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1 Introduction

Let x be a Dirichlet character mod ¢ (g > 2) and let L(s, x) with a complex variable
s = o + it denotes the Dirichlet L-function attached to x. Let ¢(n) denote Euler’s
function. The aim of this article is to consider the asymptotical property of the mean
square
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where the summation is taken over all the characters mod g.

Let @ > 2 be a real number. In 1971, P. D. T. A. Elliott 3 [3] proved the asymptotic
formula
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for Rs = o0 > Z, where p runs through all prime numbers not exceeding @, and X, denotes
the principal character with its respective modulus. Let {(s, @) denote the Hurwitz zeta-
function defined by
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P. X. Gallagher [4], in 1975, proved the asymptotic bound
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for arbitrary ¢ > 2 and real ¢. This was improved by R. Balasubramanian [2], in 1980, to
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uniformly for all ¢ > 2 and ¢ > 3. In the special case s = %, the existence of a more
explicit asymptotic formula was shown by D. R. Heath-Brown [5]. In 1981, he proved

S 13008 = 225 ),

x(modg) klg

where k runs over all positive divisors of ¢ and T'(k) can be expressed by the asymptotic

form
aN-1

T'(k) = k(log g%r- +9) + 200k + Y ek +OY)
n=0

for any integer N > 1, with some numerical constants ¢, and Euler’s constant . In
particlular, when ¢ = p is a prime, his formula yields an asymptotic series with respect
to p~2, because the term corresponding to £ = 1 can be caluculated explicitly. For the
proof, he investigated the function 3" (moaq) L($, X)L(1 — s, ), instead of using (1.2).

During 1989-1991, on the same lines as Gallagher and Balasubramanian, Zhang Wen-
peng [13]-[17] obtained more precise asymptotic results for the following various mean
values:
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where * means that the summation is restricted to the primitive characters (modg). For
example, he proved
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for all ¢ > 3 and ¢ > 3, where p runs through all prime divisors of q.

On the other hand, F. V. Atkinson [1] developed a new method which enabled him to
treat ((u){(v) as a function of two independent variables to deduce the explicit formula
for the error term

B(1) = | "1C( + it)Pdt — Tlog(T/2m) — (27— 1)T.

In spite of its importance and applicability, Atkinson’s formula had long been neglected.
In 1985, Y. Motohashi [11], inspired by this Atkinson’s work and investigated the function

Qu,v;q) = (@)™ Y L(u,x)L(v, %).
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In his article, Atkinson’s method was enlightened from a viewpoint of the theory of com-
plex functions and the following ”decomposition” of Q(u, v; q) was proved:

Qu,v59) = L{u+v,x) +¢(9)¢™ " T(ut+v—-1)((ut+v—1)

r(1—u) T(1-v) . .
{ Tw) r(u)}+9(“’U"1)+9(U,u,q),

where g(u,v;p) can be expressed by certain infinite series which involves the confluent
hypergeometric functions. From this formula in case ¢ = p is a prime, he obtained the
asymptotic expansion

(-1~ Y LG+, x)P
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for arbitrary fixed ¢t € R.

More detailed utilization of the method of Atkinson and Motohashi improve the above
asymptotic formula. In what follows we state this improvement in a more general form.

Let
(s) I Gl ) RS Gk e 2 RSP

n n!

as usual and set

w;q) = ¢ *T(w — w — u,v) = P—(—l———El .
Fluio) == Tw=¢w-1), G =15
N-1/_,
Sn(u,v;k) = > ( . )((u —n)(v+n)k*™ (N >1), Plw;q)=][[(1-p).
n=0 pla

Our main theorem is stated as follows:
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Theorem ([8, Theorem] and [9, Theorem 1 and 2]) Let Z, denote the set of all inte-
gers not greater than 1 and define

E={o+it;20—1€ Z,oro+1it € Z},
then for any integer N > 1, in the region
(1.3) ) {c+i; - N+1<o< N, t€R}

with the exception of the points of E, we have
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where TW*)(a + it; k) has the asymptotic expression
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TW o + it; k) = §R{ (o +1it,0 —it; k) + EJ(#’D)(J + 1t; k)} .

Here E'EG"V)(U + it; k) is the error term satisfying the estimate
(1.4) ES (o + it k) = O [k (|t] + 1)V 5 log" {2k(]t] + 1)}

in the region (1.3), with the O-constant depending only on o, N and h. In particular,
when ¢ = p 1s a prime, we have the asymptotic expansion
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From Stirling’s formula and the functional equation of {(s), we have

(775 et =t = it e = Ok 2,
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for —n+1 < 0 <n (n> 1), and this estimate is best-possible because
C(o +1t) = Q1)

for o > 1 as |t| = +oo. Herice, when h =0, the upper bound in (1.4) cannot be replaced
by a smaller one.

Moreover, the asymptotic expressions for (1.1), where o + at lies in the exceptional
set B, can be deduced as the limiting cases of our Theorem. For example, we have the
following corollaries:

Corollary 1 ([9, Theorem 1 and 2])
o) X LG+t
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= 2\ Jog 42 —(: 4+t
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+2¢71), p(H)TOON (L + it; k).
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In particular, when ¢ =p is a prime, we have the asymptotic eTPansion
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= log 5% + 27+ %—I‘—(% +iat) —p ¢ +it)]* +2p 101 + it; p).

Corollary 2 ([8, Corollary 1]) Let 9(s) = F—F—'(s) be the digamma-function and put
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where yo(= ), 11 and 7y are the coefficients of the Laurent expansion of ¢(s) ats=1
defined by '
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If g = p 1s a prime, then
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Corollary 3 ([10, Theorem 1]) Let xo be the principal character mod q and define

Sn(u,v; k) = Sn(u,v; k) — C(u)C(v)k*

then we have
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In particular, if ¢ = p is a prime, then we have the asymptotic expansion

-1 T L)L
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= ((2)- 1°g Dt o - 2m — 2(2)

+ 2p‘29?{5N(1, 1;p) +0(p' ™)},
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Corollary 3 can be applied to deduce upper estimates for class numbers of cyclotomic

fields. Furthermore we have
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Corollary 4 ([8, Corollary 2])
p(@™ X ILQP

x(modg)
X#X0
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where T("’ (1; k) has the asymptotic expression

(1, k) = é}e{‘; GSN(1 1;k) + ES(1; k)}

for any integer N > 1, with the error estimate for Eg\'f’v)(l;k) in (1.4).

2 Outline of the proof of Theorem

We define the contour C which starts from infinity, proceeds along the real axis to
§ (0 < § < ), rounds the origin counter-clockwise and returns to infinity. Let AN (z)
denote the N-th derivative of the function
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and define for N > 1

1 :

Ry(u,v;k) = T(u)T(v)(e2m* — 1)(e2mv — 1)
‘ 1 (1 - T)N-—l y‘v+N"1 / h(N)

o (N—=1)! Jeev—1Jc

(x + %) z* Y dzdydr,

where &z and Sy vary from 0 to 27 round C. Here the contour integrals are absolutely
convergent for Ru < N + 1 and any v € C, since the inequality

(2 +22) = 01+ e ™)

holds uniformly for all z,y € CU[0,4+o00[ and 7 € [0,1] (cf. [9, Lemma 1]). Then we have
Lemma 2.1 ([7, Lemma 1] or [8, Lemma 2.1})

Qu,v;9) = ((u+v)P(u+v;9) + P(1;¢)F(u+ v; ¢){G(u,v) + G(v, u)}

+ ¢ Y u(H{S(u, v k) + S(v, u; k)},
klq

where

S(u,v; k) = Sy(u,v; k) + k*V Ry(u, v; k)
for any integer N.> 1. In particular, if ¢ = p is a prime, then

Qu,v;p) = ((u+0)—p*C(u)¢(v) + Flu + v; p){G(u, v) + G(v,u)}
+ p7*7{S(u, v; p) + S(v,u;p)}.

The assertions of Lemma 2.1 are proved by the procedure of Motohashi [11] and by
integrating by parts N-times of the contour integral expression of g(u,v;q) in [7, (2.2)].
By applying certain residue calculus for Ry(u, v; k), and then by using the transformation
formula of the confluent hypergeometric functions, we can show the following alternative
expressions which are useful for the deduction of the estimate (1.4):

Lemma 2.2 ([8, Lemma 2.2]) Let 0,(n) denote the sum of the a-th powers of the positive
divisors of n. Then Ry(u,v;k) is expressed by the following absolutely convergent infinite
sertes: For Ru < N, Rv > —N + 1 with R(u+ v) < 2, we have

JI(N+1—w) f(1-7)V 1 &
T(v) o (N—1)! 2 outo-1(l)

=1

Ry(u,0;k) = (=1)%(2m)**+-

. {e-z—‘<u+v—1>J_(r, I k) + e B (0 ’“)}dr’

where

i v+N-1 Ty u=N-1 :i:‘21ril
Ji(r, k) =/0 y (1+ 7) e> Y dy.
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On the other hand, if Ru < N, v > —N + 1 with R(u + v) > 0, then

Rt i) = (c)¥ ) [ 1"71), > o1maeel)

. {J_('r, Lk)+ Jo( 0 k)}dT

where

ji(T, l, ]C) — /0 y—u+N (1 + ::y) :l':2m'lydy‘

Successively differentiating both sides of the formulas in Lemma 2.1, we get

BZhQ »
auhavh(u)'v; Q)
d‘zh
= (W) Pw;g)
h p+vG*
. Fh=—p—v)
200 3 () () (+ 530) 0 (,0)
h gutv g
+q ( )( log )™ > (@) 5=z (u, v; k
,ul/"O( ) v le: 6 “a v )
and
ath (2h) 6% —u—v
5 (Wvip) = (T (utv) = o p T T (u)((v)
AN ort G
(2h—p—v)
< E () reresmiEs
A h ohepy OPFPS*
—u—-v _ —p—v .
e 3 ()0 Clos S i)

where we write G*(u,v) = G(u,v) + G(v,u) and S*(u,v;k) = S(u,v;k) + S(v, u; k) for
brevity. If we specialize u = o + it and v = 0 — 4t in these formulas and write

u+v

Our v

EE\',"”)(U +it; k) = kN Ry (u, v; k)

)
(u,w)=(c+it,c—1t)

then we obtain the right-hand expressions for ¢(q)™ ¥, (moaq) |L™"(5, X)|? in our Theorem
by noting that

gutr S ' ortv S
(u,v; k) = (v, u; k)
Oukdv () =(otita—ity OU OV

’
(u,v)=(o+1t,0—it)

which is a consequence of the reflection principle.
The following lemma is essential in proving the estimate for EJ(\;"V) (o + it; k):
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Lemma 2.3 ([8, Lemma 2.3]) Let v be a non negative integer, and let a, 3, 6, &, a, b,

t be realnumbem such that > =1, 6 > 0, k > 1, 0 <a<min(},z-) and 1 <t <b.
Then
b 143
/ z%(1+ z)?log” zlog®(1 + z) exp {tlog ( " ) + 27mw} dz
1\ 1\# 1 1 [t 4
o) (o) b (v (o0 )
( p) \Uty) los 2) 8 \Vtg)ayzl
, '{tV+2 (U 1) + 3}
exp i K 5 i
4+ Ot *a* ** loga|") + O(x 16 P log"+4(2b)) + R(t, &),
where 5
_%(a+ﬁ)_1t2(a+ﬁ)—z 10g7+5 (_t)’ (1 <K< t),
R(t,K) < o &
fc_a_é_ltaﬂs_flog ( ) (K; Z t),
and

1 t TK
U=/- V = 2 Arcsi h\/——.
4+27m resin 2t

Here the constants implied in the O- and Vinogradov’s <€ symbols depend at most on
a, B,y and 6. A similar result holds for the corresponding integral with —k in place of k,
except that in this case the explicit term on the right-hand side is to be ommited.

This lemma is proved by the saddle-point method.

Since the first infinite series for Ry(u,v;k) in Lemma 2.2 is compact uniformly con-
vergent in the region u < N, Rv > —N + 1 with R(u + v) < 2, the term-by-term
differentiation is permissible, and this gives for N+ 1< o < 1

(2.1)  E¥(o + it} k)

1(1—7)¥1 [ W /! '
( ) 0 (N — 1)! ﬂo+.§ps=“ MO!...MS!VI!-.-Z/sl g
b1 g =
A a2 1
. (27)2 ot T r -
(27 Hog ™ 2m) g PN+ 1= G|

Z agﬁ::*.,,s) { %i(za—l) (:’;) netry J-(’Ils,vs),(T, l’ k)

B +v
N 6_155(20——-1)( _ Zr_z) e 4Jip5:us)(7’ l; k)}} dT,

2

where we write

o™(l) = i—aa(l) =3 d*log"d
dlt

and

o tvs I (1, 1 k)

dums Qyvs

T (7, 1 k) =

(u,v)=(o+it,0—it)
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Making use of Lemma 2.3, we can show

1
E N+4l""+1‘t"“% log#s*¥2(2t) for [ < k™7,
T k) < T , 2k
oot logh (5) +logt 1} for 1247t
T

If we substitute these bounds into (2.1) and estimate term-by-term, then we consequently
obtain the estimate (1.4) in case —N + 1 < ¢ < 1. The deduction of (1.4) in case
0 < ¢ < N is the same as above except for the use of the second infinite series of
Ry(u,v;k) in Lemma 2.2. o .
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