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Abstract. Let 0 <p,q,r €R,p+2r < (14+2r)gand 1 < ¢. Furuta ({1]) proved
that if bounded linear operators A, B € B(H) on a Hilbert space H (dim(H) >
2) satisfy O < B < A, then B < (B’A”B')%. In this paper, we prove
that the range p+ 2r < (1 + 2r)q and 1 < ¢ is best possible with respect to
Furuta’s inequality, that is, if (1+ 2r)g < p+ 27 or 0 < ¢ < 1, then there exixt
A, B € B(R?) which satisfy O < B < A but B®%" £ (B" A?B")3.

Let A, B be bounded linear operators on a Hilbert space H with dim(H) > 2. Furuta
([1]) proved a following interesting inequality.

Proposition 1 ([1]). Let 0 <p,q,r € R and A, B € B(H) satisfy O < B< A. If

(1) : p+2r<(l1+2r)g and 1<yq,
then
(2) - BY < (B AP B,

This inequality (2) is an extension of Heinz’s inequality ([2]) and many applications has
been developped recently.

Proposition 2 ([2]). Let A,B € B(H) satisfy O < B< A. If 0 < a < 1, then
B® < A“°.

Furuta caluculated many matrices, so the range (1) has been regarded as best possible.
In this paper, we prove that the range (1) is indeed best possible with respect to Furuta’s
inequality, that is, if (1 +2r)g < p+2r or 0 < ¢ < 1, then there exixt A, B € B(R?%) which

2r
satisfy O < B < A but B*%" £ (B" A?B")7.
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Since

{(p,q,7) € Ri |O < B< A= (2)}
={(p,q,7) € Ri | O < B< A, A, B are invertible = (2)},
we may assume A, B are invertible. Then O < B < A is equivalent to O < A~! < B~1.

Hence, by considering A=, B~! instead of A, B, the inequality (2) becomes a following
inequality

pt2r

(3) (ATBPA™)7 < A5,
Hence

{(p.g,r) €R} |0 < B< A= (2)}
={(p,q,r) € R | O < B < A, B is invertible => (3)}
={(p,g,r) ERL|O < B< A= (3)}.

We prove the following theorem to show the best possibility of the range (1).

Theorem. Let 0 < p,q,r € R.If (1 4+ 2r)g < p+2r or 0 < q < 1, then there exist
A, B € B(R?) with O < B < A which do not satisfy the inequality

(3) (ATBPAT)T < AT
Proof.If A, B satisfy (3), then tA4,tB (0 < t) and U*AU,U*BU (U is unitary) satisfy

1 0
0 b)(0<b<1)and

(3). Hence it is no loss of generality that we assume B = (

A= (a1 a3) . Then a characteristic function of A — B is

as ap
As_p(t) =t®—(a; — 1+ ag — b)t + (a1 — 1)(ag — b) — @3.
Hence O < A — B implies
1 <ay, b<ay, a2 <(a; —1)(ag —b).

Since
Au(t) = 12 — (a1 + ax)t + arag — ag,

eigen values of A are
a,+¢g ag—¢

where

2e = —a; +ag + (a1 - 02)2 + 4(1.:23 2 0.
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Also since
Aa(b) = b2 — (a1 + az)b + ajaz — a}
> (az — b)(201 — 1= ) >0,
we have
b S ag — €.
Rewrite a; = a, a3 = b+ ¢+ 6. Then, summarizing above arguments, we will consider

_ a e(a—b—19)
“) A_( gla—b-19) b+e+6 )

and 7
1 0
(5) B“(o b)
where
(6) 0<b<l<a 0<e 0<6, e(l1—0b)<é(a—1+¢).

Since O < B < A is obvious, we must prove that A, B do not satisfy the inequality (3)

for some a,b,e,6. We will define § as a function of €, and prove that A, B do not satisfy
the inequality (3) by letting ¢ — +0.

First we prove the case that (1 + 2r)¢ < p+ 2r. Let a,b be constants ( independent of
€ and § ),

y=a—b4+e—-46

and

U=— (\/@3 ——\/a_{-& b—6>'

Then U 1s unitary and
U;AU _ (a +e O )

0 b+46
Then, by (3),
1 +2r
(U*ATUU*BPUU*AU)T <U*AS U,
hence
M) o Ag)%< (™0
+2r
T\ 4 A) S 0 (o)t
where

Al =(a+¢e)* (a—b—8§+ebl),
Ay =(b+8)¥ (e + b (a—b—49)),

Az = (a+e) (b+08) (1 —b)e(a—b—0).
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Let
_ (A A3
b= (As A2)
and
v 1 <\/—A1——A2+61 VEL >
\/Al—-A2+2€1 \/El— “VAI—A2+€1
where

2e0 = —A1 + A+ \/(Al — A2)2 + 4A§
Then V is umitary and

" _ AL+ & 0
V‘DV—( 0 Az—é‘l).

Hence, by (7),

%((A1+51)5 0 >< 1 (31 Bs)
K 0 (Ay—e1)s) S A= A; + 2, \ Bs By
where
By = (a+¢)F (4, - A2+51)+(b+6) e,
By =(a+¢e) 5T 61+(b+5) (A — Ay + &1),
Bs=((a+¢€) "% —(b+6) ") Ver (A — A3 + £1).
Hence
B, B (A + &1)7 0
0< %(1 3)—A—A+2a(1 ! )
=17 B; B, (41 2 1) 0 (Az—gl)%

= (A — Az + 2e){(a+ &) (b +8) " (A1 — Ay + &1 + 1)+
—(a+€) YT (A — Ay +e1)(Ar —e1)T — (b+8) T yier(A — &)
—(a+e) vty (A +e1)i — (b+8)FH v (A1 — Ay + 1) (A1 +e1)F
+ (A — Az +e1 +e1)(4Ar +€1)%(A2 - 61)%}

= (A — Az + 2¢1)
{(A1 = Ay +&1)((a + )" 7T = (A + 1) T)((b+8) T 7 — (4 — 1)

+2r 1

+er(a+e) T 9w = (A — ) )((b+6)" 77 — (A1 +e) D))

Q=

)

Since 0 < A; — A, + 281, we have a following key inequality

8) e((Ar+e)s —(b+6)" w)((a+e)”f—'v%—<Az—el)l>
< (A1 — Ay +e)((a+€) 5T 7T — (A1 + ) ) (b + 8) 5T 77 — (Ag — &1)7).
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Now we estimate each term of the inequality (8) as far as order of € and §. o implies

o(¢) or o(9), i.e., g,%—eo (€,6 — +0).
Then ) w X
— A 2r _ _T -
Ay =a“(a b)<1+(a+a—-b>€+a——b6+o>’

1 2r 1
=P (g — _ 2
Ay =Pt (a b)<1+b1’(a—b)€+<b a_b)6+o>,

Agza2’b2’(a—b)(1—b”)2a(1+2_r€+(gﬁ_ L Ns4o),
a b a-1b

_ a? b? (1 — bP)%e (1 42 )

— pptor ¢
1, ph2r 1 1 (p+2r 1
=(a—-"b 9 —
(e =0 <l+ -0 g < b a—b)”")’
: r 2a% — a¥TbP — b 1 [2r 1
A, — _1.= _ 1. pt2r 1fer
(42 —e1)7 = (a=b)sb 1+q(a—b)(a2r_bp+2r)€+q b a—b b+o],

1 atﬁ - a2r 2r 0
60— et = a0 (T 1)

wn—a

R

(b+6)%¢"

— — _ 2r _ pp+2r 9_
A - Ayt = (a— b -#*) (1+ 6),
(a+¢) “r'yq — (A, —51)% = (a — b)i‘(auqﬁ - bbiqz—r) (1 + g.) 7

(A1 +e1)F — (b+86) 797 = (a—b)T(a¥ — ") (14 g)

and

Then, by (8),
9) b (1 - )2 - b”—)(% b )(1+)

ar , pt3r b’) pb6 o
b —b +2r LA
o F 5% (a = b)(a¥ - P )(a (q(a_b) az,_bp+2,)+qb€+6)

We remark that

llmmfé—hmmf 1-0 1_b,
e6—+0 € ebat0a—1+e a—1
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and the minimum of the right term of inequality (9) in which ¢,6 — +0 will be realized if

6 1-—b
e a—1'
Define -
§=—C.
a— 16
Then, by letting € — +0, (9) becomes
gla — 1)1 = #)2(a"F — ") (0¥ - b%) <

a T THPETET L (@2 _prn) (aF 1) {p(1-b) (a=b)(a¥ =B+ ) —b(a—1) (1—bP) (¥ — ")}

Since
p+2r

0< —-2r—1,

by letting b — +0, we have

E+2r

0<g(a—1)a s av <0.
That is a contradiction.

Next we prove the case that 0 < ¢ < 1. Let b be constant ( independent of ¢,5). We
remark that

a>-(1-b+1-c¢

™

Define a and § = §(¢) as
a=%(1~—b)+1—>0 (€ — +0).
Hence 6 = o(¢) (¢ — +0). Moreover, to simplify the estimation of (8), we let

§ &7 9

—_— | —— ) — .
g2’ gl+2r? €1+§ 0 (6 +0)

. pt2r
(For example § = min(e3, ¢ 5, "% ).)

Now we estimate each term of the inequality (8)ras far as order of §. Then

1427 —
a (S (1 — g+ L te)+1-btelr §_+o(5) |
e

5 1-b
Ay = S PH(1 = p) 1+bp_bp+1+€-‘§+2—’5+o(5))
R (1—b) e b ’

142r 2r(1 6 2
A= (%) (1—b)M+2p2 (1 - 7)% (1+ (1 + —f-l(——_i;—)> -+ —bf 6+o(6)) :

— +2r 2r
€1 = b7 (1 - b))% (1+ e 8 o (6)

2r
'l—bg+(l—b)27' - +T5+0(§)),
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B2 1L (€ pt2r 1 1-b+e b6 p+2r
(b + ) 7q_(6)b (1—b) (1+q(1_b) s+ 5+o(6)),

i €\ ,pt2r L 1—b+2—bPc 6§ 2r
(Az—el)v—(g) b= (1—b)«(1+ e E+Eﬁ+o(6)),
r 1 _ | ’d—;—z—i—l _ _ +1
(b+5)’*q—’7%_(A2—51)%=(%)”(1 b b s " (popbmbt? )6(1+2(6—6)-),
q

1427 5
= () e (128

1 2r '
(a+e)ﬂq_r"7% - (A, —51)% = (%) ! (1 —-b)1+ S <1+ 0—(§l> )

)
a 1t2r ) 5
(Ar+e)t -+ = (3) " 01— 1429
) )
and rosa
v 1 Eq r , 6
(@re) ¥t (et = (5) T a-p=E (1450
h) b
Then, by (8),
0-a) 5 5\ “
2r 2r(l—
g =B (L )21 — ) (1+¥) < (2) (p—pb—b+b7+1),
Hence, by letting ¢ — +0,
0 < gbt+2r= B (1 — )21 — 5) T <.
That i1s a contradiction. q.e.d.

Remark. This Theorem shows that the range (1) is best possible with respect to Furuta’s
inequality if dim(H) > 2.

Added in proof. There are more simple examples A, B € B(C?) in case of (142r)q < p+2r.
To explain the examples we need following lemma.

Lemma. Let a, b, d, 8 € R satisfy 0 < a+b, ab=d? and

a de~¢
S= (dew b ) ’

SP = (a+bP 'S for 0<p.

Then

proof. Let

U= 1 de=** b
Vb2 42 b —de'® )



Then U is unitary and

U*SU = (““’ 0)

0 0
Hence
SP=U(U*SUYU*

o )0

— (a+ b1, q.e.d.

Now we explain simple examples A, B. Let 0 < ¢ <1, § € R,

1—c)e™*? 4c

b=} ).

Then A — B is an Hermitian matrix and its characteristic function is

and

Aa_p(t) =12 — (1 4 4c)t + 4c%.

Hence O < B < A.
We prove A, B does not satisfy (3). Assume contrary A, B satisfy (3). Let

Then V is unitary and

. (242 O
VAV—( 0 20).

By (3), o
(V*AVY V*BPV(V*AV))s < (V*AV) 50 .

Hence, by Lemma,

( @+207(1=¢c)  —(2+2) (2 /el — )™ ) v

~(2+ 2¢)" (26" /(1 - D)€'’ (20)%"c

_s ( 2+2)7(1=¢c)  —(2+ 2¢)"(2¢)"y/c(1 — c)e~* )
—(2 4 20)7(2¢)" /(1 = ¢)e* (2¢)% ¢

. ((2 +20)" 0 )

= pt2r

0 (2¢) "4

39
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where

§=((2+2)¥ (1 = ¢) + (2)7c)7 1.
Hence
0 < ((2 +20) 55— 52+ 207 (L—¢) (24 2¢)7(20) \/C_(T—T)e-w) '
T\ 82+ 20y (20) VeI = )€ (2055 — 8(2¢)7"c
By taking a determinant of right matrix,

0 < (24 2¢) 55 = 6(2+20)7 (1 — ¢))((20)*%" — 8(2¢)*" )
— 8622+ 2¢)* (2¢) ¥ ¢(1 - ¢).

Hence
6(2 + 2¢) 0 (20)2'c+5(2+26)2r(2c) 0 “(1-c)
< (2420557 (2055,
and
(4) §(2 + 2¢) 22 4+ 62+ 20)7 25N T (1 - ¢)
< (24 20)TF BT L
Since
0<Z :2 —or -1,

by letting ¢ — +0, we have

That is a contradiction.
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