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Hadamard Matrices and Generalized Spin Models

FUMR () \WAEHF  (Mieko Yamada)

Abstract

The concept of spin models was introduced by V.F. Jones in 1989. K.Kawagoe,
A .Munemasa and Y.Watatani generalized it by removing the condition of sym-
metry. Recently E.Bannai and E.Bannai further generalized the concept of spin
models which is called 4-weight spin models or generalized generalized spin mod-
els. On the otherhand, A.A. Ivanov and I.V. Chuvaeva showed that symmetric
amorphous association schemes of class 4 obtained from Hadamard matrices. An
infinite family of Hadamard matrices and of complex Hadamard matrices can be
constructed by fusing the relations of these amorphous association schemes.

We show the necessary and sufficient condition that these Hadamard matrices
give generalized spin models of symmetric Hadamard type and of pseudo-Jones
type. A special class of Hadamard matrices satisfies this necessary and sufficient
condition. Furthermore Hadamard matrices constructed by fusing amorphous asso-
ciation schemes are also contained in the special class if Hadamard matrices giving
these amorphous assoication schemes are contained in the special class. It means
that there exist infinite families of generalized spin models of symmetric Hadamard
type and of pseudo-Jones type.

1 Introduction

The concept of spin models was introduced by V.F. Jones [5] in 1989 to give the
Link invariant. K.Kawagoe, A.Munemasa and Y.Watatani [6] generalized it by removing
the condition of symmetry. Recently E.Bannai and E.Bannai [1] further gneralized the
concept of spin models which is called 4-weight spin models or generalized generalized
spin models. '

Definition 1 [E.Bannai-E.Bannai, [1]] Let X be a finite set and w;,(: = 1,2,3,4) be
functions on X x X to C. Then (X, w;, w,, w3, w,) is 4-weight spin model of loop variable
D if the following conditions are satisfied for any o, § and v € X:

(1) wy(a, B)ws(B, @) = 1, wy(e, fwys(B, @) =1,

(2) ZzGX wl(a7$)w3(x7 ,3) = néa,ﬁ’ Ycex w2(a,x)w4(x, :3) = néa.ﬁ:

(3a) Loex wi(a, x)wr(z, B)wy(y,z) = Dwi(a, B)wy(y, a)wy(y, B),
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(3b) ZxEX wl(xa a)wl(ﬂ,a’.)w‘i(x’ 7) = le(ﬂ’a)w4(aa 7)104(5, 7)7
where D* = n = | X|.

Let L be a diagram of an oriented link. We color the regions of L in black and white
so that the unbounded region is colored white and adjacent regions have different colors.
We construct an oriented graph assigning a black region to a vertex and a crossing to an
edge. We get exactly four kinds of crossings according to the colors of the regions and
the orientations of links. Then we attach four weights, 1,2,3,4 to four kinds of edges,
namely to four kinds of crossings, respectively. Then we get an oriented graph with four
kinds of weights. '
Denote the weight n for an edge @ — B by n(a — ). Let X be a finite set with
|X| = n = D2 Let w;,w,, ws and wy be complex valued functions defined on X x X.
Under these assumptions, the partition function Zj, is defined by

Zp = D) Z H wn(a—n@)(a(a)ao'(ﬂ))

o a—fg

where a state o is a map from the vertices of the graph to X and v(L) is a number of
vertices of the graph.

If (X, w1, ws, w3, wy) is a 4-weight spin models with loop variable D, then the partition
function Zy, is invariant under the Reidemeister moves of types II and III. See the details
in [1].

We consider the special case of 4-weight spin models. Let W; = (w;(e, 8))a,pex for
i=1,2,3,4. Let € and € be from {+,—}. A 4-weghit spin models with Wy, W, € {W,, W?}
and W3, W, € {W,,, W’} is called a generalized spin model of Jones type. A 4-weight spin
models with Wy, Wy € {W,,W}} and Wy, W3 € {W.,W:} is called a generalized spin
model of pseudo-Jones type. Further, a 4-weight spin models with W;,W; € {W,, W¢}
and W, Wy € {Wo, Wi} is called a generalized spin model of Hadamard type.

K. Nomura [7] constructed a family of symmetric spin models of Jones type of loop
variable 44/n from Hadamard matrices of order 4n. M. Wakimoto [8] showed that spin
models of Jones type and 4-weight spin models can be constructed by using Lie algebra.

We treat here generalized spin models of pseudo-Jones type and of symmetric Hadamard
type. First we give the definitions. |

Definition 2 [E.Bannai-E.Bannai, [1]] (X, w4, w_)isa generalized spin model of pseudo-
Jones type if the following conditions are satisfied for any «, 8 and v € X.

(0) w+(a,,8) = w+(/3’a)aw—(aaﬂ) = w—(ﬂ, a)7
(1J) wy(e, Bw_(a,p) =1,
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(2‘]) erx w4 (av w)w— ((B, :3) = néa,ﬁ’
(3P) ZxEX w+(a’ IIJ)'U)+(:1:, ﬂ)w+(7’ :L') = Dw+(a7 ﬂ)w+(77 a)w+(7, /8)

Definition 3 [E.Bannai-E.Bannai, [1]] (X, w4, w_) is a generalized spin model of sym-
metric Hadamard type if the following conditions are satisfied for any «, 5 and v € X:

(0) wi(e, B) = wyi(B, @), w_(a, ) = w_(B,a),
(1H) Wy oW+ = J,W_oW_ = J,
(2H) W2 = nl,W? = nI,
(8H) Trex wo(a, z)we(z, B)we(y, ) = Dwe(a, Blwe(y, @)we(v, B),

where o is an Hadamard product, J is the matrix whose entries are all 1 and I is the

unit matrix.

2 Amorphous association schemes and Hadamard

matrices

Theorem 1 [A.A. Ivanov-1.V. Chuvaeva, [3]] Let H = (h; ;) be an Hadamard matriz of
order 4n and Q = {0,1,2,....,4n — 1}. Put X = Q x Q. The subsets R;, (0 < i < 4) of
X x X are defined by

Ro = {(z,z)|z € X},

Ry = {((z1,22), (y1,92)) |21 = na},

Ry = {((z1,72), (y1,92)) 22 = 12},

R3 = {((z1,72), (y1,¥2))|hor 22 hysgo oy o By o = 11},

Ry= {((.‘1,‘1,:1:2), (yl’ y2))|h1‘11‘2hylyahrly'zhywz = _1}'
Then (X, Ro, Ry, Rz, Rs, R4) is an amorphous association scheme of class 4.

Let Y = (X, {Ri}o<i<4) be a commutative association scheme. A partition Ag, Ay, ..., A,
of the index set is said to be admissible if Ao = {0},A; #0 (1 <i<e)and A =A;
for some j,(1 < ¢,7 < e) where A} = {/|a € A;}, Ry = {(z,y)|(y,z) € R,}. Let
Rp; = Uaen, R If (X, {R4, }o<i<e) becomes an association scheme for every admissble
partition, then Y is defined to be amorphous.
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Corollary 1 [2] The valencies and intersection numbers of an amorphous association
scheme mentioned in Theorem 1 are given as follows:

(1) ky =ky =4n — 1,ks = (2n — 1)(4n — 1), ks = 2n(4n — 1)

(2) pi = g? — 3g; + 4n,pl; = gi(g: — 1), p}; = Eai(g: — 1), P} = gig;
fori£3#1,0<1,35,1<4, wheregy =g2=1,93=2n—1,94 = 2n.

We have the following theorem by using these amorphous association schemes.

Theorem 2 Let A;,(0 < i < 4) be adjacency matrices of an amorphous association
scheme obtained from an Hadanard matriz of order 4n by Theorem 1. Then

(1) My = Ag+A1+Ay+As—Ayy My = Ao+ A1 —As—As+ Ay, Mz = Ag—A1+Ar— A3+ Ay
are regular symmetric Hadamard matrices of order (4n)?,

(2) Ll = Ao + Al + A2l + A3Z - A4l and L2 = Ao + All + A2 + A3’l- - A4Z are regular
symmetric complex Hadamard matrices of (4n)Z,

where ¢ is a primitive 4** root of unity.

By using Theorems 1 and 2 repeatedly and by using the tensor products of matrices,
we have, -

Corollary 2 (1) There ezists an infinite family of reqular symmetaric Hadamard ma-
trices of order (4n)¥, | : a positive integer,

(2) there exists an infinite family of regular symmetaric complex Hadamard matrices
of order (4n)*, 1 : a positive integer.

3 Classes of Hadamard matrices

Definition 4 Two Hadamard matrices are said to be equivalent if one can be obtained
from the other by a sequence of the following operations:

(1) Permute rows(or columns),

(2) multiply any row(or column) by -1.
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Let H = (h;;) be an Hadamard matrix. Let I = (41,%2,%3,14) be a 4-subset of the
index set = {0,1,...,4n — 1}. We define

4n-1
N1 = Niiysnsinia) = D hisshigihiaihisj-
Jj=0
Then Nj is invariant under Hadamard transformation for columns. If we define

Sk = u{(il,i%i&i4)|N(1'1.i2,i3,i4) = k}’

Cr = Sk + S-r,

then C is invariant under Hadamard transformation (1) and (2) in the above definition.
If Cy’s of two Hadamard matrices are different, they are inequivalent.

Lemma 1 N; =0 (mod 4).

Corollary 3 Let H, and H, be equivalent Hadamard matrices. Let A; and Al 1 =
0,1,2,3,4 be adjacency matrices obtained from Hy and H, respectively. Then there exists
a permutation matriz P such that

A, = PAP

for0 <1< 4.

4 Generalized spin models of symmeteric Hadamard
type

We give a necessary and sufficient condition that Hadamard matrices M;, M, and M3
in Theorem 2 give generalized spin models of symmetric Hadamard type.

Theorem 3 Let H be a normalized Hadamard matriz of order 4n and A;,(0 < i < 4)
be adjacency matrices obtained from H.

(1) Wy = W_ = My = Ag + A, + Ay + A; — A4 gives a generalized spin model of
symmetric Hadamard type if and only if the following conditions (a),(b) are satisfied
for any By, B2, and 12 € Q* = {1,2,...,4n — 1} :

(a) when (hﬁlﬁ'z’h’)’l’m’hﬂ!'ﬁ’h’hﬁz) = (1,1,1,1),(1,1,-1,-1),(1,-1,-1,1),
(1:'171;'1);('IJ'IJ'I;'I);

Z 0ll=n,

l=—n
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(b) when (hﬂlﬂ2’h‘Yl’Y27hﬁl'Y2’h’Ylﬂ2) = (111:'1’)7(1)'11'17'1)1

S 6l=0

I=—n

where 6; = f{z1|hsy 5, horv, = 1, Nogimer) = 41}

(2) Wy = W_ = My, = Ay + A1 — Ay — A3 + A4 gives a generalized spin model
of symmetric Hadamard type if and only if the above conditions (a) and (b) are
satisfied for any By, B2, 11 and vy, € Q.

(8) Wy = W_ = M; =" Ag — A; + A; — A3 + A4 gives a generalized spin model of
symmetric Hadamard type if and only if the transpose matriz H* satisfies the above
conditions (a) and (b) for any B, B2, 71 and vy, € Q*.

To prove the Theorem 3, the following lemma is useful.

Lemma 2 Let H be a normalized Hadamard matriz of order 4n. Choose three rows
ay =0,6, and v;. Then

z fll =n

I=-n

where § = }{z1|N(a, 8,y 1) = 41}. 1t is also true for columns.

Proof of Theorem 3. (1) Since Hadamard matrices M;,0 < ¢ < 3, are regular symmet-
ric, the conditions (0),(1H),and (2H) hold. Therefore we get a necessary and sufficient
condition by verifying the condition (3H).

When we choose three rows a,f and 4 of M;, we may assume one of them, say a,
is equal to 0=(0,0). We obtain only one inequivalent normalized Hadamard matrix on
whichever entry we normalize an Hadamard matrix. Assume that o = (a1, a2) # 0 =
(0,0). The row «; and the column a; can be transformed into the row and the column
with all 1 entries by multiplying some rows and columns by -1. Denote this Hadamard
matrix by H’. Then we get the normalized Hadamard matrix H by permuting rows and
columns of H’;

H = QH'R,

where ) and R are permutation matrices. Hence if the permutatiohs Q and R act on the
rows and columns of M; simultaneously, we obtain the same matrix M;. Namely there
exists a permutation matrix P such that

M, = PM,P.
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Put M, = (m(a7 ,3)) where m(a’ﬂ) = halazhﬁlfhhmﬁzh&az’ a = (al,a2),ﬁ = (/317132)-
The left-hand side of the star triangle relation (3H)
S(e, B,7) = 3_ m(a, z)m(B, z)m(7,7)

reX

is invariant under the column permutation of M;. Since 8 and 4 run over X, we may put
a=0. ’

When a = =7 or a = or 8 =+ or ¥ = «, the condition (3H) is satisfied from the
regularity of M;. We may assume that a # 8 # v. jFrom hgy = hog, = hy0 =0,

5(0,8,v) = Z m(0, z)m(B, z)m(v, z) = hp,p, hyima Z hz1 8, horv, E Pzyz2 Ry 22 R g
reX 1 T2

Put Ng, = N(O,ﬁx Mz) = Yooy Poyzo hpzy Py - Since No = Ng, = N, =0,
S(O, B, 7) = hﬁn@z h'Yl‘Yz Z hmlﬁ2h$‘1'¥2Nw1'

z1#0,61,m
We define 0; = §{z,|N,, = 41, hy,p,hp,r, = 1} and g = §{z1| Ny, = 41, by pyhgyry = —1}.
Then

n

S(0,8,7) = 4hp, g by, Y (60— mi)l.

l=—n

Next we consider the right-hand side of the star triangle relation (3H).

4n - m(aa ﬂ)m(ﬂa 7)m(7, a) = 4nhﬁ1’72 h’Ylﬁz'

Hence we have
n

Z (6 —n)l = n-m(B,7).

l=—n

Since from Lemma 2,
Ybl=)Y (6+m)=n,
l=—n I==n

the necessary and sufficient condition is given by

3" 04l = n(m(B,7) +1)/2.

I=-n
Notice that we may exchange the rows 3; and #;, and the columns 3; and -, to each
other. Hence the values (hg, g, , Ryyvgs Rpives By g, ) T€duce to the 7 cases in Theorem 3.
(2) We can prove in the same way as the following.
(3) Similarly to the case (1), we verify the condition (3H) for a # 3 # 4. We may put
a=0.Let Wy = W_ = (w(z,y))syex and = (z1,22),y = (y1,y2). Then

1 (z,y) € Ry or Ry,

w\r, =
( y) { —hxlx2hy1y2hmly2hy1x2 (may) € RlaR3 or R4,
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where R;,0 < ¢ < 4, are defined in Theorem 1.

When (o, 8),(8,7),(,7) € Ry, it is easy to prove that the condition (3H) holds.

We distinguish 2 cases.
Case 1. Exactly one of (e, 8),(8,%), (a,7) is contained in R,.
First we suppose (o, 8) € R;, namely a; = f;, and (8,7), (a,v) &€ R;. We get the right-
hand side of the condition(3H) is 4nhg,,. Now we verify the left-hand side S(0, 3,7) of
the condition.

5(0,6,7) = Y wlez)u(s,z)u(y,a)

(CY,I'),(ﬁ,Z)GRz 1(71x)¢R2

+ 2 w(e, z)w(B, z)w(v, )

(a’z)Y(ﬁYz‘)eR2 1(713)GR2

+ 2 w(a, z)w(B, z)w(y,z)

(Q,l‘),(ﬁ,l‘)gRg ’(713)¢R2 .
= - Z h’Yl‘Yl hz‘l o2 h’n a hrl"lz + Z h5112 hﬂ] B2 hz‘rh hﬂﬂz hz: B2
Ty

P2

—hﬁlaz h'vnz E hﬁ1 z2 h'rlwz Z hrlm hz‘mz h$1’72
T2 T

= hﬁlﬁz hﬁl'yz Z h-”"l oz
z1

= 4nhﬁ1 Y2

Hence the condition (3H) holds. We can prove that the condition (3H) holds for the cases

(8,7) € Rz,(a, 8),(a,7) & Rz and (a,7) € R, (e, 8),(B,7) ¢ R: in the same way.
Case 2. (a’ﬂ)’ (IB') 7)’ (a’7) ¢ R2-
The right-hand side of (3H) is —4nhg,, kv, ;-

5(0,8,7) = ) w(a, 2)w(f, z)w(y, )

(a,.’l:)ERz 1(ﬁ’x)r(7’x)¢R2

+ > w(@, z)w(B, z)w(y, )

(ﬁ,.’L‘)GRQ 1(avz)1(71x)¢R2

+ > w(a, z)w(B, z)w(v, )
(v,z)€Rz,(a,x),(B,x)¢R2

+ > w(a, T)w(B, z)w(y, )
(a,x),(ﬁ,z),(’y,x)ng
= hﬁ1ﬂ2h'n'rz Z hmﬂzhrné + h'yﬂz hmﬁz Z hzwz + hﬂu@z hﬂr‘m E hrxﬁz
r , z1 x1
_hﬁ1ﬁ2 h’n‘Yz Z hﬁll‘z h’Yl-’ﬂz Z hl‘lrz hl‘lﬁz hzﬂz
2 3

= _hﬁlﬁz h’n"n Z hﬁ11'2 h’h-’b‘z E hl‘lrz hrlﬁz hl‘l'Yz
T2 Ty
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Putting sz = N(Oyﬁznz,xz) = Ez; h-‘vl-‘vz h-"-'lﬁ? h1'1'72' Since NU = ﬁﬂz = N’Yz =Y,

S(Oa B, 7) = "'hﬂlﬁzh‘h'm E hﬁwah’uxzﬁrz'
z2#0,082,72
Define §; = §{x;|N,, = 41, hp,0,hpyz, = 1} and 7 = ${z1|Ny, = 41, hp,zhpsz, = —1}.
Then

n

8(0,8:7) = ~haig b, 32 (B — ).

l=—n

From the Lemma 2, it follows that
> il = n(m(8,7) +1)/2
I==n

is a necessary and sufficient condition. It means that the transpose matrix H' satisfies
the conditions (a) and (b). O

5 Generalized spin models of pseudo-Jones type

We give a necessary and sufficient condition that complex Hadamard matrices Ly, L,
and Ly, L, in Theorem 2 give generalized spin models of pseudo-Jones type.

Theorem 4 Let ¢ be a primitive 4" root of unity and H be a normalized Hadamard
matriz of order 4n. Let A;, (0 < i < 4) be adjacency matrices obtained from H.

(1) Wy = Ly = Ao+ Ay + Agi + Agi — Agi, W_ = L, gives a generalized spin model
of pseudo-Jones type if and only if the conditions (a) and (b) in Theorem 3 are
satisfied for any By, B2, 71 and v, € Q*.

(2) Wy = Ly = Ao+ A1i + Ay + Asi — Agi, W_ = L, gives a generalized spin model
of pseudo-Jones type if and only if the transpose matriz H' satisfies the conditions
(a) and (b) for any By, B2, m and v, € Q*.

Proof. (1) Let W, = (w(z,y))syex and ¢ = (z1,22),y = (y1,¥2). Then the entry
w(z,y) is given by

w(z,y) = 1 (z,y) E Ry or Ry,
¥ —t - hoyoy by hoyp Byyz, (2,y) € Ry, Ry or Ry

We can prove the theorem similarly to the Theorem 3. m]
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Remark. The following (1)-(3) are equivalent and (4)-(5)-are equivalent:
(1) W, = W_ = M, gives a generalized spin model of symmetric Hadamard type.
(2) Wy = W_ = M, gives a generalized spin model of symmetric Hadamard type.

(3) Wy = L,,W_ = L, gives a generalized spin model of pseudo-Jones type.

(4) Wy = W_ = Mj; gives a generalized spin model of symmetric Hadamard type.

(5) Wy = Ly, W_ = L, gives a generalized spin model of pseudo-Jones type.

6 A special class of Hadamard matrices and gener-
alized spin models

Theorem 5 Assume that an Hadamard matriz of order 4n satisfies

() C4n=;i-(4:),co=(?)—i(?),a:o (1 #0,4n).

Then the normalized matriz of H satisfies the necessary and sufficient conditions (a),(b)
in Theorem 3. It implies that My, M, obtained from H give spin models of symmetric
Hadamard type and Ly, Ly gives a generalized spin model of pseudo-Jones type. '

Proof. It turns out that the condition (c) means there exists only one row z such
thath N, g,y,s) = N = *4n for fixed three rows o, and 7. Assume that H satisfies
the condition (c). Denote the normalized Hadamard matrix by H’. Assume that the
row r; satisfies N, = N(0,B;,m,21) = 4n (the case N, = —4n does not occur). If
hzy8,heyy, = 1, which is equivalent to m(8,v) = 1, then 8, = 1 and 6, =0 for I # 0,n.
If hyy g, hzyy, = —1, which is equivalent to m(8,v) = —1, then 6, = 0 for I # 0. It follows
that H’ satisfies the necessary and sufficient conditions (a) and (b). O

It is obvious that if the transpose matrix H* satisfies the above condition (c), then the

normalized matrix of H* satisfies the necessary and sufficient condition (3) in Theorem
3. '

Corollary 4 Assume that both H and H' satisfy the condition (c) in Theorem 5. H is
not necessarily equivalent to H.
Let A;, AL, (0 <1 < 4) be adjacency matrices obtained from H, H' respectively.
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Then My = Ag+A1+Ax+As— Ay and M| = A+ AL+ A5 — A} also satisfy the condition
(c). Namely, infinite families constructed from H and H* mentioned in Corollay 2 satisfy
the condition (c).

Hence there exist infinite families of generalized spin models of pseudo-Jones type and
of symmetric Hadamard type with loop variable (4n)%, 1 :positive integer.

There is only 1 inequivalent class of Hadamard matrices of orders 4 and 8. They satisfy
the condition (c). There are 5 inequivalent classes of order 16. Class I according to the
classification by M.Hall Jr. satisfies the condition (c) but other classes not.
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