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On the multiplicity of periodic solutions
for semilinear parabolic equations

Norimichi Hirano

(LB TAT -2 )

Abstract.
In the present paper, we consider the multiple existence of T-
periodic solutions of semilinear parabolic equations.

1. Introduction.

Let  C RYN be a bounded domain with a smooth boundary 0. Let
L be a second order uniformly strongly elliptic operator of the form

N
0 Ou
Lu== 3 5 (a@)g)

ij=1

where the cofficient functions a;; = a;; are real valued functions in
L () and satisfies

Za,-,-(w){,»{; >C|¢)? for all £ € R™ and z € ()

i,

for some C' > 0. We impose the Dirichlet boundary condition on L.
That is

D(L) = {u € L*(Q) : Lu € L*(Q), u(z) =0 on 001}

Our purpose in note is to report on the multiple existence result
of solutions for the problem of the form



P) -C-i—t-+Lu—g(u)——-f(t), t>0

Here T > 0, f : [0,00) — L*(Q) is a T-periodic function and g : R —
R is a continuous function with ¢(0) = 0.

The existence of periodic solutions for problems of this kind has
been studied by many authors.(See Amann[l] which also contains
many references.) For the multiple existence of the periodic solu-
tions, Amann[1] established a multiplicity result for the problem (P).
To find a solution of (P), we can make use of two approaches. One
way is to work with Poincare map and find fixed points. Another way
is to find sub- and supersolutions of the problem (P). If one can find a
subsolution u and a supersolution @ of (P) satisfying u < @, there ex-
ists a solution of (P) between u and @. The method employed in [1] is
based on the super-subsolution method. In [6], the author considered
the multiple exitstence of solutions of (P) by usig the Schauder’s fixed
point theorem and results for multiple solutions of nonlinear elliptic
equations(cf. [2], [3], and [4]). In the present paper, we study the
multiplicity of solutions for (P) by using the argument in [6] and the
degree theory for compact mappings.

To state our result, we need some notations. We denote by | - |
the norm of L2(2). 0 < A; < Ay < --- stand for the eigenvalues of the
self-adjoint realization in LZ(Q) of L. The norm of Hj(f) is given by

Il v ||*= (Lv,v) for v € Hy ().

The norm defined above is an equivalent norm with the usual norm
of H}(2). WbHP(0,T; X)(1 < p < o0) stands for the space of func-
tions u € LP(0,7T;X) with du/dt € LP(0,T;X), where du/dt is the

derivative in the sence of distribution.
We can now state our main result.

Theorem . Suppose that g satisfies the following conditions:

(gl) Supg,(t) < /\2,
tER
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(22) g'(£00) < A1 < ¢'(0) < Ag,

where g'(+00) = limy_, 4+ ¢'(t). Then there exists M > 0 such that
for each T-periodic function

fewhe(0,T;L*(Q)) satisfying sup{| f(¢)]:t €[0,T]} < M,

problem (P) possesses at least three solutions in W1°°(0, T; L*(Q)).

Remark . For the existence of a perioidic solution of (P), we do not
need (g2). In fact, the existence of periodic solution of (P) is known
under much more weaker conditions than (gl).

2. Preliminaries.

In the following we assume that (gl) and (g2) hold. weset H = L?(f),
V = H}(Q), and V* = H~1(Q). We denote by (-,-) the pairing of V
and V*. || - ||« stands for the norm of H~!(§2). For each subset A C V,
int(A) denotes the set of interior point of A. For each ¢ > 1, V; denotes
the subspace of H}(Q2) spanned by the eigenfunctions corresponding
to the eigenvalues {A,---,A;}, and ¢; is a normalized eigenfunction
corresponding to A;. Then ¢; € L>*(2) and Vi = {k¢1 : k € R}. P;
is the projection from H onto V; for each ¢ > 1.

We define a functional F' : V — R by

1 v(z)
F(v) = i(Lv,v) — / / g(r)drdz for each v € V.
a Jo
We set
Ac.={v € H}(Q): F(v) < ¢} for each c € R.
Then the problem (P) can be rewritten as

we+ F'(w) = f(t), u(0) = u(T). (2.1)

Lemma 1.

(1)

The set {s € R : F(sp1) < 0} consists of at least two intervals :



(2) There exists w > 0 such that for each w € Vj,

< Fl(vy +w) — F'(vg + w),vy —v2 >>w || vy — vz || (2.2)

for all v{,v9 € Vll.

Proof. Since A\; < ¢'(0), we can see from the definition of F that
if | s | is sufficiently small, F(sp;) < 0(= F(0)). This implies that
the set Ag = {s € R : F(sp;) < 0} is nonempty. It is easy to see
from the continuity of F' that D consists of open intervals. Then since
F(0) = 0, the assertion (1) follows.

We put w = 1 — ¢'(0)/X2. Then since || v ||> X2 | v | for v € V{1,
we have that

< F'(vy +w) = F'(vg + w),v; —vg > >|| vy — g ||* =¢'(0) | v1 — g |?

> w || vg — vy ||
for all vy,vy € V% |

Remark. The inequality (2.2) implies that for each w € Vj, the
functional F(- + w) : Vit — R is strictly convex.

Let u_ and u4 be elements of H}(Q) such that
F(u_) =min{F(v) :v € V,< Pyv,p; >< 0},

and
F(uy) =min{F(v):v € V,< Pv,p; >> 0}.

From Lemma 1, u_ and uy are well defined and there exist open
intervals (a_,b_) and (a4, by ) such that

Piu_e{cpy:a_<c<b}, Puy €{cpr:ay <ec<by}
and

F(c) <0 forc€ {cp1:a_ <c<b_}U{cpr:ay <ec<by}.
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Here we define subsets AT of V by
At ={v eV :F(v) <0,< Piv,p1 >€ (ax,bs)},  (2.3)
respectively. We put
c+ = min{F(sp1) : sgns = £1}.

For each i > 1, we denote by F;(v) the restriction of F' to V;, and by
A(7). the intersection of level set A, with V;. That is

A ={veV;: F(v) <c}.

We put L
AT = AT n A, for each ¢ > 0.

Lemma 2. Let ¢ < 0 such that cx < c. Then
AX are nonempty bounded and closed.
Proof. Since ¢g'(£00) < A;, we have that F(v) — oo, as || v ||— oo.

This implies that A. is bounded. It is obvious from the definition of
A:c’: that A;jt are closed. |

For each i > 1, we denote by A(:)E the restriction of AF to the
subspace V;. We set

K(i)y = c0A(i)% and K, =oAL
Since A(i)¥ C A%, we have by (2.3) that
K@)y NK()- = ¢.
Then we have that
Lemma 3. There exist c4+,¢4+ < 0 with ¢4 < ¢+ and d > 0 such that

_ +\ A+ () AT\ A-
|| Lv — g(v) ||«>d for allv € A7 \AZ, UAZ \A_ . (2.4)



Proof. We choose ¢y and ¢4 such that cl(Azi:b \AZ, ) are disjoint from
the set of critical points of F. It is well known that the functional
F satisfies Palais- Smale condition, i.e., any sequence {z,} satisfying
{F(z,)} is bounded and F'(z,) — 0 contains a convergent subse-
quence. If (2.4) does not hold for any d > 0, there exists a sequence
{zn} such that

z, € D= AT\AY UAZ\AD
and F'(z,) — 0, as n — oo. Since AL are bounded, by Palais-Smale
condition, we have that there exists a convergence subsequence {z,, }

of {z,}. Let v € V such that z,, — v. Then we have that v € D and
VF(v) = 0. This contradicts the definition of ¢4 and 4. |

For simplicity of notations, we put ¢ = ¢4 and ¢ = c4.

Lemma 4. For each i > 1, there exist mappings Q(¢)+ : K(¢)1+ —
A(?)E such that Q(i)4 are continuous and

Ql)rz =1 for each z € A(i)Z. (2.5)

Proof. Fix ¢ > 1. Let £ € K(¢)4. Then z is uniquely decomposed
as T = x1 + x2, where 1 € V] and z, € VIJ‘ N V;. Then since

Ce, ={veVinV;: F(z; +v) <c}

is nonempty and strictly convex by Lemma 2, we have that there
exists an unique element z € C,, such that

| 22 — & ||= min{|| 22 —y ||: y € Ca, }-
We put Q(¢:);+z = z7 + Z. Then from the definition, it is obvious
that Q(:)yz € A(i)} and that (2.5) holds. The mapping Q(i)_ is
defined by the same way. It is easy to see that Q(¢)4 are continuous

on K(¢)4. |

3. Proof of Theorem .
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We consider initial value problems of the form

) %—Au—g(u)zf(t), t>0

u(0) = ug, (up € V),

and

d—v—Av—P' (vy=Pif(t), t>0
(I) dt L) = S0,

’U(O) = %o,

where 1 > 1 and vy € V.

We define mappings Ty : V — V and Ty ; : V; — V; by
Tf(uo) =u(T),  and  Tyi(vo) = v(T)

Then it is easy to verify that Ty and T}; and continuous on V' and
Vi. From the definition of T, each fixed point u of T is a periodic
solution of (P). To prove Theorem, we need a few lemmas.

Lemma 5. There exists a positive number M and such that if sup{|
f(t)|:t€[0,T)} < M, then

Fi(vi(t)) < Fi(v:)
for all v > 1, v; € D and t > 0 satisfying
vi(s) € D for all s € [0,1],

where v;(-) is the solution of (I;) with vg = v;. and D = AT\ A} U
AZ\AZ

Proof. We choose M > 0 such that M < d/2. Let ¢ > 1 and v; be
the solution of (I;) with v;(0) = v; € D and suppose that there exists
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t > 0 and v;(s) € D for all s € [0,t]. Then by Lemma 4, we have
Fi(vi(s)) — Fi(vi)
=/ < F'(vi(1)),uq(7) > dr
0

- / "< Loi(r) = g(oi(r)), ~Lus(r) + g(us(r) + £(r) > dr
< 08<— | Loi(r) — g(ui(r)) > + | Ius(r) — g(vi(r)) || () )dr
< | "\ Doi(r) = g@i(M) | (= | Loi(r) — a(wi(0)) | + | £(7) |)r

< / 1 oi(r) = g™ s (= | Loi(r) = g(oi(n) Il + 1 £7) D)
< —(d/2)%s + (d/2) - sup{] £(2) |:¢ € [0,T]}s < 0

From Lemma 5, we have the following lemma.

Lemma 6.
Ty i(A(D)E) Cint(A()F), for each 1 > 1. (3.1)
Proof. Let ¢ > 1 and v € A(:)}. Let v; be the solution of the
problem (I;) with vy = v. If there exists an interval [0,¢] such that
vi(s)e DNV, for all s €[0,t],
then by Lemma 5,
Fi(vi(s)) < Fi(v) <c for all s € [0,1]. (3.2)

From the definition of A(¢)}, this implies that v;(s) € A(¢)} for all
s € [0,t]. Recalling that the boundary {v € V; : F;(v) = ¢} N A(3). of
A(1), is contained in D, we obtain from the observation above that

Fi(vi(s)) < Fi(v) <c for all s > 0.



96

Thus we find that v;(s) € int(A(:)}) for all s > 0. Then from the
definition of Ty ;, this implies that Ty ;v € int(A(i)F). By the same
argument, we have that T ;(A(¢)) C int(A(¢);). |

Lemma 7. For each: > 1,

deg(l - Ty, K (i),0) = 1.

Proof. Fix: > 1. We set
Gi(v) =T, Q1) v forve K(i)4.
Then by Lemma 6, we have that
G4(v) € int(A()T) for all v € K(3)4

Since G4 are continuous mappings on bounded closed convex sets in a

finite dimensional space and G4 have no fixed point on the boundary
of K(1),
deg(l — G4,K(7)4,0) = 1.

From the definition of G4+ and Lemma 6, we have that the sets of
fixed points of G4 are contained in int(A(:)T), respectively. Then it
follows that

deg(I - G:taA(z)ci7O) = deg(l - G:E’I{(l)ﬂno) = L.
Since G4 = Ty; on A(i)T, we find that

deg(I — Ty, A(1),0) = deg(I — G4, A())%,0) = 1.
This completes the proof. |

Lemma 8. There exists e > 0 such that AY U A, C A. and

deg(I — Ty, A(7).,0) =1 for all ¢ > 1.

Proof. Let e > 0 such that the set of critical points of F' is contained
in the interior of A.. Fix ¢ > 1. Then since AT U A7 C A., we have



by Lemma 5 that T ;(A(¢)e) C int(A(2)e). On the other hand, by the
same argument as in Lemma 4, we can define a continuous mapping
Q. : c0A(i)e — A(7)e such that Q.v = v for all v € A(¢)e. Then from
the same argument as in Lemma 7 with Q4 replaced by Q., we can
see that the assertion follows: |

Proof of Theorem. Let i > 1. Then by Lemma 7, there exist fixed
points v}’ € A(i)} and v} € A(:)}. On the other hand, by Lemma 7
and Lemma 8, we have that

deg(I — Tf,,-,A(z')e\(Ajr UAD),0) = —1.

This implies that there exists a fixed point v? € A(2).\(AFT U A]).
Now let {v} and {v0} be sequences obtained by the argument above.
Then since {vF¥} and {00} are bounded in V, we may assume that v
and v? converge weakly to vy and vg € V, respectively. Then it is
easy to verify that vy € K4 and vo € V\(K; U K_) are fixed points

of T. This completes the proof. |
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