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Entropy in Derived Towers of Subfactors

H& i (F. Hiai)
#mAE (Ibaraki Univ.)

Introduction

Jones’ index theory [16] for type II; subfactors was extended by Kosaki [20] to that
for conditional expectations between arbitrary factors. Let N C M be an inclusion of
factors with finite index. Unless N' N M = C, there are many faithful normal conditional
expectations £ : M — N. But there exists a unique conditional expectations Eg : M — N
which minimizes Ind F [10 11, 23]. This Ep is called the minimal conditional expectation
and [M : N]o = Ind Ej is the mlmmal index of N C M. The notion of minimal index is
quite important particularly in type III index theory.

Pimsner and Popa [27] extensively developed the relative entropy H(M|N) for type II;
factors N C M in connection with the Jones index [M : N]. They showed the inequality
H(M|N) < log[M : N] and obtained several characterizations for the equality. Note
in particular that H(M|N) = log[M : N] if and only if [M : N] = [M : N]o (ie. the
trace-preserving conditional expectation M — N is minimal). In this case N C M is
called extremal [31]. The relative entropy K,(M|N) of this kind was defined in [12, 17]
in more general setups and its relation with the minimal index was obtained in [12, 13].
The multiplicative chain rule of minimal index for subfactors was established in [21, 25].
See [18] for the most general form of indical chain rule as well as the additive chain rule
of relative entropy.

Choda [5, 6] investigated the Connes-Sgrmer dynamical entropy H(o) and H(M|o(M))
for an endomorphism o of a finite von Neumann algebra M. In [6, 7], when T is the
canonical shift introduced by Ocneanu [26] on R generated by the derived tower of factors
N C M, the entropies H(T') and H(R|T'(R)) were related with [M : N] or [M Nlo. In
fact, we have H(T') < H(R|I'(R)) < 2H(T) < 2log[M : Nlo.

As we already mentioned, many close relations between index theory and entropy theory
are known so far. In this paper let us further investigate the canonical shift from entropic
point of view. We discuss only the case of II; factors. But this is not a true restriction
whenever we consider the canonical shift on the derived tower induced from the minimal
conditional expectation (see the final section).

First in Section 1, following [29, 31] we recall the standard invariants (i.e. the principal
graph and the standard eigenvectors) of an inclusion N C M of type II; factors. In Section
2, we continue [7] and characterize the equality cases H(R|T'(R)) = 2H(T') and H(T) =
log[M : N] in terms of the standard invariants. It is shown that the standard invariant of
N C M is strongly amenable [31] if and only if 1 H(R|T(R)) = H(T) = log[M : N], and
this is the case when N C M has subexponential growth.

In Section 3, let A denote the quasilocal C*-algebra U,(ML, N M,) where --- M_2 C
M_=NC Mo =M C M; C --- is the tower of basic constructlons We regard (.A, T') as
a generalization of one-dimensional quantum spin system. Setting a suitable interaction,
we discuss the variational principle, the Gibbs condition, and the KMS condition with
respect to the generated time evolution.
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Contents of Sections 2 and 3 are somewhat independent, and full details and further
development will be separately presented elsewhere.

1. Preliminaries
Let N C M be an inclusion of II; factors with [M : N] < +oco. Let

CM3CM_,CMLu=NCMy=MCM CMC--- (1.1)

be the Jones tower of tunnel and basic constructions [16]. The derived tower of relative
commutants for N C M is

C=MnMcMnMcMnM,C---, (1.2)

which is an increasing sequence of finite dimensional algebras. (The derived tower is usually
defined as {N'N M, }, but we prefer the dual one {M’' N M,} in accordance with [29, 31].)

Let 7 denote the unique normalized trace, i.e. the A-Markov trace on | J,, M,, where A =
[M : N]~'. We denote by R the type II; von Neumann algebra generated by |J,, (M., NM,,)
via the GNS representation with respect to 7. The normal trace on R extending 7 is
denoted by the same 7. Define the von Neumann subalgebras R = Ro D Ry D Ry, D ---
of R by R; = (U,(M} N M,))". On the other hand, the core (or the standard part) (30,
31Jof NC M is (U, (M., N N))" c (U, (ML, nM))".

The mirrorings and the canonical shift on the derived tower were introduced in [26].

Since the basic construction of M C M, is M», [28], the mirroring (antiautomorphism)
vn of M' N My, is defined by

Yo (z) = Jpz* Ty, r € M' N M,,,

where J,, is the modular conjugation on L%(M,, 7). Then we have 7,41 09% = Yo ©Yn—1 OD
M'NMj,_; (see [7] for details). Hence we can define the canonical shift I' on |J,, (M'NM,,)
by
I'(z) = 7n+1(7n(z))) z € M' N Mz,

which is an endomorphism of |J,(M’' N M,). Since 7o' = 7, T can extend to an endo-
morphism of R. Then T is a 2-shift on the tower (1.2) in the sense of [6] and I'(R) = R;.
Starting from M_; C M_g41, we can extend I' to the canonical shift on (|J, (M., NM,))"
for any k > 1. Thus T extends to an automorphism of R, which is denoted by the same T.
We may call T on R and R the unilateral and bilateral canonical shifts, respectively.

Following [29, 31] let us now introduce the standard matrix (or the principal graph)
and the standard eigenvectors of N C M. The standard matrix A = Ax pr = [ari]kek lcL
is defined so that [ari]kek, 1cL, 1s the inclusion matrix of M' N My, C M' N M2, 41 and
[akl]i:eK,.H,leL,. is that of M'NMy,41 C M'N My, 4o, where Ko = {ko =%} C K; C K5 C

o, K=, Kn,and Lo C Ly CLy C---, L =J, Ln. We denote by (in = (dn k)kek,
and 7, = (Tn,k)kck, the dimension vector and the trace vector of M’ N M,,, and by
d, = (d;,x)leL.. and 7', = (T;,x)leL,. those of M' N M3, 4+1. We have for n > 0

W= dniag, 1€ Ln, (1.3)
k€K n
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Tk =Y auth;, k€K, (1.4)
I€Ln

Thtlk = ATnk, k€ Ky,

/ !
Tha1l = ATh leL,.

The standard eigenvectors 5 = (83)rex and £ = (¢;);¢r are defined so that 7, = (A\"si ke,
and 7, = (A™ti)ier, for all n > 0. Then

-

Al'=5, Ats= "1
AN'T =275 APAT= AT (1.5)
It follows from (1.5) that

Zaﬁl S A—ly Zail S ’\—1) (16)

i k

Furthermore we denote by (fa i)rek, and (f. ;)icr, the sets of minimal central pro-

jections of M' N My, and M’ N My, 4, respectively, so that 7(f, ) = dnrrnr and
7( r/u) = d:z,ﬂ':z,z-
When N C M is extremal, we have [31]

sk = [PkM2nPk . Mpl;]llzy ke Kn7

= ’\1/2[p;M2n+1PII : MP;]1/2; leL,,

where py and p; are minimal projections in the kth summand of M’ N M, and in the ith

summand of M’ N Msp 1, respectively. These imply that s; > 1 and t; > A/? for extremal
NCM.

2. Entropy of canonical shifts and strong amenability

Let H(I') be the dynamical entropy of I' with respect to 7 [8]. By [6, Theorem 14] we
have

H(T) = lim %H(M'an,,)=n13& %H(M’OM,,), | (2.1)

where H(M'NM, ) denotes the von Neumann entropy of 7|M'NM,. For j > 1let H(R|R;)
be the relative entropy of R relative to R; [8, 27], which is given as

H(R|R;) = lim H(M' N M.|M,NM,)

by [27, Proposition 3.4]. The following relations were shown in [6, Theorem 14] under the
assumption of N C M being extremal:

H(T) < H(R|R;) < 2H(T) < 2log[M : N}.
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But these hold without the extremality assumption; in fact we have [7]
H(T) < H(R|R;) < 2H(T) < 2log[M : N]o. (2.2)

In the following let us completely characterize, in terms of the standard invariants, when
the equalities H(R|R;) = 2H(T) and H(T) = log[M : N] occur, respectively.
Let Z(M' N M,) be the center of M' N M,,. Then

H(Z(Ml N Mzn)) = - Z dn,krn,k log dn,krn,k)
keK,

H(Z(M' N M3n41)) = — Z dy, 7y, 1 log d;, 7 g
€L,

Since by (1.3), (1.4), and (1.6)

! U ! ! —
E dn,kak,ﬂ'n,z = dn,,rn’,, Z dn,kak,lrn,z = Qn,kTn,k;
k€K, leL,

#{ke€ K :apy#0} <27, #F{l€L:ap#0} <27
it is easy to check that

|H(Z(M' N Ma,)) — H(Z(M' 0 Map41))| < log A™t. (2.3)
Setting
dn
I(M' N Mgn) = k; dn,krn,k log ’I‘n::,

we immediately have |

I(M' 0\ My,) =2H(M' N\ My,) — H(Z(M' 0 May,)). (2.4)
Furthermore we can show that

H(R|Rp) = lim {I(M'N May) — I(M' 0 Mzn_5)}. (2.5)

Now (2.1) and (2.3)-(2.5) altogether imply the following:
Theorem 2.1. The limit lim, . > H(Z(M' N M,)) exists and
L
2
Hence H(R|R,) = 2H(T) if and only if limn—.o 2H(Z(M' N M,,)) = 0.
We say that the principal graph of N C M has subexponential growth if

H(R|R;) + lim %H(Z(M'ﬂMn)) — H(T).

lim 1 log |K,| =0,

n—oo N
or equivalently
.1
nlgr;o ;log |Ln| =0,

where | K| denotes the cardinal number of K,,.
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Corollary 2.2. If the principal graph of N C M has subexponential growth, then
H(R|R;) = 2H(T).

Since

1 _ 1
—H(M' N\ Man) =logA™! = = 3 7(fn) log s,
k€K, :
1 : 1
;H(M' N Mapyq) =logA~! — - > r(fa) logts,
leL,
we have:

Theorem 2.3. The following equal limits

.1 | ! ,
nlLIEo; Z 7(fn,k) log sk =,,1LI2°}; Z 7(fn1) logt

keK, leL,

exist and

H(T) + nli{r.}o % Z 7(fn k) log sp = log[M : N].
kEK,

Hence

and H(T') = log[M : N] if and only if limp o0 D 3k, T(fn k) log sy = 0.
We say that the standard eigenvector of N C M has subexponential growth if

1
1. - ( ) = 0
Jim log kmE ax" Sk ,

or equivalently
.1
lim — 1og(maxt1) =0.
n—oco €L,

Corollary 2.4. If the standard eigenvector of N C M has subexponential growth, then
H(T) = log[M : N] and hence N C M is extremal.

In particular, when & is bounded, we have the above conclusion. So Corollary 2.4
improves [31, Corollary 1.3.6(ii)].
Since

-1 1 1 1
logA~! — . keZK (fnx)logdyr = ;H(Z(M' N Ma,)) + - keZK; T(fn,x) log sk,

-1 1 1 , 1
log A" — = 3 7(f)logdy ;= ~H(Z(M' 0 Mynia)) + = D 7(f7.1) log s,
leLn leL,

the next theorem can be shown from Theorems 2.1 and 2.3.
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Theorem 2.5. The folowing equal limits

.1 _ o 1 , ,
lim Z T(frx)logd, x = nlln;o ~ Z 7(fa1) logd,, |

kEKn leL,

exist and .
H(T) + lim — > 7(fax)logdn i = H(R|Ry).
k€Kn

Moreover the following conditions are equivalent:

(1) H(R|R,) = 2log[M : NJ;

(ii) H(R|R:) = H(R:|Ry) = log[M : N|;

(iii) 3H(R|R;) = H(T) = log[M : NJ;

(iv) limp— oo 5 Xgek, T(fn k) log dn i = log[M : NJ;

(v) fimp oo £ 3 pcp, 7(fh ) logd, ; =log[M : N].

It is seen that the above equivalent conditions hold if and only if N C M is extremal
and

H(M|N)= lim H(M.,NM|M._ NN).

This last condition is one of the caracterizations in {31, Theorem 5.3.1] for extremal N C M
whose standard invariant is strongly amenable. When M is hyperfinite, this implies [31,
Theorem 4.1.2] that N C M itself is strongly amenable, equivalently N C M has the
generating property. Thus we obtain the combinatorial characterization (iv) or (v) above
for strongly amenable extremal II; inclusions N C M. Also it is easy to check that
[|A[|? = [M : N] follows from (iv).

When both the principal graph and the standard eigenvector of N C M have subexpo-
nential growth, N C M is said to have subexponential growth. This is equivalent to the

condition [31]
1/n
dim (3 w) =1,
k€K,

because

E sk < |Kp| max sg, max s < _S_ Sk, |Knl| < E Sk.
k€K, k€K, !
k€K n k€K, k€K

So we have the following which affirmatively solves [31, Problem 5.4.6].

Corollary 2.6. If N C M has subexponential growth, then N C M is extremal and the
standard invariant of N C M is strongly amenable.

We end this section with some examples.

Example 2.7. Let N be the Jones subfactor [16] of the hyperfinite II; factor M with
[M: N)=A"1 Then M'NM, = Alg{l,e;,...,e,} and R = {e,, : n > 2}’ where e, are
the Jones projections. Let 6 be the shift on R given by 8 (e,) = en41. Then I' = 9?\ and
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hence H(I') = 2H(6,). Note that N C M has finite depth if A > 1/4, it has graph A, and
§=(1,3,5,...) if A=1/4, and it has graph A, o, but is not exremal with [M : N], =4
if A < 1/4. It is known (see [7, Example 6.1} for instance) that when A > 1/4

%H(RIRZ) = 2H(8,) = H(M|N) = log A~
and when A < 1/4
%H(RIRz) = 2H(6y) = H(M|N) = 2q(t) + 29(1 — ) < log4,

where (1 —t) = A, t > 0, and 7(t) = —tlogt. The computation of H(#,) was done in [27]
and [5, 32].

Example 2.8. Consider the following inclusions:

N= {@a;(,@) 'z GA} CM=A®Mn41(C),
i=0

where A is a type II; factor and 6y = id,8,,...,0,, € Aut A. Then N C M is extremal
and [M : N] = (m + 1)2. The derived tower of N C M was presented in [3, 31]. Let
G C Aut A/Int A be the group generated by [6;] = 6;/Int A, 0 < i < m. Then the
standard invariants of N C M are parametrized by the elements of G and the growth of
the principal graph is the same as that of G with a generating set {[6;],[6:!] : 0 < i < m}
[22]. Moreover s, =1 and t;, =1/(m + 1) for all g, h € G. Define the initial distribution
g on G by pu(g) =di,;/(m+1)? for g € K, and p(g) = 0 for g € G\ K;1. Let h(G,p)
be the entropy of (G, 1) given by h(G, p) = lim,_oo L H(p™) where u” denotes the nth
convolution of x [22]. Then we have u‘

%H(R|R2) +h(G, p) = H(T) = log[M : N],

nll_)Ilgo{H(M, n M2n+2) - H(M’ n Mgn)} = log[M : N]

In particular, let N C M be determined by 2m+1 automorphisms 8o = id, §;,6;" € Aut A,
1 <i < m, and define po on G by po(h) = dfy , /(2m + 1)? for h € Lo and po(h) = 0 for
h € G\ Lo. Then '

H(R|Ry) + h(G, po) = log[M : N],

which was proved in [3, Theorem 1.9]. Also

lim {H(M' N\ My41) — H(M' N M,)} =log[M : N].

7n—00

When G becomes the free group F,,, on m generators, [3, Proposition 2.11] says that

2m — 2 log(2m — 1).
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Since

H(R|Ry) - H(T) = 2{log(2m + 1) — h(Fm, po)}
tends to 0 as m — oo, H(R|R;) can be arbitrarily close to H(T') in (2.2).

3. Quantum systems arising from subfactors

As before let N C M be an inclusion of II; factors with A™! = [M : N] < +o0 and
the Jones tower (1.1). Set A;;; = M/ N M; for i < j and in particular A, = A(q )
(= M'NM,) for n > 1. Let A be a quasilocal C*-algebra defined as the C*-completion
of Uor; A(=n,n]- In fact, we may define A as the norm closure of {J;,_; A(—s n) in R,
and set the canonical trace 7 and the canonical shift ' on A as the restrictions of 7 and
T on R (see Section 1). Then T is an automorphism of .4 and satisfies 7o I' = 7 and
I'(A@ j1) = A(i+2,j+2)- Thus a quantum system (A, 7,T) is obtained from N C M, which
generalizes one-dimensional quantum spin systems. The aim of this section is to develop
quantum statistical mechanics on this system.

Let Sr(A) denote the set of all I-invariant states on .A. Since (A,T) is asymptotically
abelian in the norm sense, i.e.

Iim |{{a,T"(8)]{| =0
In]—o00 ;
for all a,b € A, we know [4, 4.3.11] that Sp(A) forms a simplex. Put 7, = 7|A, and
wn = w|A, for w € Sp(A) and n > 1. Let S(wn,7,) be the relative entropy of w, with
respect to 7,, which is written as

S(Wpy Tn) = w(log ((i;::)

We then have the monotonicity S(wp,7n) < S(Wn+1,Tn41) and the superadditivity

S(wam42n; Tem+2n) 2 S(wam, Tom) + S(wan, T2n)-
These imply the following:

Proposition 3.1. For every w € Sp(A), the limit lim,,_, o, %S(wn,'rn) exists and

1 1
hi - nyTn) = —S5 nyT2n)-
A 7 Som ™) = 24k g Seams 7o)

For w € Sr(A) define the mean relative entropy
SMm(w,7) = lim %S(wn, Tn ),

‘and the mean entropy s(w) of w (with respect to 7) by
s(w) =log A™Y2 — Spp(w, 7). -

Note that s(w) < logA~1/? = 5(7), and s(w) = logA~1/? if and only if w = 7. In fact,
if s(w) = logA~1/2 then S(wsn, Tan) = 0 for all n > 1 by Proposition 3.1, which implies
w=rT.

The next proposition shows that the mean entropy defined above is identical to the
usual one under the subexponential growth of standard eigenvector.
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Proposition 3.2. If the standard eigenvector of N C M has subexponential growth (in
particular, if N C M has finite depth), then for every w € Sp(.A)

s(w) = lim ~S(wp),

n—oo N

where S(wy) is the von Neumann entropy of wy,.

It can be easily shown that s(w) is affine and weakly* upper semicontinuous on Sr(.A).

In the following the symbol X means a finite interval (i, j] ( < j) in Z and let | X| = j—1.
We say that ® is an interaction if a selfadjoint element ®(X) in Ax is given for each X.
Here the interaction energy ®(X) is given only for finite intervals in Z, while it is for all
finite subsets in the case of usual quantum spin systems. But this restriction is not essential
(interactions in quantum spin systems can be redefined into this form). We always assume
the following:

(1) @ is translation-invariant: for any X and n € Z

I'*(®(X)) = ®(X + 2n),
(2) @ has relatively short range:
e (Xl
— < +o0.
&, 1%

Note that (1) and (2) imply }° x5_; [|®(X)||/|X| < +co as well. Let B denote the set of
all interactions satisfying (1) and (2) above. Define the norm |||®||| of ® € B by

1 [|2(X)]] ||2(X)]]
el =3( 3 s .
25 X1 g5y X
Given ® € B and an interval A C Z, the local Hamiltonian H(A) is given as
H(A) =) &(X).
XCA
For simplicity we write H, = H((0,n]). Furthermore define A3 € A by
1 ®(X) ®(X)
(0 360, 5 800)

260 X 5 X

Obviously ||Ag|| < |||®]]].
Proposition 3.3. For every ® € B and w € Sr(A), the limit lim,_.o 2w(H,) exists and

lim Lw(H,) = w(As).

n—oo N
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Theorem 3.4. For every ® € B, the limit lim,_, o, L log 7(e”#) exists and

log A2 + lim llog‘r(e_H“) = sup {s(w)—w(As)}.
n—oo n w€Sr(A)

Define the thermodynamic free energy (or the pressure) p(®) of ® € B by

p(®) =log A"/% + lim e log r(e= ).

n—oo N

The above theorem gives the variational equality:

p(®) = sup {s(w)-w(de)}
w€Sr(A)

Since w +— s(w) — w(Ag) is weakly* upper semicontinuous and affine, it follows that
Sa(A) = {w € Sr(A) : p(®) = s(w) — w(As)}

is nonempty and becomes a face of Sp(A). So Ss(A) is a simplex. When w € Sg(A),
we say that w satisfies the variational principle (or it is thermodynamically stable) with
respect to ®. From the above variational equality we can easily show as [4, 6.2.40] that
p(®) is convex in ® € B and '

Ip(®) —p(¥)| < |[|@ - ¥ll|, & ¥eB
The next proposition says that when N C M has finite depth, the above p(®) is identical

to the usual one defined by using Tr, instead of 7,,. Here Tr,, denotes the canonical trace
on A, in the sense that Tr,(e) = 1 for any minimal projections e € A,,.

Proposition 3.5. If N C M has finite depth, then for every ® € B
o1 5
p(®) = lim ;logTrn(e ").
We use the notion of the inner perturbation of a state on A to introduce the Gibbs
condition. Let w be a state on A and h = h* € A. Note that ¢ — S(¢,w) + ¥(h)

is weakly* lower semicontinuous and strictly convex on the state space of A. So the
perturbed state [w"] is defined as the unique minimizer of this functional. We know (see

(2, 9]) that for selfadjoint A, k € A the chain rule [[w*]*] = [w?**] holds and
S([w"), [w*]) < 2llh — k. (3.1)
Given ® € B and n > 1, the surface energy W, is defined as

Wa =) {®(X): XN(0,n] #8, X N(0,n]° # 0},
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whenever the sum in the right-hand side converges in norm. The canonical state (or the
local Gibbs state) ¢ on A, is defined by

—Hn
i@ =207 e

Definition 3.6. Let ® € B and assume that W, is defined for any n > 1. Let w € Sr(A)
and 7, be the GNS representation of 4 with the cyclic vector §2,,.
(1) We say that w satisfies the Gibbs condition with respect to ® if 2,, is separating for
7, (A)" and the following holds for any n > 1:

[w™""](ab) = ¢S (a)¥n(8), @ € An, bE A,

where A(g n)c is the C*-subalgebra of A generated by A(_, o) and A n4m) (m > 1),
and v, is some state on A(g njc-

(2) Also w is said to satisfy the Gibbs condition in the weak sense with respect to @ if
[w="»]| A, = ¢S holds for any n > 1.

The monotonicity of relative entropy and (3.1) show the following:

Proposition 3.7. Let ® € B be such that W, is defined for every n > 1 and 1||W, || — 0.
If w € Sr(A) satisfies the Gibbs condition in the weak sense with respect to ®, then it
satisfies the variational principle with respect to ®.

The following exampleA gives Gibbs states of a special type, which generalize translation-
invariant product states in quantum spin systems.

Example 3.8. Suppose that N'N M # C. For each (not necessarily trace-preserving)
conditional expectation £ : M — N let E, : M,, — M,_; (n € Z) be the iterated
conditional expectations from E [20]. We can define a state w on A by

wlAG ) = Biz1 0 Eiga0---0 Ej| A 3,

which is I'-invariant because the canonical shift as well as the Jones tower is defined apart
from the choice of conditional expectation (see [7]). Put

_ d(En IA(n—l,n])

h, = , n€Z.
d(TIA(n—I,n])
We then have Pn(h_l) = h2n-—l, I‘"(ho) = hzn, and
d(w|A,)
___d(TI.A,,) = hyhg---h,.

Now define an interaction ® by ®((n — 1,n]) = —logh, (n € Z) and ®(X) = 0 for other
X. Then it is immediate that w satisfies the Gibbs condition with respect to ® where
¢S = w|A,, e Hr =hy .- h, and W, = 0.
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We say that an interaction ® has finite range if there exists N > 1 such that $(X) =0
whenever | X| > N. A weaker condition of finite body is also used in the case of quantum
spin systems, but there is no difference in our setup where ®(X) are restricted to finite
intervals X. We set another useful condition of ® as follows: for some r > 0

18]l = > X2l < +oo. (3.2)
X30

This is satisfied if ® has finite range. Also note that (3.2) implies the assumption of
Proposition 3.7.

The next proposition shows the existence of the time evolution associated with an
interaction ®.

Proposition 3.9. Assume either that ® € B satisfies (3.2) for some r > 0 or that
Yx30 | ®(X)|| < 400 and sup, 5, ||[Wy|| < +oo (ie. the surface energies are uniformly

bounded). Then there exists a strongly continuous one-parameter automorphism group
af (t € R) such that '

lim ||a2(a) — etH(=mnDge=itH((=mn])|| = ¢, a €A teR.

m,n— oo

The proof is the same as in the case of quantum spin systems (see [19], [4, 6.2.4, 6.2.6]).
Here note that (3.2) implies 35 _, e"1*1||®(X)|| < +oo as well from the I-invariance of
®. We have af oT =T of.

Now we consider the KMS condition for a state on .4 with respect a®. Our main result
is stated as follows.

Theorem 3.10. Assume that A is induced by N C M having finite depth and ® satisfies
the same as Proposition 3.9. Then the following conditions for w € Sp(A) are equivalent:
(i) w satisfies the KMS condition with respect to a2;
(11) w satisfies the Gibbs condition with respect to ®;
(iii)) w satisfies the Gibbs condition in the weak sense with respect to ®;
(iv) w satisfies the variational principle with respect to ®.

As in the case of quantum spin systems, we have the uniqueness of a2-KMS states when
® has uniformly bounded surface energies. The proof can be done in the same way as [1]
by using Theorem 3.10 and a method of relative entropy (in particular (3.1)).

Theorem 3.11. Assume that N C M has finite depth and ® satisfies )y 5, ||®(X)|| <
+o0 and sup,, > ||Wa]| < +oo (this is the case if ® has finite range.) Then there exists a
unique KMS state with respect to o®.

Note that the KMS condition (i) of Theorem 3.10 does not depend on the canonical
trace 7, while other (i1)—(iv) do so. In particular when ® = 0, (i) means that w is tracial,
while each of (i1)—(iv) is nothing but w = 7. It is seen that when N C M has graph A
or Ax, 00, there are uncountable many extremal tracial states on 4. So we know that
the assumption of N C M having finite depth is essential in Theorems 3.10 and 3.11.
Indeed in the proof of Theorem 3.10 we use the fact that 7 is a unique tracial state on A
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if N C M has finite depth. However we have (ii) = (iil) = (iv) = (i) without the finite
depth assumption.

4. Remarks on the type III case

Let N C M be an inclusion of arbitrary factors with finite index, and Eo : M — N be
the minimal conditional expectation. Iterating upward and downward on the Jones tower
from Ey we set conditional expectations E, : M,, — M, _; (n € Z). We have the faithful
trace ¢ on J,, (M., N M,) defined by

‘f’lMl—nnMn=E—n+1°"'0En_1OEn|M'_nﬂMn, n>1.

(The traciality of ¢ follows from [21].) Then all the material (e.g. R, T, A, 3, i) in Section
1 can be analogously obtained with use of the trace ¢ in place of 7.

Let N C M be infinite factors and Jas, Jy be the modular conjugations associated with
a common cyclic and separating vector for M, N. Then Longo’s canonical endomorphism is
v = Ad(JyJp) : M — N, and the Jones tower is identified as follows [24]: My, = " (M)
and Mo, = y*(N) for n € Z. Moreover T on R is given by I' = y"}|R = Ad(Ju In)|R.
The sector theory plays a crucial role in theory of type III subfactors (see [24], [14]).

When we consider (R, T') or (A, T') obtained from a type III inclusion N C M, all discus-
sions in Sections 2 and 3 are valid with the trace ¢ coming from the minimal conditional
expectation in place of 7. But the next proposition says that as far as we consider the
canonical shift, all things can be reduced to the type II; case. This is the reason why we
restrict to type II; inclusions in this paper. '

Proposition 4.1. Let N C M be any inclusion of facators with finite index and define
the standard invariants A = [agi|rek ier and the standard vectors § 1 via the minimal
conditional expectation. Then there exists an extremal inclusion of type II; factors B C A
with [A : B] = [M : N]o such that A, 5,1 are the standard invariants of B C A. Furthermore
the canonical shift (R,T') for N C M coincides with that of B C A.

This can be proved by using [15], which was suggested by M. Izumi.
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