goooboooogn
O 7870 19920 127-140

127

Numerical Verification of Solutions of
Parametrized Nonlinear Boundary Value Problems
with Turning Points

Takuya Tsuchiyat™ Mitsuhiro T. Nakao?

Abstract. Nonlinear boundary value problems (NBVPs in abbreviation) with pa-
rameters are called parametrized nonlinear boundary value problems. This paper studies
numerical verification of solutions of parametrized NBVPs defined on one-dimensional
bounded intervals. Around turning points the original problem is extended so that the
extented problem has an invertible Fréchet derivative. Then, the usual procedure of nu-
merical verification of solutions can be applied to the extended problem. A numerical

examples is given.
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1. Introduction.

For the past several years a theory for numerical verification of solutions of differential
equations has been developed [N1-5]. By the theory the existence of ezact solutions of
differential equations are verified on computers by certain procedures in finite steps.

Let A C R be a bounded interval for parameter. Here we deal with the following

nonlinear two-point boundary value problem with a parameter A € A on the bounded

interval J := (a,b):
—u" = f(A z,u) in J,
(1.1) { u(a) = u(b) = 0,
where f : A x J x R — R is a given smooth function. Since (1.1) has the parameter A,
the set of the solutions of (1.1) would form one dimensional curves. There, however, may
exist singular points on the curves. For example, a solution curve might fold (the folding
point is call a turning point), or several solution curves might intersect at one point
(the intersecting point is called a bifurcation point). In this paper we consider the case
of turning points.

Let (A, u) be a solution of (1.1). The above singularities occur when the following

eigenvalue problem has the eigenvalue yu = 0:

(1.2) Ly = py,

where the differential operator L is defined by
Ly := _¢" - fy(’\) IL‘,U)lp,

and f,(A,z,y) denotes the derivative of f with respect to y. More precisely, if 4 = 0 is
not an eigenvalue of (1.2), by the implicit function theorem, there exists a unique solution
curve around (), u), and it is parametrized by A. Such a solution curve is called a regular
branch. On regular branches the usual procedure of numerical verification of solutions
of (1.1) can be applied.

However, during the solution branch following, the usual procedure may become di-
vergent when we get closer to a turning point: the number of iteration becomes bigger
or smaller mesh size may be needed. Moreover, at a turning point, our theory cannot be
applied, and we have to find a new theory of numerical verification.

Our goal is to overcome this difficulty and establish a new procedure for numerical

verification around turning points. The main idea is as follows: In [TB1] the original
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equation is extended around turning points so that the extended equation has an invertible
Fréchet derivative. Then a straightforward modification of the usual numerical verification
procedure works well around tuning points.

In the last section a numerical examples is given.

2. Parametrized NBVP.

As is stated in Section 1, we consider the two-point boundary value problem

{ —u' = f(\ z,u) in J,

(2.1) w(a) = u(b) =0,

where J := (a,b) C R is a bounded interval, and A € A C R is a parameter.
Let H}(J), H™Y(J), etc. are the usual Sobolev spaces. In notation we omit ‘(J)’

whenever there is no danger of confusion. The weak form of (2.1) is written as
(2.2) Find ue€ H} suchthat (u,v')=(f()z,u),v), forVve H},

where (-, +) is the inner product of L? defined by (g, h) := [, ghdz for g,h € L?. Now,
define the operators L : AxHj — H ™ and F : AxHj — L? C H™! by, for (), u) € AxH{,

(2.3) < L(Mu),v>= /Ju’v'dw, Vv € Hy,

(2.4) < F(\u),v>:= /Jf()\,:c,u)vdm, Yv € Hj,

where < -,+ > is the duality pair of H~! and H{. Since the inclusion ¢ : L? — H™1is
compact, the operator L — F : A x H} — H~! is a Fredholm operator of index 1.

For F to be smooth, we suppose the following assumption:

A function ¢ : A x J x R — R is called Carathéodory continuous if 9 satisfies the
following conditions: for (A, z,y) € A x J x R,

¥(A, z,y) is continuous with respect to A and y for almost all z,
P(A, z,y) is Lebesgue measurable with respect to z for all A and y.

If ¥(A,z,y) is Carathéodory continuous, ¥(), z,u(z)) is Lebesgue measurable with
respect to z for any Lebesgue measurable function u.
Let o« = (a3, ;) be usual multiple index with respect to A\ and y. That is, for
la
a = (051,012), Daf(k,.’l:, y) means EXQWWJC()‘; m,y).
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Let d > 1 be an integer. For o, || < d, we define the map F*(A, u) for (), u) € Ax H}
by
(2.5) F*(A u)(z) == D*f(}, 2, u(z)).

We then assume that

Assumption 2.1. Let d > 2. For all o, |&| < d, we suppose that
(1) For almost allz € J, D> f(A, z,y) exists at any (A, y) € AxR, and that is Carathéodory

continuous.
(2) The mapping F* defined by (2.5) is a continuous operator from A x H} to L?, and
the image F(U) of any bounded subset U C A x H} is bounded. <

Assumption 2.1 is satisfied if f : A x J x R — R is, for instance, C? function.

Lemma 2.2. Suppose that Assumption 2.1 holds. Then, the operator F' : A x H} —

H™' is of C? class, and its partial derivatives are written as

<DFOWB> = [ f,(5,u(@)puds,

<DFQunv> = 0 [ A5, u(z))vds,

for ,v € H}, andn € R. <

By the theory due to Fink and Rheinboldt [R], we have the following fact (also see
[BRR2]). Let R(L — F) C A x H} be defined by

R(L~F):={(\u) € A x H} | D(L - F)(A,u) is onto}.

Theorem 2.3. Suppose that f satisfies Assumption 2.1. Also, suppose that 0 €
(L = F)(R(L — F)). Then, the set of solutions of (2.2)

M = Mo :={(\u) € R(L - F) | (L= F)(,u) =0}

is a one-dimensional C*-manifold without boundary. <



131

Now, let Lo := L|y;. Then, Lo : H} — H™!is an isomorphism. Hence, if we define

® € L(H™*, H}) by ® := Lg', there exists a constant C; such that

(2.6) W@ fllz: < Cullfllze

for any f € L?. Note that in this case the constant C) is easily determined. That is, C;

is available in numerical verification procedures.

Let (A, u) € Mg be such that
Dy(L = F)(\,u) = =Dy F(),u) # 0.

By assumptions, we have dimKerD(L — F)(\,u) = 1. Let (u,9) € R x H} be the basis
of KerD(L — F)(A,u). By [TB1,Lemma8.1], we have ¢ # 0. Let zo € J be such that
¥(20) # 0. Define the map G: A x H} — R x H} by

(2.7) G\ u) = (A —u(zg) +v,P0 F(A, u)),

where v € R is given. Note that, since F()\,u) € L? for any (\,u) € A x H}, PoF is a
compact operator.
As in [TB1,2], the equation (2.1) is rewritten as

—u'" = f(A z,u),
{ w(zo) =7,  u(a) =wu(b) =0,
provided Dy(L—F)(}, u) # 0. Using G defined by (2.7), the equation (2.8) can be written

(2.8)

as a fixed point problem:
(2.9) (A u) = G(A u), (M, u) €A x H}.

That is, a solution (A, u) € Ax H} of (2.1) is a fixed point of G provided Dy(L—F)(X, u) #
0. Note that by [TB1,Lemma8.1] the Fréchet derivative I — DG(], u) is an isomorphism
for any (A, u) € R(L — F). Here and in the sequel, I is the identity of R x H{.

Remark 2.4. One may wonder how zq € J can bé taken. In this paper, to compute
finite element solutions of (2.8), we use the continuation program package PITCON de-
veloped by Rheinboldt and his colleagues. During path following, PITCON picks up a
certain nodal point of the finite element space in use. From the design of PITCON, we
may expect that the nodal point satisfies what z, has to satisfy (see [TB1,Remark8.3]).

In Section 6, we present a verification procedure which verifies that the selection of
the nodal point zq is correct: for the basis (u,v) € R x H} of KerD(L — F)(As, us), we
have 1(zo) # 0, where (As,us) € A x Sy, is the obtained finite element solution. <



132

- (34)

3. Formulation of Numerical Verification.

Let S, C H} be a finite element space. The projection Pyg: H} — S, is defined by
((u — Pyou)’,v,) =0, Y, € Sh.

For S, we suppose the following assumption:

Assumption 3.1. There exists a computable constant C, which is independent of h

and u, and satisfies the following estimate:
(3.1) llu = Puoullyy < Cohlulgs, Vue HINH?. <

It is well known that the finite element space of piecewise linear functions satisfies
Assumption 3.1.

The projection P, : R x H} — R x S}, is defined by
(3.2) Pu(p, u) := (p, Prou), for (u,u) ER x H;.

As stated in Remark 2.4, we suppose that a nodal point zo € J of S}, is taken in a
certain way so that I — DG(A,u) is an isomorphism for any (A, u) € R(L — F). The finite
element solution (A, up) € R x Sy, of (2.8) is defined naturally by

(3.3) (un, vp) = (F(An,z,un),vn), Yup € Sp,  and up(zo) = 7.

Assumption 3.2. At the computed finite element solution (An,up) € Rx Sy of (3.3),
the restricted operator Py(I — DG(Mn, un))|gys, has the inverse

I—DGh_IIRXSh—*RXSh. <
h

In the sequel, we denote DG (A4, up) and DF (A, up) by DG* and DF?, respectively.

Assumption 3.2 means that, for all (i, ws) € R x S, there exists the unique solution
(6,yn) € R x Sy, of the equation Py(I — DG*)(6,yr) = (u,ws). Since DG'(6,ys) =
(6 — yn(zo), DF*(6,yn)), we see that (I — DG™)(6,y1) = (ya(zo), y» — DF*(6,y4)), and

{ # = yn(zo)
((yh - DFh(5, yh) - wh)', U;z) =0, VYu, €85;.
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: , . M M
Let M := dimS,. Let {¢;}}, be the basis of Sy and yp = Y a;¢;, wa = Y b;¢;.

J=

=1 =1
Then, Assumption 3.2 implies that the equation ’ ’
p=ay (p is the index such that ¢,(zo) = 1)
(3'5) d h A\ h\! I__M‘/ [ _
Zlaj((l — D F*)¢;) — 6(DAF"), ¢y) = Zlbj( k), k=1,..,M
J= =

is uniquely solvable for any (by, ..., bar, ). Therefore, we can verify on computer whether

or not Assumption 3.2 holds.

4. Rounding and Rounding Error.

Let ¢, (0 < € < 1) be a parameter. We first define the operator T, : A x H} — R x H}
by
(4.1) T.:=1— (I - DG*|;'P. + I)(I - G).

Note that if [/ — DG*];' P, + €l has an inverse operator, the two fixed point equations
(A u) = G(M u) and (A, u) = Te(A,u) are equivalent. Our main tool of numerical verifi-

cation has been the following fixed point theorem (for instance, see [Z]):

Theorem 4.1 (Sadovskii’s Fixed Point Theorem). Let X be a Banach space
and U C X a nonempty, bounded, convex, closed subset. Suppose that the nonlinear

operator T : U — U is a condensing map. Then, there exists a fixed point u € U of T':

JuelU suchthat u=Tu <

Since T, can be rewritten as
T.=(1—¢€)I+[I - DG*;' (I - G) + €G,

T. is a condensing map from A x H} to R x H}. Hence, if we have a nonempty, bounded,
convex, closed subset U C A x H} such that T.U C U, we can conclude that there exists
a fixed point of T,. Moreover, if [/ — DG*];! + I is invertible, the fixed point of T is a
solutuon of (2.2). Hence, our verification is reduced to the construction of such U on the
memory of computer.

The approximations of an element u € H}, a sebset U C HJ, and operators defined
on H} in a certain finite element space S, are called their rounding. The error of the

rounding is called rounding error. These notions are defined by projection.
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The rounding T. of T. is defined by T.:= P, o T, where P, is the projection defined
by (3.2). Then, we see that

(4.2) T.=1-([I - DGM;i* + ) (I - G),

where I := P, o Igxmy and G := P,oG. Let U C H}. The rounding R(T.U) is defined as
the image.of T:

(43) R(T0) = {(1,0) € R x Si | (1,0) = T\ w), (,w) € U},
We define the rounding error RE(T.U) of T, by

(44) a = sup “TC(“) u) - TC(/") u)”RXHOl)
(u,u)eU

(4.5) C = C,C,, (Cy, C; are defined by (2.6), (3.1), respectively.),
(46)  RE(TU):={0} x {$ € S{ | [¥llay < o II¥llz> < Cha} C {0} x Hy.

Then, we have
Theorem 4.2. Let U C A x H} be a nonempty, bounded, convex, closed subset. If
(4.7) R(T.U)® RE(T.U) C U,

for some ¢, 0 < € < 1, then, there exists a solution (), u) € U of the fixed point problem
(A, u) = G()\,u). Here, A C B means closure(A) C interior(B).

Proof. First, we claim that T.U C R(T.U) ® RE(T.U). For any (u,u) € U, we have
Te(p, u) = Te(p,u) + (Te(u, w) — To(p,u)). Thus, we just need to show that Ti(u, u) —
Te(u, u) € RE(T.U) to prove our claim.

Define the projection 7 : R x H} — R by n(p,u) = u for (g, u) € R x H}. Let
arbitrary ¢ € L? be taken. Let ¢ := ®, where ® := (L|H3)"1. Then, from (4.4), (4.5),

we find that

(48)  (7(Tp,u) = Tep,w),¥) = (7(Telp, w) — Te, w)), —¢")
= ((n(Te(p, w) — Te(p, w)))', (6 — Pond)’)
< NTelpy u) = Te(p, ) llmxy |6 — Pondlla
< Cahll¢|za.
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In (4.8), we use the fact that

i (Tehty ) = Telbty W)l = Tl w) = e, w) iy »

since the restricted operator Py|g is the identity of R, and there is no “error” of T. with

respect to the entry of R. By (4.8), we obtain

Ir (T, ) = o, )| s = sup Pl ®) = Ll uDl o,
b e

and conclude that T.U C R(T.U) & RE(T.U). Therefore, by Theorem 4.1, there exists
(A, u) € U such that (A, u) = Te(), u).
The equation (A, u) = T¢(A, u) is written as

(4.9) ([ = DG Py + el)(I — G)(\,u) = 0.

The operator [[ — DG*];' P, + €I is invertible if and only if —¢ is not an eigenvalue of the
operator [l — DG*];' P,. Since [[ — DG"];! P, is compact, all its eigenvalues are isolated.
If (4.7) holds for some ¢, it also holds for ¢, such that |¢ — €] is sufficiently small. Hence,
we may assume without loss of generality that —¢ is not an eigenvalue of [I — DG*]; P,.
Therefore, from (4.9), we conclude that there esists (A, u) € U such that (A, u) = G(A, u).
g

5. Numerical Verification.

By Theorem 4.2, in the set U C A x H} which satisfies (4.7), there exists at least one
solution of the fixed point problem (), u) = G(A,u). Therefore, if we construct such U
on the memory of computer, the solution of the fixed point problem is said to verified
numerically. This is what we shall do in this section. |

Let {¢,}}, be the basis of Sj,. Let ©, be the set of linear combinations of intervals

and ¢;:
M
(5.1) Oy = {(Ao, ZAJ%)

A; CR are interval} .

a; EAJ‘}.

That is, an element w € O, is the set

M M
w= (Ao, Y A;dp) = {(amzaﬂbh)
=1 J=1
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Let R* be the set of nonnegative reals. For o € R, we define the set [a] C {0} x Si C
{0} x H} by .
(5:2) [0 := {0} x {¢ € S | glly < @, lIgllz> < Cha}.

We define the following iteration:
Definition 5.1. Let (An,us) € A x Sy, be the finite element solution defined by (3.3).

(1) We set A(A),ud) := {(M,un)} and ag := 0 as the initial values.
(2) For n > 1, we define U"! C R x H}, A(A},u}) CR x Sy, and o, € RY inductively

by
Urti= A()‘Z—l) u;:—l) + [an—l])
(5.3) A, up) = TU,
an :=Ch sup “f(”)xyv)lllﬂ- <
(”’v)eyn—l

Note that it is very difficult or impossible to estimate A(M},u}) and oy, in (5.3)
exactly. It is, however, possible and easy to enclose each coefficient interval by a slightly
bigger interval, that is, overestimate them (cf. [WN]).

Now, let 6 > 0 be a small real. We define

M
AR, ) = A, up) + ([—1, 1]5,2[-1,1]545;;) )

i=1

(5.4)

8p 1= ap + 0.

The definition of (¥ 4) is called 6-extension. Let U := A(A}, @}) +[Gn]. Let A(s, @) C
R x Sy, and &, € R* be obtained by the iteration (5.3) from U:

{ A(S\h, ﬂh) = Tefj,

(55) &y = Ch sup ||f(1U, z, U)”L’-

(uv)eU

For these sets, the inclusion A(X,, @) C A(XR,@?) is defined by B; C Aj (7 =
0, 1, ceey M), where A(XZ, ﬂZ) = (Ao, ZAj¢j) and A(/—\h, ’U.h) = (Bo, Z BJ¢J)
~

i=1
To judge whether or not U is what we want, we have the following theorem:

Theorem 5.2. If we find
(56) { l}(j‘h)f‘h) - A(j‘;:) 'aZ)a
Oy < Oy,
we conclude that there exists a solution (), u) € U of the fixed point problem (\,u) =
G(A, u).
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Proof. By Theorem 4.2, We only have to show that R(T.0) ® RE(T.U) C U.
For any (y,v) & R(T.U), there exists (\,u) € U such that (u,v) = Te(), u) because
of the definition (4.3). Since T.T = A(M, @) and (5.6), we have

(5.7) R(T.0) c A, @) C AR, a7) C 0.
By (4.1) and (4.2), we have
T.(\w) - T w) = (1= (I = D) +¢(G = G) (), v).

Since U = A(A}, @F) + [@y), there exist (Ay, us) + (1, w) € AR, @) and B € [dy) so that
(A u) = (A + &, up + w+ B). Thus, we obtain (I — I)(), u) = (0, B) € [@n)-
By Assumption3.1 and (5.6), we have

~

GO w) = G, u)llgxay < C2h|@ 0 F(A,u)lm < Ch||f(A, 3, u)l|z2

< sup [ 2,0)llr = G < i
(l‘r”)eU

Therefore, we conclude that ||T.(A, u) — i()\,u)HRxH‘g < (1-¢€)ay, + €ay, < @, and
(5.8) RE(T.U) Cla,) C U.

By (5.7) and (5.8), the proof is completed. <

6. The Linearized Equation and Uniqueness.

We iterate the procedure (5.3) until (5.6) is satisfied. Once we obtain U which satisfies
(5.6), we are now sure that there exists at least one solution of the equation (), u) =
G(X, u). We, however, cannot say anything about uniqueness of the solution. Moreover,
as mentioned in Reinark 2.4, we still have some uncertainty about the choice of the nodal
point zg € J. This is the motivation of this section.

We suppose that the set ' C A x H} which satisfies (5.6) has been constructed by

computer. Then, we consider the following linearized equation of I — G:
(6.1) (I = DG(I))(1, %) = (1,0) €R x HL.

The equation (6.1) is equivalent to

{ P(zo) = 1,

(62) (L= DF(@)) (s, ) = 0.
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Note that the equation (6.1) and (6.2) have interval coefficients, and thus their solutions
are sets.

We try to verify the solution of (6.1) and (6.2) in the exactly same way as before:
(1) Define the operators T., T, : A x H! — R x H} by

T.:= I — ([I - DG*];' P, + I)(I — DG()),

and T. := B,T..
(2) Let (un,¥n) € R x Sy, be the finite element solution defined by

(1,&;”1);1) = (fy()\h) z, Uh)'lph + “hfl(/\h)x)uh))vh)y V’Uh € Sh) and ¢h(m0) =1

(3) Set A(uh, ¥2) = {(pr, ¥r)}, =0, and n:= 1.

(4) Compute V™! C R'x H}, A(u}, ¥F) C Rx H}, and o, € R* by (5.3). Set n:=n+1.
(5) Compute the §-extension A(fif,47) and &, by (5.4) from A(uf,¥}) and a,. Also,
compute A(A?, ¥r) and &, by (5.5). Check whether or not they satisfy the condition
(5.6). If so, the solution of (6.1) (or (6.2)) is verified. If not, go to (4). <

Now, suppose that we have constructed V := A(i}, ¥7) + [&,] which satisfies (5.6).
Then, we conclude that there exists at least one solution of (6.1) in V. Moreover, since
the inclusion of (5.6) is strict, the union of solutions is bounded in R x HJ. This means
that the kernal of I — DG(U) is trivial: For each (1, w) € U, the kernal of I — DG(n, w)
is trivial. Therefore, the solution (), u) € U of (A, u) = G(), u) is unique, at least, locally.

Also, in the set V, there should be some (, 1) which satisfies (I — DG(), u)) = (1, ¥),
that is, ¥(z¢) = 1 and (L — DF () u))(i, %) = 0. This means that for the basis (u, 1) of
the kernel of L — DF(), u), we have ¢(zo) # 0, and the choice of z¢ € J is correct.

7. A Numerical Example.

In this section we present an example of numerical verification for the following equation:
J:=(0,1) and

—u" = du(u — a)(1 — u), in J,
- { (= a)(1 -

u(0) = u(l) =0,
where a = 0.25.

Let N := 100. We divide J equally into N small intervals. Let z; := i/N and S,
the finite element space of piecewise linear funtions. As mentioned in Remark 2.4, we

use PITCON to follow the solution branch. It is known that this equation has a turning
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point. According to output of PITCON, the turning point occurs at A, = 79.860..., and

PITCON picks up z¢o = z4¢ as the continuation point. We tried to verify the solution

(A, up) at the point. In the verification we use the values :=1.0D-6 and 6:=1.0D-4.
The following are the result of verification. We show &, and the constructed set

U = (Ao, %21 A;8;), where A; := [a;, b;].

The iteration number = 6,

& = 1.64497D — 2,

A = T79.8606 € Ay = (79.7810,79.9398) and the width of |Ap| = 0.15878.

Table 7.1: The result of verification.

Ty a, b,‘ lbj - a.jl

0.1 |0.196815 | 0.197189 | 3.7412D—4
0.2 | 0.396851 | 0.397447 | 5.9590D—4
0.3 | 0.569046 | 0.569569 | 5.2240D—4
0.4 | 0.680851 | 0.681073 | 2.2164D—4
0.46 { 0.712718 | 0.712718 | 3.7348D-9
0.5 |0.718697 | 0.718847 | 1.5025D—+4
0.6 |0.680702 | 0.681221 | 5.1960D—4
0.7 | 0.568907 | 0.569708 | 8.0060D—4
0.8 |0.396742 | 0.397556 | 8.1412D—4
0.9 |0.196757 | 0.197247 | 4.9044D—4

After the verification of the solution (), u) € U, we verified the local uniqueness of
the solution and the correctness of the choice of zo = 0.46. It was done using the same

parameters. After only one iteration, the verification was completed.
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