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A Note On Subcontinua of B8I[0,)~-[0,«)

Jian-Ping Zhu ( %i, iji %Z )

Abstract. Let M= nte In be the topological sum of countably

many copies of the unit interval I. For any ultrafiltér uEm*,
we let Mu=(\{c16M(K){In:nEA}):AEu}. It is well-known that M"
is a decomposable continuum with a very nice internal structure
(See Mioduszewski[7], Smith[ld] and Zhu[11]). In this paper, we
show

(1) Every nondegenerate subcontinuum of £[0,«)-[0,«)
contains a copy of MY for some u€a ; |

(2) There is mo mon-itrivial simple point in Laver's model
for Borel conjecture.

The second énswers a question posed by Baldwin and Smith[1]

negatively.
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§0. Introduction. In this paper, we study subcontinua of the
Stone-Cech compactification of the reals. We refer to [7] and

[11] for Dbackground on this topics. Let M I be the

= +

nee ™ n
topological sum of countably many copies of the unit interval.
For any ultrafilter u€w , we let Mu=(\{clBM(\){In: ne€A}) :Aeu}.
It is not difficult to prove that MY is a continuum (See, for
example, [4]). If we let 1i:M—w be the map defined by i(r)=n
for any rGIn and Bi:BM—fw be the extension of i, it 1is

easy to see that MY=8i~

(u). So every subcontinuum of B8M-M,
therefore, every proper subcontinuum of A[0,«)-[0,«), can be

. *
embedded into Mu for some Uu€w . Moreover, we have

Theorem 1. Every mnondegenerate subcontinua of B[Q,w)—[o,m)
contains a copy of M*  for somne ueo .

For any map fe®I  and wuee™, 1let fu={FcM : F is closed
and {n:f(n)eFnI_}eu} and P"={f":fe”I}. It is well known that
f% is a cut point of MY if {n€éov:f(n)=0,1}ceu ((1) in [71). 1t
is also well known that there are many indecomposable subcon-

u

tinua with cardinalities 2¢ in M for any u€w*((19) in

[7]). Therefore, by our Theorem 1, we have

Corollary. (a) Every subcontinuum of B[0,~)-[0,®) contains an
indecomposable subcontinuum;
(b) B[0,x) does not contain mnon-degenerate hereditarily

indecomposable subcontinuum.



12

(a) is due to D. P. Bellamy [2]. (b) was proved by M. Smith
in [9] (van Douwen also announced it in [3]). The following
problem was first posed by van Douwen (See the remarks at the

end of [10]).

u

Question 1. (van Douwen) Is there any cut point of M which is

not in PY?

Definition 1. A point x€BM is said to be {non-trivial) simple
if for any Fex there is Uex such that UcF and UnI =¢ or
UnI, is a (non-degenerate’ interval.
Fact 1. (a)(Corollary in 81 of [11]) [F x is a cut point of M"
and x¢PY, then x is a far point of BM;

(b) (Theorem 1.1 in-[ll]) xeM? is a mon-trivial simple if

and only if x is a cut point of MY

and remote point of OM.
The author [11] proved under CH that there is uce”  such
that there is a cut point of Mu which is not simple. Badlwin

and Smith [1] proved that MA implies that there is a

countable
non-trivial simple point. They asked

Question 2.(Baldwin and Smith [1)) Is there any mnon—-trivial

simple point in 2FC 7

Theorem 2. There is no nmon—-trivial simple point in Laver’ s model
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for Borel conjecture.
Question 1 remains open !

81. Proof of Theorem 1. Let X=[0,») and KcfX-X be a non-
degenerate subcontinuum. The following lemma was proved by M.
Smith in [9] for 1locally compact, 1locally connected metric

spaces. We give a direct proof here.

Lemma 1.1. Let {U l,...,Um} be a finite open cover of K in
8X such that UinK#¢ for any i<m. Then ¢there is a closed

interval HcX such that HNU,#¢ for i<m and HCU{U,:i<m}.

Proof. Let V=U{U,,U;,...,U} and V'=VnX. Then there are

disjoint open intervals {Jn:nem} - so that V'=\){Jn:new}. Let
AO={n€w:JnﬁUO#¢} A" =\}{Jn:n€AO} and W0=k}{J :nEA }. We have

KeWe (el Vylu(el and (cl )N(cl, W,o)c(el )n(cl

gx%o) 8x¥0 8x"o 5370 sxVo) =

clBX(VOnWO), where V0 and WO are the closures of VO and

WO in X respectively. Since V 1is an open neighbourhood of

17

K, we have Kn(cl since K is

X
connected and Kn(cl

(V nW ))=¢. Therefore, KCClBXVO
£X O)JKQLO*¢

If we let Ai={n6m:JnnUJ=¢ for j<i} and Vi=\}{Jn:n€Ai}
for i<m, we can easily show by induction that chlBX'v'i for

i<m. So Am¢¢. This completes the proof of Lemma 1.1.

1
(clgyUy)N(cl, Ui)=¢  and U nK=$(i=0,1). Let # be the

We take UO and U be disjoint open sets of #$X so that

- 4 -
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collection of <closed 1intervals so that an interval [a,D]
belongs to % if and only if the following conditions hold:
(1) [a,b]ﬂ(UOUUl)=¢ and a=b;
(2) {a,b}CBr(UOnX)UBr(UlnX) and aEBr(UoﬁX) if and only
if bEBr(UlnX),
where Br denotes the boundary operation in X. Since ClBXUO
and ClBXU1 are disjoint, & 1is discrete. We enumerate % as
{Jn:nEw}. We need only to show that there is u€s® such that
(\{clﬁx(U{Jn:nEA}):AEu}CK. Let U be an open neighbourhood base
of K in B8X. For Ue€l, we let
AU={nEm;JncU}.
By Lemma 1.1, we have AU¢¢ for Ue€d. Since AUcAV for UcV
and U, Ve, {AU:UE%} has finite intersection property. Let
Mﬂ=f\{016X(U{Jn:nEAU}):Ueﬂ}.
Then chK. For, if XEM%\K, there is Ue€d such that xEclB U.

X
But XEMﬂCClﬁxU’ Note that clEX(U{Jizlsn})nK=¢ for n€e. So if
u is an ultrafilter on © and {AU:UEﬂ}cu,_then u€e.  and
f\{clBX(U{Jn:nEA}):AEu}cK.

This completes the proof of our Theorem 1.

§2. Proof of Theorem 2. Recall that there is a natural partial
u

order <u on M for u€w® defined as follows: x<uy if and
only if there are Fex and Hey such that {nEw:FnIn<HnIn}Eu,
where FnIn<HnIn means that r<s for any ganIn and sEHnIn.

It is easily seen that (Pu,<u) is isomorphic fo the ultrapower

u

(ml/u,<u). We consider the relation ~ on M defined by x~y

if and only if X=y or Xy and y¢x. It is very easy to

- 5 -



15

"verify that ~ is an equivalence relation. A ~ equivalence class

i.e., a maximal pairwise incomparable subset of (Mu <), 1is

u
called a layer (this definition of layers is equivalent to

Mioduszewski's original one in [7], see Lemma 1.2 in [11]). It
can be proved easily from Mioduszewski's [7] that if x is a

cut point of Mu, {x} 1is a layer (Lemmal.3 in {11]). For any

Acml and u€@*, we let Au={fu€Pu:f€A}. We say a pair €=(A,B)

u

of subsets of ®I determines a layer L in M for some Uu€®

if the following two conditions hold:

(1) Au<uBu,i.e., fu<ugu for any feaA and gEB;

(2) for any xeMY, xeL if and only if fu<ux<ugu for any

feEA and ge€B.
If L={x} ~is a one point layer, we also say that X is
determined by €. Note that every layer is determined by a pair
of subsets of “I (See [11], where we say layers aré determined
by gaps in (wl\u,<u)).

Let ?=n w?n be a <collection of closed rational sub-
intervals of the unit interval I such that ?n is finite,
pairwise disjoint and for any interval JcI, if the length of J
is larger than 1/n, then l{HE?n:HCJ}I>n. The following lemma is

essentially Proposition 3.1 in [11].

Lemma 2.1. Let €=(A,B) be a pair of of subsets of °1  and

Au<uBu for some uew®. € determines a one point layer in Mu
if and onlty if for any hemw, there are feA and g€B such
that

{n€w:there is at most one JE?h(n) Jc[f(n),g(n)]}e€u.
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By Lemma 2.1, we easily get

Lemma 2.2. Let MmN be models of ZFC such that there is
refeny domninating every he@eni i.e, h(n)<r(n) for atl »but

finitely many new. Then mo one poinl layer in N is determined

by a pair of subsets of °1 in W@
Let Pw be the 0, iteration of Laver forcing with
2
countable support and Ew Pw -generic over V. We assume that
2 2

the continuum hypothesis holds in V. It is well-known that
Laver real dominates every real in the ground model. Therefore,

by Lemma 5.10 in [8] and Lemma 11 in [5], we have

u

Corollary 2.1. There is no cut poiﬁt in M determined by a

pair of subsets of ®1 with cardinalities o

1 in \;’[':EcJ 1 for

2
*
any Uu€o

The following lemma can be proved by modifying Miller's

argument for Mathias forcing in §8 [8].

Lemma 2.3. Suppose that pHP "f:eo—1". There are an extension
]
2

a of p and a sequence {CHZHEQ} of codes for closed nmowhere

cdense set in V such that qlllP "f(n) belongs to the set coded
Q9
by cy for nee".
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Since every non-trivial simple point is a remote point of

M, we can easily see

Corollary 2.2. Let xeMY be a non-trivial simple point and €=

(A,B) a pair subsets of ®1 determining x. Then in V[ﬁm 1,
2

for any '€’ and ucu', there is mno £e®1 such that

[A],.<[f1<[B],. in (°I/u’,< ).

Now we are in a position to complete the proof of Theorem 2.
Suppose that there is a non-trivial point xeMu in V[Em 1.
2

Then there is a pair €=(A,B) of subsets of OJI determining x.

By Lemma 5.10 in [8], there is a<w2- such that in V[Ga], x' is
and €¢'=(A',B’) determines x',

*

a non-trivial point of M

where x'=an[@a], u'=un¥[ma], A'=Ah\[£a] and B'=Bn¥[%a]. By

Lemma 11 in [5] and Corollary 2.2, €' determines x 1in \."['ZECJ 1.
~2

This is impossible by Lemma 2.2.
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