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0. Introduction

In this note, we will explain a part of a preprint [MY], where a Fredholm property
of the Goursat problem in (formal) Gevrey space is characterized by the Hilbert fac-
torizability of Toeplitz symbol associated with the Gevrey space in which the Goursat
problem should be solved. To do so, the norm inequality for the (finite section) Toeplitz
operator which holds under the Hilbert factorizability condition plays a cruicial role.

In the preceding papers ([M2], [MH]), Miyake studied the Goursat problem in Gevrey
space, and made clear the meaning of Newton polygon associated with the operatcr
which will be defined below. In these papers, he proved that the Gevrey index of
Gevrey space in which the Goursat problem should be solved is determined from the
slopes of sides of Newton polygon for various type of linear partial differential operators.
The main purpose of these papers was to give a relation between the slopes of sides of
Newton polygon and the Gevrey indices, and the analysis was done mainly for the
vertices of Newton polygon and the solvability of the Goursat problem in Gevrey space
of Roumieu type or of Beurling type was proved. Moreover, it was proved that if the
Goursat problem is formulated from an interior point of a side of Newton 'polygon,
then the Goursat problem is uniquely solvable under the so called spectral condition.
On the other hand, if we remove the spectral condition, the problem turns to be more
complicated, and we have to make a delicate anaysis of interior points of spectral radius.
Such an analysis was first done by Leray for the Goursat problem in the category of
local holomorphic functions by -a simple example of equations ([L]) (See Example 1 in
Section 2.) After the work of Leray, Yoshino published a series of papers on the spectral
problem of the Goursat problem in the category of local holomorphic functions ([Ys1],
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[Ys2], [Ys3], [Ys4], [Ys5]). Recently, Miyake has extended Leray’s results to the Goursat
problem in (formal) Gevrey space, and the spectral problem of the Goursat problem
was interpreted clearly as a spectral problem of integro-differential operators on Banach
space of (formal) Gevrey functions ([M3]).

The preprint [MY] intends to give a unification of these individual results by the
Hilbert factorizablity condition of Toeplitz symbol for holomorphic linear partial differ-
ential operators defined in a neighbourhood of the origin of CZ.

We remark that the Newton polygon defined below is an extension of Ramis’ one
([R1], [RQ]). In these papers, he studied the irregurality or the index theorem of ordinary
differential operators on Gevrey space, and the Newton polygon plays a crucial role to
describe and understand his results. It is the purpose of a series of papers ([M2], [M3],
[MH] and [MY]) to give some analogues of Ramis’ results to linear partial differential

operators.

1. Statement of result :
Let P = P(t,z; D, D;) be a linear partial differential operator of finite order with

holomorphic coefficients in a neighbourhood of the origin of C; x C,., and write it in

the form,
finite ]
(1.1) P =Y > asal2)t°DiDZ,
ceN j,aeN

where N denotes the set of nonnegative integers.
For a triplet (o, j, @) € N3, we associate a left half line Q(c, j, ) in a (u,v)-plane
defined by, '
Q(0,j, @) := {(v,0 —j) e R*; u < a + j}.

Then the Newton polygon N(P) of the operator P is defined by

(1'2) N(P) = ch {Q(O', 7, a) 3 aaja(m) # 0})

where ch {-} denotes the convex hull.
We denote by C{[t, z]] the set of formal power series of variables ¢,z € C, and O(f2)
the set of holomorphic functions on a complex domain Q .

Let s,w,R > 0. Then we define G;,(R), a Gevrey space with an index s, by the
. following isomorphism of Frechét spaces,

Borel transf.

(13) Clt, ] 5 G4(R) 22, (14 fw)'/* + Jo] < B),
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where the Borel transformation is defined by

Guw(R) 2 Z wial ,a. = uJa ), ,60((|t|/w)”"+lwl<R)-

j,a€N J,a€N
The factorial is defined by the gamma function, r! := I'(r + 1) for r > 0.

Remark 1 ([MY, Proposition 5.1]).

u(t,z) = Y ujat' z%/jla! € G5 (R) <= 0< Yr < R, 3C(u,r) > 0 s.t.

(1.4) |ujo| < C(u, r) (i.’—-—l-.

8 +a

This implies that u;(z) =) en %ia2*/a! € O(|z| < R) (Yj € N) and

4j () < C(u, r) ~= — 9

v
Em (0< "r < R),

where ) a 2% < Y Aaz* means that |a,| < A, for Ya. This is the reason why we call
G: (R) the Gevrey space with an index s. We define

15 = G 0<w<w), G:=J G, o= () 6

R>0 w>0 w>0
It is often that G§ (resp. G5,) is called of Roumieu type (resp. of Beurling type).

We consider the following Goursat problem in G;, with zero Goursat data,

Pu(t,z) = f(t,z) € Gy,
(G) {

u(t,z) = O(tlzﬂ) in G,

where u(t, ) = O(t'z”) in G, means that t '2=Pu(t, z) € G2 . It is the same to consider
the following mapping, v

(G) | P: t'zﬂgf” —G:.

In order to study the problem (G), let us define the principal part and the Toeplitz
symbol as follows. :

For a given s > 0, we draw a line L, in the plane with slope k := 1/(s—1) € RU{oo}
which contacts on a side or at a vertex of N(P). Therefore, when 0 < s < 1 it is assumed,

a priori, that the operator P has polynomial coefficients in the variable ¢.
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We put N, := N(P)N L,, and
N-’ = {(.7; (X) € Nz; aoja(O) :/: 01 (.7+ a, —]) S Ns}'

As a fundamental hypothesis, we assume the following condition thrughout this note.

(4) N, # ¢.

The principal part P, = P,(D;, D;) and the Toeplitz symbol f,(z) of the problem (G)
are defined by,

(1.6) Poi= Y aja(0)DIDZ, fu(2) == Y 6oja(0)z7.

(j’a)ejovt (j)a)e-;\’rs
Now our result in: this note is the following,

Theorem A. Let (I, ) € N? belong to ch{N,}, and assume

(H)y fs(2) #0 on |z| = w, and ! d(log f,(z)z") = 0.
Then the Goursat problem (G) has a Fredholm property, that is, the mapping P :
t’aﬁﬂg;’v —> G:, has the same finite dimensional kernel and cokernel. Furthermore, if
one of the following conditions is satisfied, then the problem (G) is uniquely solvable in
Gu :

(1) (1, P) is an end point ofch{]\of,}. |

(i) There exists c > 0 such that {f,(2)2'; |z| = c} is a segment.

(i) There exists ¢ > 0 such that 0 & ch {f,(2)z'; |z| = c}.
Moreover, every formal solution u(t, z) € C[[t, z]] of the problem (G) (if it exists) belongs
to G;,. Precisely, the mapping

P : t'e C[lt, 2]) /12 G;, — C[lt, «])/G,
ts bigective.

(]
Remark 2. (i) If s is an irrational, then N, consists of a point whenever the as-
‘sumption (A) is satisfied, and the problem (G) is uniquely solvable in G’ for every

0 € w < oo. Since this case was studied precisely in [MH], our interest is in the case

]
where s € Q and N, includes at least two elements.
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(i) When (I,3) is a lower (resp. an upper) end point of ch {]cf }, the problem
(G) is uniquely solvable in G (resp. in G2,). Because in this case f,(z)z' € Clz] (resp.
€ C[z71]) with non zero constant term and the condition (H),, is satisfied for sufficiently
small w > 0 (resp. large w > 0). In the case where (I, 3) is an interior point of ch {J\(},},

‘it is known that the problem (G) is uniquely solvable in G;, under the so called spectral
condition ([MH, Theorem B], see also [W], [M1] and [M2]));

(S) |aoig (0)] > Z |ag; o (0)] w'=7.

(L )ENN\(LB)
(iii) If s > 1, we may assume that the coefficients of the operator belong to G;,.

The proof of Theorem A is long, so we give only a course of the proof in the below.
(See [MY] for detail. In this preprint, the case of nonpositive Gevrey index is also
“studied.)

2. Reduction to the spectral problem of an integro-differential operator
Composing the following mappings,

_ID_ﬁ

‘Dt T
G4 (R) —— 128G4,(R) —— G4, (R),

Theorem A is proved by converting the Goursat problem or the mapping (G) to the
Fredholm property of an integro-differential operator L := P D, ID; # on a Banach
space G%,(R) associated with the space G, (R) which is defined as follows.

We put U(t,2) = Y. Ujat’ 2%/j! ! € C[[t, z]]. Then we define

Rs] +a -

x s def, (s) ._
(2) U(t,z) € Gy (R) &5 U : §j|,u(ﬂ+a)

j,a€EN

It should be mentioned that G2 (R) is a Banach algebra when s > 1 which implies the
fact (iii) in Remark 2. From (1.4) we see that it holds that

(2.2) Gu(R) = [] Gu(r).
0<r<R
The above consideration shows that it is sufficient to study the Fredholm property

of the following mapping,

(2.3) ' L : G5 (R) — G%(R).
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For this purpose, we rewrite the operator L = P D/ ’D;‘ P as

finite

(2.4) L= Z > asjalz)t”DiDZ,

c€N j,a€Z

where Z denotes the set of integers. The symbol D; ! denotes the integration in the
variable ¢ from 0 to ¢ in the formal sence, and it is the same for D
By the condition for the Newton polygon of the operator P, we know that the Newton
polygon N(L) of the operator L has a side N, with slope k£ = 1/(s — 1) which includes
the origiﬁ. This assumption implies that
s]+(1=8)c+a<0 if ayq(z)#0,
(25 { sj+(1—38)o+a=0(asa(z)#0) ifandonlyif (j+o,0—j)€N,.

We note that the assumption (A) is equivalent to

N ={(j,a) €27 a0jal0) 0, (i +a,—j) € N} # 4,

and ch {J\(}s} 3 0. The principal part Lo = Lo(D:, D;) and the Toeplitz symbol f(z) of
the mapping (2.3) are defined by

Lo=P,D'D;?,  f(z) = f,(2)7.

X )

The condition (H),, is rewritten in the form,

(H,)w f(z) #0on |z| = w, and d(log f(2)) =0.

z|=w

Remark 3. The condition (H), is equivalent that the Toeplitz symbol f(z) is de-
composed into f(z) = f4(z) f-(z), where fi(z) (resp. f-(z)) is holomorphic and does
not vanish on {z € C; |z| < w} (resp. on {z € C; w < |z] < o0}). Such a decom-
position is called a Hilbert factorization of the symbol f(z) with respect to a circle
{z €C; |z| =w}. '

Let us decompose the operator L as follows.

(2.6) L(t,z; D¢, Dy) = Lo(D¢, D) + L1(t, z; Dt, D) + Lo(t, 2; Dy, Dy),

where )
L, = Z aoja(2)t° DI Dy (0 >0 or as54(0) = 0),
sj+(1—s)o+a=0
finite
Ly = Z ajoalt,z)t° DI D2

sj+(1—s)o+a<0
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The following facts are fundamental ([MY, Lemmas 4.2, 4.3]): ' There exists a positivé
constant Rg such that

(i) L, is a compact operator on G, (R) (w > 0,0 < R < Ryp).

(i1) L; (5 =1,2) are bounded operators on G, (R) (0 < R < Rp) and their operator
norms are estimated by ||L;|| = o(1) as R — 0.

Now Theorem A follows from the following,

Theorem B. Under the assumption (A), Lo is a Fredholm operator on G2, (R) if and
only if the condition (H),, is satisfied, and the indez is always equal 1o 0. Moreover, if
one of the following condstions is satisfied, then Lg is invertible :

(i) f(2) is a polynomial of z or 27 1.
point of ch {JC’_,}

(i1) There ezists ¢ > 0 such that {f(2); |z] = c} is a segment. In this case the set of
eigenvalues of Lo is dense on this segment, and the resolvent set of the operator Lo on

G:,(R) is independent of R > 0 (which we denote by p(Lo; G3,)) and is given by,

This 1s the case where the origin is an end

(2.7) p(Lo; Gy) ={A € C; (H)y, is satisfied for f(z) — A} =: Ty (w).

(iii) There ezists ¢ > 0 such that 0 ¢ ch{f(2);|z| = c}. In this case the set of

eigenvalues of Lo which is contained in I'y(w) consisis of finite points.

As a corollary to this Theorem and the fundamental facts cited above, we have the

following,

Corollary. Suppose Ly =0 1n the decorﬁposition of L. Then L s a Fredholm operator
on G: (R) for some R > 0 if and only if the condition (H), is satisfied. Furthermore

we have

(2.8) p(Lo; G3) = | p(L; G3(R)),

R>0
where p(L; G2 (R)) denotes the resolvent set of the operator L on G2,(R).

Here we give some examples.
Example 1 ([L],[M2]). Let Lo = D’D;?~* + D;?D?** (p > 1,p+a > 0). Then
the Gevrey index of this operator is s = 1+ (a/p) > 0, and the Toeplitz symbol is
f(z) = 277 + 2%. Since {f(z2); |z| = 1} = [-2,2], by (ii) in Theorem B we have
p(Lo; G,) = C\ch{f(2); |2 = w}

= {A €C; (;Up—ie-i——_;y + (—u;—li—nz—’:):)z > 1} (c C\[-2,2]).
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The set of eigenvalues o,(Lo; G,) is dense on [~2,2], and is given exactly by

op(Lo; Gy,) = G {2cosnf;sin(n+2)rd =0, 0 <6 <1}.
n=0
In [M2] the case w = 1 was studied, and it was proved that p(Lg; G§) = C\[-2,2]
(=Uy>or(Lo; Gy))-
Next, let us consider the following equation in Go-
29) (A= Lo} U(t,z) = F(t,2) € G5,
It is easily seen that the equation is uniquely solvable in Gj if A € C\[-2,2]. In the

case where A € [~2, 2], the situation is somewhat complicated. For A € (—2,2), we set
A =2cosnd (0 < 8 < 1) and introduce an auxiliary function p(A) by

(2.10) p(A) = lil{lrlainf | sin(nx8)|*/™.

Then the equation is uniquley solvable in Gy if and only if p(A) > 0 or A = £2. Leray
and Pisot ([LP]) proved that the set of A € (—2,2) such that p(A) = 0 is uncountable
with Lebegue measure 0. Therefore, for an irratinal § (0 < 6 < 1) such that p(A) = 0,
the Fredholm property does not hold for the equation (2.9). Indeed, the uniqueness
of solutions does not imply the solvability. We note that such a phenomenon was first
discovered by Leray [L] for the operator Lo = D;D;' + D;' D, on Gj.

‘Example 2. Let Lo = $D;2D2+?* +3D; ' D1** — 2D, D>~ where & > 1. Then
the Gevrey index is given by s = 1 + a > 2 and the Toeplitz symbol is given by
f(z) = 422+ 32— 3271 = (4 — z7')(z + 2)®. This implies taht the condition (H), is
satisfied for 3 < w < 2. Therefore, Lo is a Fredholm operator on G%,(R) for such w.

In this case, it is easy to see that 0 € Naja<w<asa b {f(2); |2| = w}, and Lo has 1 + «

dimensional kernel and cokernel on G% (R).
\\

0

w=0.8 w=1 w=1l.3
We return to the proof of Theorem B. Let us define an ideal M*[N] of C[[t, z]] by

M*[N]:={U(t,z) € Ct,z]]; Uja =0 forv 3j+a< N},
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where U(t,z) = Y, Ujat’ 2% /jla!, and define G2, (R)[N] := G5, (R) N M°[N]. It is easy

to see that Lo (and also L) maps M*[N] into itself.

Now we consider the following property :
~ (P) There exists N such that Lg is invertible on G, (R)[N] and also on M*[N].

Then Theorem B follows from the following,

Theorem C. The property (P) holds if and only if the condition (H), is satisfied.
Therefore, if the condition (H),, is salisfied, then Lq is bijective on Cl[t,z]]/G% (R).

3. Wiener-Hopf equation and Theorem C

Theorem C is proved by the finite section Wiener-Hopf technique. We shall explain
how the problem is reduced to the finite section Wiener-Hopf equation.

We define a Banach space l; ,, by

(31) ho={u(z)= 3 47 llullie= 3 |y <oo}

j=-—o00 j=—o0
We, sometimes, identify u(z) € l; ,, with a sequence u = {u; };¢z with the above defined
norm. We denote by Ii*"w the set of u(z) € I, ,, with u; = 0 for j < 0, and the projection
P:li, — li"'w is defined naturally. ‘
Let f(2) = Z}‘:_m fi 22 € C[z,z71], the set of polynomials of z and 2~*. Then the

Wiener-Hopf equation on If', » With symbol f(z) is defined by
(3.2) Pslu] := P(fu) =g(z) € .li"’w (u(2) € l;w .

The operator Pj is called a Toeplitz operator with symbol f(z). The matrix represen-
taion Ty of the operator P; is given by ‘

(3.3) Ty == (fi-x)ik=0,1,2,

and T} is called a Toeplitz matrix associated with f(z). The Wiener-Hopf equation is

rewritten in the form,

(3.2) : Tju=gelf, (welf,).

Y With operator norm ||Ty|| =

IIfll1.o. Suppose that the symbol f(z) is decomposed into f(z) = fi(2)f-(z), where
f+(2) € C[z] and f-(z) € C[z7']. Then we have the following decomposition of T},

It is obvious that T} defines a bounded operator on {

(3.4) Ty =T, Ty,
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where T}, (resp. Ty_) is a lower (resp. an upper) triangle matrix of infinite order. This
decomposition shows that if f4(z)~! € I w, then T} is invertible on I, and the inverse
matrix is given by

-1 _ — p=1p-1
(3-5) Tf -_ Tf:l Tf_;l(— Tf— Tf+ ).
The operator norm of Tf_ ! is estimated by

(3~6) ”Tf_lll < llTj_jl””Tf;lll = ”f:llll,w ”f-;llll,w'

Thus we have seen that if the Toeplitz symbol f(z) satisfies the condition (H),, which
means that f(z) is Hibert factorizable with respect to the circle {z € C; |z| = w}, then

T} is invertible on I{", »- The important fact is that the converse does hold.

Proposition 3.1. The toeplitz mairiz Tf 1s tnvertible on lifw if and only if the condition
(H),, is satisfied. Moreover, suppose that f(z) #0 on {z € C; |z| = w} and
, : 1 .
(3.7) I,(f) == 3 d(log f(z)) =k #0.
me |z|=w
If k > 0 then Ty is injective with k dimensional cokernel, and if k < 0 then T} is

surjective with —k dimensional kernel.

For the proof, see [MY, Proposition 2.1]. We note that this result was proved by
Calderén, Spitzer and Widom ([CSW]), in the case of I*° space.

Next, we consider the finite section Wiener-Hopf equation defined as follows. Let
uM(z2) = Z;V:O u;z? and gV)(z) = E;V:o g;z! for N € N. Then the N-th finite
section Wienr=hopf equation with symbol f(z) is defined by

- (3.8) Py[uM] - ¢M(z) = O(ZN%I),

where O(zV*!) denotes the formal power series with power greater than N. We intro-

duce an N-th finite section Toeplitz matrix, Ty (N) by

(39) Tf(N) = (fj—k)j,k=0,1,2,~~~ N-
Then the equation (3.8) is written by
(3.8) | Ty (N) u™) = g™ e cN+1,
For u™) = t(ug,us, ug, -+ ,un) € C¥*1 we take an induced norm l|u|]1,w.n from lfjw,
that 1s,

; N
(3.10) sy = > s 7.

j=0

We denote by I} ,,[N] the space CV*! equipped with this norm.

Now the following proposition plays a key role in the proof of our result.



97

Proposition 3.2. Let f(z) satisfy the condition (H),,. Then there exists No € N such
that for any N > Ny the N-th finite section Wiener-Hopf equation is uniquely solvable
and the following norm inequality holds.

(3-11) , ”u(N)“Lw;N < K”.‘J(N)Hl,w;N

for a positive constant K independent of N. Conversely, this norm inequality holds only
if the condition (H),, is satisfied.

We follow the argument of Baxter ([B]) for the proof of the norm inequality under the
condition (H),,. For the proof, see [MY, Proposition 2.3]. We remark that the condition

(H)) does not control every N. Concerning this, we can prove the following,

Proposition 3.3. If 0 & ch{f(z); |z| = c} for some ¢ > 0, then T;(N) is ivertible for
every N € N. If there ezists ¢ > 0 such that {f(z); |z| = ¢} i3 a segment, then the set
of eigenvalues of Ty(N) is dense in this segment.

We note that the latter half is known as Szeg6’s Theorem ([GS]).

We are now in a position to explain how our problem is reduced to the results.

Let Lo = Lo(D¢, D) be the principal part, and s € Q be the Gevrey index of L.
Remember that we are interested in the case where s is a rational number and ]\of,
includes at least two elements. Let s = ¢/p be an irreducible fraction of s. We notice
that (j,a) € ]\7', only if s j + a = 0. Therefore, the principal part Lo and the Toeplitz
symbol f(z) are rewritten by

(3.12) Lo= Y 5D7PDI, f(z)= 3 7.

j=-m j=-m

According to the irreducible fraction s = ¢q/p, we decompose the Banach space G2 (R)
into an infinite direct product of finite section spaces as follows. We choose a lattice
point (I, 8) € N? such that I —p < 0, and put d(I, 8) = max{j; 8 — ¢j € N}. Let
Ut,z) = N Ujatiz*/j'a! € G2 (R). We define a vector UMP) € I ,,[d(1, B)] by

(3.13) U = (U5, Uiypp-qp - Uiya(,8)p,6—d(1,8)q)-

Then we have

I psi+p
) N~ (e w R
(3.14) ”U“w,R = %,; \U ||1,w;d(l,l3) (sl+,3)!’
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where E; s denotes the summation over such [, 3 mentioned above. Thus the Banach
space G, (R) is decomposed into an infinite direct product of finite section spaces.

According to this decomposition of the Banach space, the equation LoU(t,z) =

| F(t,z) € G2,(R) is decomposed an ininite direct product of finite section Wiener-Hopf

equations as follows. Let

11‘;}8 = (fj—k)j:k=0;172x'" rd(’:ﬂ)’

be the d(l, §)-th finite section Toeplitz matrix with symbol f(z) = E?zm fi#’, where
(1, B) is taken as above. Then the equation LoU(t,z) = F(t,z) € G, (R) is decomposed

into finite section equations,
(3.15) Thp UGH) = FOP e 1y ,[d(, B)],

where F("#) is defined from F(t, z) similarly.

Therefore, we see that the property (P) holds if and only if there exists N € N such
that for any (I, 8) such that d(I, 8) > N T}z is invertible on I, ,,[d(I, )] and the norm
inequality (3.11) holds for a positive constant K independent of , ﬂ

Summing up these results we have the following Theorem which is a precision of
Theorem C.

Theorem D. The following statements are equivalent :
()  The property (P) holds.
(ii) The Toeplitz matriz Ty is tnvertible on l; 4.
(ii1)) There exists N such that the norm inequality

(3.16) WU w408y < KNFEP 1 wsaqr,s)

holds for every I, B such that d(I,8) > N, where K is a positive constant independent
of I,B. ‘
(iv) The Toeplitz symbol f(z) is Hilbert factorizable with respect to the circle {z €
C; |z| = w}. |
(v) The condition (H),, is satisfied.
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