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On the Generalized Divisor Problem
Hioexi NAKAYA (& E % # )

§1. The Generalized Divisor Problem
Let d,(n) be a multiplicative function defined by

o o]

¢*(s) =

where s = o +it, zis a complex number, and ((s) is the Riemann zeta
fanction. Here ¢*(s) = exp(zlog ((s)) and let log((s) take real values
for real s > 1.

We note that if z is a natural number, d,(n) coincides with the
divisor function appearing in the Dirichlet-Piltz divisor problem, and
d_1(n) with the Mobious function.

The generalized divisor p'roblem is concerned with finding an asymp-
totic formula for Eﬂﬁ . d.(n), which was observed for real z > 0 by
A.Kienast [8] and K.Iseki[5] independently. A.Selberg [17] considered

for all complex z, his result being

D) = Y da(m) = LEL 4 Oafiog )% )

uniformly for |z| < A, # > 2, where A is any fixed positive number.

n<a

This was extended by Rieger [16] to arithmetic progressions such that
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uniformly for |z| < A, ¢ < (logz)",(g, ) = 1, where A and 7 are any
fixed positive numbers.

On the other hand R.D.Dixon [4] derived the following formula which
is a sharpening of Selberg’s result;

D.(z) =) d.(n)

n<la

N-1
= z(log2)* ! mz_;o (o z;f"mlf(zz) =) + O(=z(log z)R"'N"l)

uniformly for |z| < A, where B,,(z) are regular functions of z, especially
By(z) = 1.

We shall consider the connections between the asymptotic formula of
D,(z, g,1) and the location of zeros of the Dirichlet L-function (Riemann
zeta function). The main terms of above formulas are, however, incon-
venient for our aim so that we introduce the following integral as the

main term of D,(z,q,l) :

5(2,0) = 37 [ (B0 x0)) S ds
where L is, for any » (0 < » < 1/2), the path which begins at 1/2,
moves to 1 — » along the real axis, encircle the point 1 with radius » in
the counterclockwise direction, and returns to 1 /2 along the real axis.

Here we denote by yo the principal character modq.

We note thatif z=k € N,
Qk(z, 1) = 2"Pk—l(log"!)a Q-h(?,‘]) =0,

where P, _;(2) is the same polynomial of degree k —1 as in the Dirichlet
divisor problem.

The error term is defined by

A(z,0,0) = Du(z, 1) - %q)w,q),
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and let
O(x) = sup{o : L(c +it,x) =0}, ©,= max O(x).
x (modq)

THEOREM 1. There exists some constant c such that

A, (z,q,1) € 2e”™°V log =

uniformly for |z| < A, q¢ < (logz)™, (¢, 1) = 1 where A and T are any
fixed positive numbers.

Further we have

A,(z,q,1) < 2

uniformly for |z| < A,q <=2, (g, 1) =1

Conversely if A,(z,q,1) < z5*¢ for any I ((g, I) = 1) and for some
z € C — Qt, where Qt denotes the set of all non negative rational
numbers, then any L(s, x) (mod q) has no geros for o > E.

The main term ®,(z,q) has an asymptotic expansion

Bn(2,9)
z)"I'(z — m)

N-1
Qz(za Q) = z(log z)z—l Z (log + O(z(log 2g)Rz——N—l)
m=0 .

uniformly for |z| < A. Here N is any fixed positive integer and Bun(2,9)
(0 < m < N — 1) are regular functions of z, especially Bo(z,q) =

(p(9)/9)"

Remark

1. For ¢ = 1, we define a, by
a, =inf{a: A,(z,1,1) < 2%}

in a similar way as in the Dirichlet divisor problem. Then it is well

known that



L.H < a<1/2 for'keN.

Theoreml shows that
RH = a,<1/2 for'zeC,
Conversely,
a,<1/2 for3zeC-Qt = R.H.

If we suppose that all the zeros of ((s) are simple, the last statement
holds for 3z € C — N.
2. R.Balasubramanian and K.Ramachandra[l] have observed the

following asymptotic formura by a method similar to that of Selberg [18]
or H.Delange [2][3].

Y 1= M(z) + O(z exp(—c(log z)*/*(log log ) ~*/*))
nd(n)<a

z

1 z’
M(z) = E'/C'f(s)-;ds =

where C is a suitable path which is similer to L.

oge

3. A.Ivi¢[7] evaluated the integral flT |¢(1 + it)|**dt by using Theo-

rem 1, where z > 0 is an arbitrary fixed real number.

4. Similar results are hold for the following sums :

)TN SR O}
n<s n<e
n=1l(mody) n=l(modyq)

where w(n) means the number of distinct prime factors of n, and Q(n)

means the number of total prime factors allowing multiplicity.
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§2. The Asymptotic Formula for =(z,q,[)

Let m(z) be the number of integers < z which are products of k
distinct primes. For k = 1, mi(z) reduces to w(z), the number of
primes not exeeding z. C.F.Gauss stated empirically that =(z) ~
z(loglog z)/log z, and, by using the prime number theorem, E. Landau
proved that m(z) ~ z(loglogz)*~1/(k — 1)!logz. Selberg considered

D,(z) not only for its own sake but also with an intension to derive

zQ(loglog z) + 0 z(loglog z)* )
log 2 k!(log )2

uniformly for 1 < k < Aloglogz, where Q(z) is polynomial of degree
E—1.

x(2) =

H.Delange [3] obtained as a sharpening of Selberg’s result,

)k—l

N-1
K Qm(loglog z) z(loglog =
m(2) = log z mg—:o (logz)™ +0( (logz)N+1 )
for every kB > 1, where N is any fixed integer > 1 and Q.(z) are
polynomials of degree not exeeding k — 1.

We define 7, (2, q,1) as a generalization of x(z,q,1) by

7"k(maqvl) = Z 1.

n<s»
n=l(modg)
n=py---Py (PiF#Pj)

In order to concider the connections between =4(z,q,l) and zeros

of L(s,x) ({(s)) we define the following integral as the main term of

Wk(z:‘bl) :
1 2
Bus(e,0) = s /l @0
<{[J(1+ ———z";,(” Jy1 - -’%’2)2}#% ds dz



where L is, for every § and any » (§ > 0, » > 0, § + r < 1/2), the path
which begins at 1/2 + §, moves to 1 — » along the real axis, encircle the
point 1 with radius » in the counterclockwise direction, and returns to
1/2 + 6 along the real axis.

For k = 1, we can express this in terms of the logalithmic integral.

Namely,

F1 5(2 q) / m-}-O( 1/2+6).

The generating function of mx(z) is

Z e (),(logC(s))‘f"' (s,0)
1=
where

z 1.,
f(s,2) = I}:I(1+17)(1— 17) ;

f(*)(s,2) means the n-th derivative of f(s,z) with respect to z.

The error term is defined by

1
R, 5(2,q,1) = mi(2,q,1) — ;@Fk,g(z,q).
THEOREM 2. There is some constant ¢ such that
Ry, s(z,9,1) < ze™cVle>

uniformly for k > 1, ¢ < (log2)7, (¢, 1) = 1.
Further we have

Rk, 6(2” q, l) < 20t

uniformly fork>1,9< 2, (¢q,1) =1.
Conversely if Ry 5(z,q,1) < 25%¢ for any I ((q, !) = 1) and for some
k> 1, then any L(s,x) (modq) has no zeros for ¢ > E.
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The main term Fy 5(z,q) has an asymptotic expansion

N-1 k—1
_ _2 ™ Qm(loglogz) z(loglogz)
Fk,&(za Q) = 1ng mz::o (logz)m O( (log z)N+1 )

for every k and q. Here N is any fixed positive integer and @, 4(z) are
polynomials of degree not exceeding k — 1, especially the coeflicient of
2*=1 of Qg 4(2) is 1.

Remark

1. If we define 7 4,1 by
Phogl = ix;f inf{r : Ry s(z,q,1) € 2"}

Theorem 2 shows that

mlax Pr,ql = Og.

The statement O, = 1/2 for every q is equivalent to the truth of the
Riemann hypothesis for the Dirichlet L-function.

2. Similar results are hold for the following sums :

wk(zaqa l) = Z 1, Qk(z’q’l) = Z 1.

n<s n<a
n=l(modyg) n=l(mody)
w(n)=k Q(n)=hk
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