T,) .
Here we fix a pfimé number p, which is inert in o,
i.e., n(p)=~1. For this prime., we consider a Hecke

operator

Ta(p): —Fz

lthg.i

|
!

o™

\ﬁ e
!

t’

The similar calculation in [27. ‘Theorem 7 ;shows
Lemm‘_arl. Iif 37 18 a prime number such that ‘X‘(P)=~
then
I¢( 4; | 'r h‘. 1

[ z—1+,,l-24_;,l-3\f4_ fl ST 00

K JAL /)



Since the Eisenstein series F,,is an eigen function
for T.(6*Y. I.(E, ) is an eigen function for T,'p) with
constant term -2k B,. Now we use Theorem 2 in (2].
which is a Hermitian Versioﬁ of‘Elstrthﬁyfésult éﬁbut
a characterization of Eisenstein.éefies.k06nsequently.
one can get:

- __Zk‘E(zw
Lp\ly )= R r -

“r

Summarizing our result, we get

Theavem 2. The Fourier coofficiont a®™HY is given hy

.

1 if H-O ‘the zerp matrix)

_EE R 4 if rank H -

.
|
|

@ } PV " L

N -

a, (H) i Y Uedie i)
|
l 4k,{k,—l.) < Rl D N ~ . 3 v2 ) S v~
|—1_2—__ﬁ_— A o u.[K.—‘.';,UCL\N ugfl)/s/u oLy n ->v,
LT TNty oedie(H)

where ¢(H)'—max/geN ! g'H e @}.
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