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A decomposition of the adjoint representation of U,(sl;)
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Quantum algebra. First, we introduce notation.

DEFINITION. Let Uy) be an associative algebra / K = Q(q) ( q is an
indeterminate.), defined by a system of generators; e, f,k%,k"%, and
their relations:

kik~3 =1, k ki =1
kdek=% = ge k’}fk"llF = ¢ !f

kz_k—z

ef_fe = qz_q_g

As usual, we give U, a Hopf algebra structure by equipping it with
A: er—e®k '+ ke
frofokl+ke®f
kv kd okt
S: e——qle f - —q*f, ki
e: e 0, fr0, k¥ 1

DEFINITION.
(1) U.}"" denotes the subalgebra of Ug') generated by e, f, k, k1.

(2) U;') denotes the subalgebra of U,ﬁ"" generated by E = ek, F =
k~1f, K =k? K1,

- REMARK. If we choose another system of generators; E, F, k3, k1%
for Ué'), then A and S become

A: BE— EQ1l+ k*QEFE
Fr—FQk*+10@F

S: Ew —k™?E, Fs —Fk?

-’h—’

We put, C = fe+’:(%;4—_:ﬂ—_7p—
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“Adjoint Representation.
DEBFINITION. Ug') becomes a U;')-module by
Ad(e)z = exk — q kze
Ad(f)z = fzk — ¢*kef ( 2€UW" )
Ad(k})z = kdakd |

We denote it by ( Ad, U;" ), and we call it the adjoint representation.

DBFINITION. We define submodules of U;" as follows:

Vo = AdUM)koH (ael)
Viatr = Ad(UD)k2a+1 (ael)
Via = AdUM)Ck? (a€lg)

Via = AdUM)k e + AdUME ¥ f* (a€ls0)
Viee = ®n>0K([C]Ad(UM)k"e"

DBFINITION.

(1)
X(d) = UNuO(ad-q*) (del)

It has a naturally induced U}')-module structure using the left

regular representation of U}l) .
We put, ‘
vg = 1 mod Uy)( kd-q?)

(2) L(d) is the irreducible module with the highest weight q*?.

(3) risa K-algebra automorphism which sendse, f, k} to [ e k-4
respectively.

REMARK. 7 induces an isomorphism between X(d) and X(—d).
Decomposition of the Adjoint Representation.

THROREM.

(1)

(2)
Ugm) = Vnoc D (QHEan )

2
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(3)
Ug‘) = Vioe ® (Dnc2zVa )

(4j Any irreducible submodule of U ;"' is contained in V,,,.

(5) Va (n € 1Z)’s are indecomposable modules.
(6) Vag (@ € Z5¢ ) is isomorphic to

X(a) ® X(~a)/(~id® ) (UL fv,)

Vs (B ¢ 22+ )’s are isomorphic to X(0). -

(7) X(0) and V3o s (@ € Z5¢ ) are mutually non-isomorphic.

(8) If a direct summand of U;" is finitely generated and is indecom-
posable, then it is isomorphic to a L(d), or a direct summand of

X(0)® @ (@], V2;).
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(The author is grateful to Dr. M. Noumi for showing him this problem.)



