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Remarks on Sakaguchi Functions

Rikuo Yamakawa (芝浦工大工 山川陸夫)

1. Introduction

Let $A$ denote the class of functions $f$ which are analytic in

the un $itdi$ sc $D=\{z: |z|<1\}$ , $wi$ th

(1. 1) $f(O)=0$ and $f’(0)=1$ .

We denote some subclasses of $A$ as $f$ ol lows :

(1. 2) $S^{x}= \{f\in A:{\rm Re}\frac{zf’(z)}{f(z)}>0$ , $z\in D\}$ ,

(1. 3) $S=\{f\in A:{\rm Re}\frac{zf’(z)}{f(z)-f(-z)}>0$ , $z\in D\}$

and

(1.4) $R(a)= \{f\in A:Re\frac{f(z)}{z}>a$ , $z\in D\}$

where OSa $<1$ .

$S^{x}$ is the usual class of $s$ tarl $i$ ke $f$ unct $i$ ons , and $S$ is the

class of Sakaguchi functions introduced by Sakaguchi in [2]. For

relations between these two classes only the fol lowing result is

known.

数理解析研究所講究録
第 881巻 1994年 184-187



185

Theorem A (Sakaguchi [2]). $f(z)\in S$ if and only if

(1. 5) $\frac{f(z)-f(-z)}{2}\in s^{x}$ .

For $R(a)$ , Wu posed the fol lowing conjecture in [3].

Conjecture

I $f$ $f(z)\in S$ , then $f(z) \in R(\frac{1}{2})$ .

And the present author in [4] showed by the $counter\cdot example$

(1.6) $f(z)=z+ \frac{3}{5}z^{2}+\frac{1}{15}z^{3}$

that the conjecture is not true.

In this short paper we give two examples which show that

(1.7) $S^{x}\not\in S$

and

(1.8) $S\not\in S^{x}$ .

2. Examples

Example 1. An example which shows the relation (1. 7).

(2. 1) $f(z)=z+ \frac{4}{5}z^{2}+\frac{1}{5}z^{3}$ .

If we let

$\frac{zf’(z)}{f(z)}=\frac{5+8z+3z^{2}}{5+4z+z}=\frac{u+iv}{s+it}2$

and $z=\gamma e^{i\theta}$ , then we have

$s=5+4r\cos\theta+r^{2}\cos 2\theta$ , $t=4r\sin\theta+r^{2}\sin 2\theta$



186

$u=5+8r\cos\theta+3r^{2}\cos 2\theta$ , $v=8\gamma\sin\theta+3r^{2}\sin 2\theta$ .

and $it$ $is$ ev $i$ dent that ${\rm Re}[zf’/f]>$ $if$ and onl $y$ $if$

$su+tv>0$ .

Since we easily deduce

$su+tv=40r^{2}\cos^{2}\theta+20r(3+\gamma^{2})\cos\theta+25+12r^{2}+3r^{4}$

$\geqq 25-60r+52r^{2}-20r^{3}+3r^{4}$ $(\cos\theta=-1)$

$=(1-r)(25-35r+17r^{2}-3r^{3})$ ,

where

25-35 $r+17r^{2}-3r^{3}>0$ $(0\leqq r<1)$ .

we deduce $su+tv>0$ , wh $i$ ch shows that $f\in S^{x}$ .

On the other hand, if we put $z_{0}= \frac{3}{5}+\frac{4}{5}i$ , then we have

${\rm Re} \frac{z_{0}f’(z_{o})}{f(z_{0})-f(-z_{0})}<0$ ,

wh $i$ ch shows that $f\not\in S$ .

Exanple 2. An example $f$ or the relat $i$ on (1. 8).

(2. 2) $f(z)= \frac{1}{2}z+z^{2}+\log\frac{2+z}{2}$

To show that the above function $f$ belongs to $S$ , we use the

following theorem due to Mi 1 ler and Mocanu.

Theorem $B$ (Miller and Mocanu [1]). If $f(z)\in A$ satisfies

(2.3) $| \frac{zf’’(z)}{f’(z)}|<2$ $(z\in D)$

then $f(z)$ be longs to $S^{x}$ .
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If we let

$g(z)= \frac{f(z)-f(-z)}{2}$ ,

then we obtain

$| \frac{zg’’(z)}{g’(z)}|=|\frac{8z^{2}}{(4-z^{2})(8-z^{2})}|<\frac{8|z|^{2}}{(4-|z|^{2})(8-|z|^{2})}<\frac{8}{21}$ $(z\in D)$ .

Hence from Theorem $B$ , we deduce $g(z)\in S^{x}$ . Therefore, by using

Theorem $A$ , we have $f(z)\in$ S.

On the other hand, if we put $z_{0}=-5/8\in D$ , then we have

${\rm Re} \frac{z_{0}f’(z_{0})}{f(z_{0})}=-0.047\cdots\cdots<0$,

which yields $f\not\in S^{x}$ .
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