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CONBINATORIAL PROPERTIES OF FINITE FULL TRANSFORMATION
SEMIGROUPS

Tatsuhiko Saito
(g LZ)

Let X be the finite set {1, 2,...,n} and let T(X) be the semigroup (under composition of
mappings from X into X. The symmetric gtoup G(X), consisting of all permutations of X, is
a subgroup of T(X), while the set S, = T(X)\G(X) of all singular mappings from X into X is a
subsemigroup of T(X). We denote the image of owof S, by ima, i. e., ima.= {xa | x € X},
and define the rank of « to be ranko. = |imo]. Let E be the set of idempotents of S,. In[1],
it has shown that S, is generated by the n(n-1) idempotents of rank n-1. Then there arise the
following two problems :

Problem 1. Find the least integer k for which E* = S.

Problem 2. For each a € S, find the least integer k(o) for which o € E¥*,

Let E, be the set of idempotents of rank n-1in S,. Iwahori [3] and Howie [2] found the
least integer /(o) for which o € E®. By using this result, Howie [2] solved Problem 1, that
is k= [3(n-1)/2].

In this sutvey, we discuss on Problem 2. The proofs of the results here are not given.
But to make the results understandable, we will give examples.

Leta € S,. We define fixa = {x € X | xa = x}, and an orbit of o to be an equivalence
class under the equivalence ® = {(x,y) € X x X | xo = yo" for some [, m 20}. Then each
orbit Q of o has a kernel K(Q) characterised by the propetty (for each x in Q) x € K(Q) if
and only if x € xo™ where xo™ = {y € X| yo' = xforsome i > 1}. Then orbits classified
into the following four types :

standard orbit : |Q] > |K(Q)| > 1
acyclicorbit : |Q] > |K(Q)| =1
cyclicorbit:  |Q|=|K(Q)] > 1
singleton orbit : |Q| = |[K(Q)] = 1.

Example 1. Letn= 14 and let

a=(1 234567 891011121314)
234535899912131114

The orbits of a can be decicted as follows :
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Then [Q,] = 6 > K@) =3 > 1, Q] = 4 > [K@)| = 1, &4 = [K@)] =3 > 1, |2 = |K@,)
= 1, so that Q, is standard, Q, is acyclic, Q, is cyclic and Q, is singleton.

It is easy to see that a € S, is an idempotent if and only if ima = fixa. Thus we have
that, if € is an idempotent of rank n-1, then there exist a and b in X such thatae = b and xe =

xifa#b. Wewrifes=(g). Forexample,(i i g :) =(i) .

Let o € S,. Then the number of cyclic orbits of a is denoted by c(a). We define the
gravity of o to be g(a) = n - fixa] + c(a), and the defect of a to be d(ar) = n - ranko.

THEOREM . (Nobuko Iwahori [3] and J. M. Howie [2])

Let S, be the semigroup of all singular mappings from X into X where X is the finite set {1, 2,
..., n} and let E, be the set of idempotents of defect I (rankn-1) in S, For each o. € S, the
least l(a) for which o € E"is g(a.), where g(a.) is the gravity of o

We state the outline of the proof of Theorem 1 by using the o in Example 1. In this case,
fixa| = 2 and c(o) = 1, so that g(o) = 14 -2 + 1 = 13. For Q,, take x € Q, such that x ¢
K(Q,) and xa € K(Q)), say x = 6, and take y € K(Q) such that xx = ya, i. e.,x =4. Then
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For(, Q= lg 99 9)" 9)(8)(9)'

For Q,, take x € X \imoa ,say x= 1. Then
o = 111213} _(11}(13}(12}( 1
3 \121311 11/\13/112)°

weamva- ()2 ) S L LI

Leta, ..., a, be distinct elements in X, and let b,, ..., b, be elements (not necessarily

distinct) in X such that {a,, ..., a,} N {b,, ..., b} = . Then the semigroup generated by the
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idempotents (
by

) s veey ( a") is a semilattice of order 2! in which the rank of each element
k

. . . [a a\ _(ar.. &
is greater thann- k- 1. We write (bl)... (blc) (bl dk) .

Then Z‘ zk" ) is an idempotent of defect k (rank n - ) .
1 oo

Conversely, an idempotent of defect k can be written in the above form.

For o, B € S,, it is easy to see that rank(a.p) < ranko and rank(o.b) < rankp, so that d(c)
< d(ap) and d(B) < d(ap).

LEMMA 1. Leta € S,. Then g(a)/d(o) £ k(o), where k(o) means that of Problem 2.

Proof. Let o= g ¢, ... g, Where each g, (i = 1, 2, ..., k(o)) is an idempotent with d(g)<d().
Letd(e) = d,. Since an idempotent of defect d, is a product of d; idempotents of defect 1,
is a product of d, + ...+ d, ,, idempotents of defect 1. By Theorem 1, g(a) < d, + ... + d,, <
d(a)k(o). Thus g(a)/d(ax) < k().

LEMMA 2. Leta, b,c€ X. Then
1) (a)(z)=(a),wherea¢b,a=ﬁc.

b b
) (‘b‘)(f)=(z IZ)-—-(Z)(‘CI),wherea#b,b#c,a*c.

We introduce a new notation to be more easily visible.
1 al. «— b 1= - +— = — P
Wewnte( b) ® — a), (a)( b) @—B)b—c)=@—bwc
ac)_ -
aud b d) be-a
d+o.

LEMMA 3. Leta, ..., a, b, ..., b, be distinct elements in X, and let c € X withc+#a,, c#
a,,;, c*b, Then

(c—a,« ..+a,« ..+—a)a<b,~ ..« b)

=((c—a, «~..+a «~..«a).
(@~ by < .. < b))

We suggest a proof of Lemma 3 by using the following example.
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=[(4«—3«—2‘—1)

(5)
(25 +06)
Example 3. Let p = ( é g
By the previous result of oin Example 1, we have
S HHE AR

=((6-4+<3-5-6)B3«2-1)=((6-4+<3<56)

O 8<7) (B2«
( 9 < 10) 9—8<7
9 «~ 10)

=(4 2 810 (3 1 7)(5)(6).
6 599/\42 8/\3/\5
Then we have that in the above expression of p the last member of each series (...+...)
belongs to X\ imp and they are mutually distinct.
The o of Example 1 can be expressed as follows :
o= 6—4<T7«5 «<06)
21«11«13 12«1)
QO~8+7
9 « 10)
Then the number of series in the above expression of & coincides with d(o) and the number
of all arrows coincides with g(c).
(%2

c d) be an idempotent

LEMMA 4. Leta, ..., a, (m 2 3) be distinct elements in X and let
of defect2. Then
[(c*——am«— - =0 e —ay) = [(c<—am<-— e Gy, b)

(d «— b) de—b —a,« .. —a,).

We also suggest a proof of Lemma 4 by using the following example.
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(3 IUT)ENZ)(L) oy @ of Lemma2)
(562G

(2 T)C)Z)NT)NE) by @ of Lemmaz)
(563 75 5)

=((5—4+<3«T)
6—T—2«1).

The length of (a, + ... + a)) is the number of arrows in it. Lemma 4 shows that the
length of (c < a, + ... «a,) decreases by k and the length of (d + b) increases by k + 1.

Let V, = {v,, V,, ..., v,} be a multi-set of positive integers (d 2 2), where v,, ..., v, are not
necessarily distinct. Let us subtract k from some v, and add k + 1 to some v, whete k is a
integer. Let V, = {v, .., vik, ., v+k+l,..,v,}. By repeating this procedure on V,, we
obtain a new multi-set V.

LEMMAS. LetV, = {v,, v,, .., v,} be a multi-set of positive integers (d 2 2) withv, + v, +
... +v, = g. By suitable repeating of the above procedure, there exists V, such that [g/d <

maxV,< [g/d)+ 1 and maxV, = [g/d)ifg = I (mod d), where [x] denotes the least
integer m for which m 2 x.

Example 5. Let V= {1, 8, 26, 32, 54}. Then V= {31, 8, 25, 32, 25},
V, = {31, 16,26, 25,25}, V, = {25, 23, 26, 25, 25} and V, = {25, 25, 25, 25, 25}.

Let o be as in Example 1. Then a=((6 <4 <3 <5 «06)
G2« 1+«1l1«-13«12«1)
©O<8«17
9« 10) .
Let V, be the multi-set of the lengths of the series in the above expression of o, i. e., V; =
{4, 6,2, 1). By applying Lemma 5 to the expression of a, we have
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a=((6—4 35«6 =(g é glo)(z ; gig)(sum)(mm

9 3 113151112/
(5+2 « 1+ 11 «10)
©O—8 «7)
O+ 1013121
In this case, V, = {4,4, 2,4} andmaxV, = 4 = [13/4] = [g(a)/d(e)|. Thus we obtain :

THEOREM 2. Let S, be the semigroup of all singular mappings from X into X where X ={1,
2, ..., n}, and let E be the set of idempotents of S, . For eacha € S, let k(a.) be the unique
positive integer for which o € E¥¥, o ¢ E¥%, and g(a.) the gravity of o.and d(o.) the defect
of . Then k(a:) = [g(o)/d(e)) or [g(a)/d(e) )+ 1, and equals to [g(oy/d(x))if g(a) = I
(mod d(o)), where [x] for any real number x denotes the least integer m for which m 2 x.
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