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" MAT and strong C°-equivalence

TosHizoml FUKUI

In this talk, we describe a method of drawing a picture of the zero
locus of a polynomial-germ f : (R3,0) — (R, 0), and make several claims
on phase of the germ f. Using our method, we can draw a picture of
the Briangon-Speder’s family in [2], Oka’s family in [11], and so on,
and make an elementary explanation that these families do not strongly
CP-trivial in the S.Koike’s sense in [8]. Moreover we construct a family
which admits a MAT via some modification, but not strongly C°-trivial.
As a consequence we give a counterexample to a conjecture stated in T.-
C.Kuo [9].

The talk will proceed in the following way. In §1, we review and modify
several facts in the theory of toric varieties and toric modification, mainly
due to V.I.Danilov[3,4], and T.Oda[10]. In §2, we give the definition of
strong C%-equivalence, MAT, and their generalization. We also discuss
some elementary facts on these equivalences. In §3, we describe a way
to draw a picture of the Briangon-Speder family, and so on, and give an
elementary explanation why they are or are not strongly C%-trivial.

The author would like to express his hearty thanks to S.Koike. Several
discussions with him were helpful for preparing this article.

1. Toric varieties and modifications. We recall and modify here
the construction of the toric variety Pa associated with a polyhedron
A, mainly due to V.I.Danilov [3,4] and T.Oda [10].

Set Ry = { € R|z > 0}. Let A be a convex polyhedron in R®
whose faces are defined by linear equations and linear inequalities with
rational coefficients. We denote F < A, if F is a face of A. With each
face F of A we associate a cone o in R™: to do this we take a point
m € R™ lying inside the face F, and we set

or = Cone(A, F) = U 7 (A —m).
>0

The system {c}}, as F ranges over the faces of A, is a fan, which we
denote by ¥ 5. With each face F of A, we denote Ry the semi-group
ring generated by the semi-group ocr N Z™ over the real field R and set
Ur = Spec(Rp). We denote Ur(R) the set of real points of the affine
scheme Up. In other words, Ur(R) is the set of unitary semi-group ho-
momorphisms from orNZ™ to R. Let my,...,m, be generators of crNZ™
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as a semi-group. Then there is an injection of Ur(R) to R? defined by
u > (u(my),...,u(my,)). The image of this map has a structure of real
algebraic varieties. Let Ur(R.y) be the set of semi-group homomor-
phisms from or N Z" to R4. The image of Ur(R ) is a semi-algebraic
subset, and is homeomorphic to op. The real spectrum/R\-Spec(RF) is

naturally homeomorphic to the ultrafilter completion Ur(R) of Ur(R)
in the lattice of all semi-algebraic subsets of Urp(R.). (See [1].)

If Fy is a face of F, then oy is a face of o , thus Up, (resp. Ur,(R),
Ur,(R,)) is identified with an open subset of Ur (resp. Ur(R),
Ur(R4)), and R-Spec(RF,) can be identified with part of R-Spec(RF).
These identifications allow us to glue together of Up, Ur(R), Ur(R.),
and R-Spec(RF), as F ranges over the faces of A, which are denoted

—

by Pa, Pa(R), PA(R4), and P5o(R) respectively. Let P be a vertex of
A. A polyhedron A is regular at P if the Cone(A, P) is generated by a
basis of Z™. A polyhedron is regular if it is regular at all vertices. If A
is regular, then Pa(R) is a non-singular variety. We have that P5o(R})
is homeomorphic to A. To each face F of A, there is an associated

closed subset in P5 (resp. Pa(R), Pa(R,), P:(\R)), which is canon-

o —

ically isomorphic to Pr (resp. Pr(R), Pr(R4), Pr(R)). We allow a
certain freedom in the notation and denote it by the same symbol Pg

—

(resp. Pr(R), Pr(R4), Pr(R)). If F is a face of A, then Pr C Pa
(resp. PF(R) C PA(R), PF(R+) C PA(R+), PF(R) C PA(R)) Set
th_eoretically, Pr N Pp: = Ppapr, PF(R) N PFI(R) = PFnFl(R), and
Pr(R,)N Pri(Ry) = Prar(R4). Let Tr = Pr(R) — Ugcr Po(R).
Then PA(R) = [[rca TF- (The canonical stratification of Pa(R).)

Let A;, A; be polyhedra in R®. We say A; majorizes A, if there
exists an order preserving map ¢ from faces of A; to faces of A, such
that Cone(A,, ¢(F)) C Cone(Aq, F) for any face F of A;.

If A; majorizes Aj, then there are canonical maps Pa, — Pa,,
Pa;(R) — Pa,(R), Pa,(R4) — Pa,(Ry), and Py, (R) — Pa,(R),
induced by the natural embedding of semi-group rings

R[Cone(A,,¢(F))NZ"] — R[Cone(A;, F)NZ"].

ExaMPLE 1. Let Ay be a parallelogram A, A;B; B, so that the seg-
ment A;B; is parallel to A;B;. Let A; be a segment AB. Then A,
majorizes A, by the map defined by 4; — A4,B; — B,i = 1,2. This
gives a RP'-bundle P5,(R) — Pa,(R) = RP.

ExaMPLE 2. Let A be a convex polyhedron in R™ coinciding with
R’ outside some compact set. Then A majorizes R%} and we get maps
pa : Pa(R) — Prz(R) = R", pa,y : Pa(R4) — Prp(Ry) = RY.



We call pa a real toric modification of R™ defined by A. In fact, p is
proper and is an isomorphism over R™ — {0}. The exceptional set p~(0)
consists of the varieties P, where F ranges over the compact faces of
A.
- NotaTiONs. Using the same notation in example 2, we set m =
14 37,6271 for e; € {0,1}. Let us put 4,, = {(21,...,2s) €
R™[signe; = (—1)%}, and A4,,(A) = closure of p;'(4,) in Pa(R).
Each A,(A) is homeomorphic to A, and Pa(R) = U;c,ncon Am(A).
Set A(A) the set obtained by gluing of 4,,(A) along non-compact faces
of A, and ja the natural map of A(A) to R™.
Let f(z) be a real analytic function of n variables z = (z1,...,2,) in
a neighbourhood of the origin of R", and '

Vi v —
E cyzterar, v = (v1,...,ly)

v

be the Taylor expansion of f(z) at the origin. Let ', (f) be the convex
hull in R™ of the set

{v+ R%|c, # 0}

Let A be a regular polyhedron in R™ coinciding with R} outside some
compact set. For a face F' of A, there are (n — 1)-dimensional faces
Fi,..,F, of A such that F = nj F;. Set @’ be a primitive vector normal
to F;, and set £; = min{(a’,v)|v € T, (f)}. Define the set ¥ = v(F) by
T (f)n{vl{al,v) =4;,5=1,..,8}, and set f, = vy CoBL iR

Let Z = Za(f) (resp. Z = Za(f)) be the proper transform of £~1(0)
via pa (resp. pa). Then we have the following lemmas.

LEMMA. Za(f)NTr & E,(f) x (R = {0})4mF-dim7 where E,(f) is
the algebraic set defined by f, = 0 in T,.

LeEMMA. The following statements are equivalent.
1) Z intersects transversely with Tp.
2) (0fy/08=1,...,0fy/82y) is not zero except {2y ----- z, = 0}.

We say f(z) is non-degenerate if (0f,/021,...,0fy/02,) is not zero
except {#1 -+ z, = 0} for any compact face v of T (f).

2. Definitions. Let F(z,t) = fi(z) be a real analytic family of real
analytic functions of n-variables ¢ = (zy,...,2,) parametrized by t =
(t1,..ytm) € I, where I is a compact cube [a1,b1] X ... X [@m,bm]. For
the sake of notational simplicity, we do not distinguish germs and their
representatives. Let « : (X, E) — (R",0) be a proper analytic modifi-
cation.

DEFINITION. We say that f; admits a modified analytic trivialization
(MAT) via = along I if there exists t-level preserving analytic isomor-
phism H : (X,E) x I — (X,E) x I such that Fo (x xidy) o H is
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independent of ¢, and that H induces a t-level preserving homeomor-
phism h of (R™,0) x I.

H
(X,E) xI —— (X,E)xI

-;rxid,l lwxid;

(R*,0) x I —— (R™,0) x I

DEFINITION. We say that f; is strongly C°-trivial along I if there
exists a t-level preserving homeomorphism h(z,t) = (hi(z),k(t)) of
(R™,0) x I such that F o h is independent on ¢ and that- h satisfies
the following conditions.

1) For any analytic germ « : ([0,¢),0) — (R™,0) x {to} with f, 0 =0,
h; o a 1s analytic.

2) For any analytic germs a, 3 : ([0,¢€),0) — (R™,0) x {to} with fi,oa =
0, fi, o8 = 0, « and 3 have a same tangent if and only if h; 0o @ and
hi o B have. '

The definition of strong C%-equivalence is due to S.Koike [8].

DEFINITION. We say that f; is tangentially C°-trivial along I if
there exists a t-level preserving homeomorphism h(z,t) = (h.(z), k(t))
of (R",0) x I such that F o h is independent on ¢ and that h satisfies
the following conditions.

1) For any germ « : ([0,¢),0) — (R™,0) x {to}, the tangent direction of
hi o a at 0 can be defined, if the tangent direction of « at 0 can be.

2) For any analytic germs a,f : ([0,¢),0) — (R™,0) x {to}, @ and 3
have a same tangent if and only if A; 0 @ and h; o B have.

DEFINITION ([7] p.221). Let n > 2 and S be the unit sphere with
center at the origin in R®. Let 7, : R x S — R" by (¢,v) — tw.
This is a degree 2 proper map of real analytic manifolds, which is called
double oriented blowing up of R®. The map m;, induces 73 : X = R x
S — R™, which is called (simple) oriented blowing up. It also induces
73 : X =R x S/Zy — R™, where Zy = Z/2Z = {+1} acts on R x S by

(t,v) — (—t,—v). This =3 is called the (non-oriented) blowing up of R™
with center 0 € R™.

LEMMA. Set A = {(v1,....,tn) € R% |11 + ... + v > 1}. Then pa
(resp. pa) is the blowing up (resp. oriented blowing up) of R™ with
center 0 € R™.

LEMMA. f; is tangentially C°-trivial along I, if and only if, there
exist a homeomorphisms H : (X,7;*(0)) x I — (X, 7;*(0)) x I, and a
topological trivialization h : (R™,0) xI — (R™,0) x I of f;, that satisfies



the following commutative diagram.

(X, 757(0)) x I —— (X, 732(0)) x I

r;xid;l lx;xid;

(R*,0)xI —— (R"0)xI
h

It seems to be hard to find a similar lemma for strong C°-triviality.

But we have that a strong C%-trivialization induces a topological trivi-
alization of proper transforms of f;*(0), t € I, via the oriented blowing
up m3.

These suggest the following definitions.

DEFINITION. Let » =0,1,2,...,00,0r,w. Let 7 : X — (R",0) be an
analytic map. A homeomorphism & : (R™,0) — (R",0) (resp. a t-level
preserving homeomorphism h : (R™,0) x I — (R™,0) x I) is said to be
C" -liftable via = if there exists a C"-isomorphism H : X — X (resp. a
t-level preserving C"-isomorphism H : X xI — X xI) with roH = hox
(resp. (7 xidy) o H = ho (= x idy)).

REMARK. Let h: (R",0) x I — (R",0) x I be a t-level preserving
homeomorphism that topologically trivialize a family f;.

1) If the trivialization h of a family f, is C°-liftable via the oriented
blowing up, then h gives a tangential C°-trivialization of f;.

2) If the trivialization h of f; is C“-liftable via «, then h gives a modified
analytic trivialization of f; via «.

We can generalize this property on lifting in the following form.

DEFINITION. Let (D,<) be a finite set with partial ordering with
minimum element o. We associate a space X, for a € D, and a map
Top : Xg — Xq for a,8 € D with a < 8. Suppose that X, = (R",0)
and 7ag 0 Ty = Wy, for a,8,y E D witha < < 7. Let 9 : D —
{0,1,2,...,00,w} be a map. A homeomorphism k : (R*,0) — (R",0)
(resp. at-level preserving homeomorphism h : (R™®,0) x I — (R™,0) x I)
is said to be ¥-liftable via D if there exist C¥(*)-isomorphisms H, :
Xo — X (zesp. at-level preserving C¥(®)-isomorphism H, : X, x I —
X, x I), for a € D, such that mog 0 Hg = Hy 0 Wap (1esp. (map x idr)o
H,s = Ha o (7(';,5 X ldI)), for a,,@ € D with a < ,3, and HO = h.

Let f: X — Y be a map between two manifolds. A point p in X
1s sald to be topologically regular point if f is topologically right-left
equivalent to a regular map near p. A point p is said to be topologically
critical point of f if p is not a topologically regular point of f.

3. Drawing a picture of example. An analysis on examples of
polynomial-germs f with 3 variables will proceed in the following way.
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Draw a picture of E,(f) in Am(L'+(f)), for compact faces v of T'y(f),
and patch them together in A(T',(f)). Find A with regular ZA(f), if
it exists, and compare Z5 N Tr’s with E,(f)’s, for faces F of A. If we
concern with a family f;, then try to find a polyhedron A so that Za(f:)
are simultaneously smooth. If we concern with tangential C°-triviality,
choose A majorizing Ao, where Ag = {(v1,v2,v3) € RE [11+15+vs > 1},
Then concentrate on the map Za(f,) — Za,(f:). If we concern with
construction of a counterexample to the conjecture stated in §2 in [9],
choose A majorizing some A' (Ay, etc.), and concentrate on the map
ZA(ft) - ZA'(ft)- ~

3-1. BRIANGON-SPEDER’S FAMILY IN [2]. Let fi(z1,22,23) = 23 +
te$es + 2125 + 215, Set Ay = {(v1,v2,v3) € R3 |v1 + 203 + 3v5 > 6},
and A; = {(v1,v2,v3) € R |v1 +1n +vs > 8,11 + 2vp + 3v3 > 12,20 +
2v; + 3vs > 18}. The polyhedron A, majorizes Ag, and A;. Define
A, by {(1/1,112,1/3) (& A2|V1 + vy, +vg > 8+ €1,V1 + vy + 2v3 > 9+ 52},
choosing small positive rational numbers ¢; and €;. Then Agj is a regular
polyhedron majorizing A,. Set F; = AN{v1+2v;+3v3 = 12}—(6,0,2),
and F; = {v3 = 0} N F;. Concerning the sets Za(f:) N T¥,, for 0-
or 1-dimensional faces F' of Ay, and the topological critical set of the
restriction of Pr,(R) — Pr,(R) to Za,(f:) N Pr,(R), we can draw a
picture of Za,(f:) in A(A;), for i = 1,2,3. Elementary calculation
shows that Z,,(f:) is smooth except ¢t = —(%)%15%/3 = ~1.33705---.
Seeing the map Pa,(R) — Pa,(R), we can draw a picture of Za,(f;)
in A(Ag). Set I = [a,b], and suppose that —-(%)%15%/3 is not in I. As
a consequence of these pictures, we obtain the followings.

1) f: is topological trivial along I.

2) If —(%)%15%/3 < a < 0 < b, then no topological trivializations of
fi along I are CO-liftable via the (oriented) blowing up at the origin.
They do not admit a strong C°-trivialization either. The last fact is
first proved by S.Koike in [8].

3) There is a C%-liftable topological trivialization of f; along I. (Actu-
ally there is a C“-liftable topological trivialization via pa,, by [5].) By
Chow’s lemma, this example gives a couterexample to the conjecture
stated in §2 in [9].

3-2. EXAMPLE COMES FROM THE CASSINI’S OVALS. Let Ci(z,y) =
(22 + 3y +1)2 — 422 —t and I = [a,}b],1 < @ < 4 < b. The zero
set of Cy(z,y) is the Cassini’s oval, and its picture can be find, for
example, on the 48 page of “Encyclopaedia of Mathematics, Vol. 2”
(Kluwer Academic Publishers, 1988). Then (RZ2,C;1(0)) is C°-trivial
along I, but no y-level preserving C°-trivialization along I are admitted.
Let ff(z1,22,23) = (2% + 2222 + 2323)% — 42322 — tetel + 25 + ecl?.



Set Ay = {(v1,v2,v3) € R3|vy +v2 + v > 8,11 + vy + 2v5 > 12},
F1 = Alﬂ{V1+Vz+2V3 = 12}, and Fz - Fl ﬂ{v1+v2+1/3 - 8}.
Then F; majorizes F;. The Cassini’s oval is found in Za (f?) N Pr,, and
Pp,(R) — Pr,(R) is the projection to the y-axis. Choosing € to be a
sufficiently small positive number, we have the followings.

1) ff admit MAT via pa, along I by [5].
2) No topological trivializations of f; along I are Co-hftable via the
blowing up pa,.
Since Pp, — Pa, is the blowing up, whose center is the intersection of
pzz(O) and the proper transform of {z3 = 0} via pa,, this also gives a
counterexample to the conjecture stated in §2 in [9].

3-3. OkA’s FAMILY IN [11]. Using a similar ana.lysis we can draw a
picture of Oka’s family f;(z1,22,23) = 25+2k+el+tzdel+2dz,23, (k>
16), that is neither strong nor tangent C°-trivial near t = 0. (This family
was first studied in [11] and, in real case, S. Koike showed this is not
CP-trivial in [8].) As a consequence of these pictures, we have that the
number of connected components of the regular locus of f7!(0) near
the origin is 4 (resp. 2), if k is even (resp. odd), etc. The detailed
descriptions are left to the reader.
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