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Introduction to the filtered Galois representation
theory in m (P! — {0,1,00} )P
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1. Motivation

Let Q denote the rational number field, Q denote an algebraic closure of
@, and X be a smooth’ geometrically connected algebraic variety over Q. We
denote by 71(X) the (usual topological) fundamental group of the underlying
analytic manifold X (€), and by 71 (X) its profinite completion. Then, we have
a well-defined continuous group homomorphism

#x : Gal(@/Q) — Out(Fi(X)) := Auk(FI(X))/Inn(F1(X)),

which we shall call the outer Galois representation arising from X. This rep-
resentation is often very large: the kernel is small and the image is large. For
example, if X is the projective line minus three points P}, ., then Bely1[2] showed
that ¢x is injective. (The same holds for any affine curve X whose fundamental
group is not abelian[10].)

Since 77(X) is often explicitly presented with finitely many generators and
finitely many relations, we can deal with 77(X) combinatorially. Thus, if we
equip some combinatorial group theoretic structure on 77(X), then we can pull-
back the structure to Gal(Q/Q), which may be highly non-trivial.

Although there are newer studies by H. Nakamura and H. Tsunogai[12] for
general curve X, here we shall treat only the “classical” case X = P}, orig-
inated by Y. Thara. In this case, the structure we shall equip 77(X) with is
just the lower central filtration of the maximal pro-l quotient of 77(X). Then
the induced filtration on Gal(Q/Q) is a quite nontrivial object. The filtration
decreases properly at each step for the eighth or more, and the speed of decrease
tends to infinity. There is an explicit conjecture on this filtration by Deligne[4]
coming from the motivic philosophy.

Here we give a brief sketch of the filtered Galois representation for P;., and
some computational results. We treat only the elementary and concrete part of
the theory, so we omit the motivic theory itself, simply because of the author’s
lack of knowledge.
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2. Filtered outer Galois representation

Let { be a prime number, Q(t) the rational function field, and let M /Q(t)
be a maximal pro-l Galois extension of Q(¢) unramified outside the places t =
0,1,00. Put 7 := Gal(M/Q(t)). By Comparison Theorem, =, is isomorphic to
FPro=l where F is the free group of two generators and pro-I denotes the pro-I
completion. The extension M/Q(t) is again Galois and we have a short exact
sequence

1 — Gal(M/Q(t)) — Gal(M/Q(t) — Gal(Q/Q) — 1

through Gal(Q(t)/Q(t)) = Gal(Q/Q). For any ¢ € Gal(Q/Q), let & be its
arbitrary lifting in Gal(M/Q(t)). The pro-l outer Galois representation is defined
by :
Q- Gal(Q/Q) — Out 7 := Aut 7;/Inn m
c — o()o

We define the m-th truncated representation go(%?m) by

<p((@m) : Gal(Q/Q) — Out my/m(m+1),

where m1(m + 1) is the (m + 1)-th lower central series of m; (i.e., (1) := m,
w1(m+1) := [ry, m1(m)], where [,] denotes the closure of the commutator.) From
this we get an infinite sequence of solvable Galois extensions ’

QCQ(UCQ(?)C--'-CQ(m)CQ(m+1)C...

by defining Q(m) to be the field corresponding to the kernel of go((Qm). It is not
difficult to show that ¢ € Gal(Q/Q(m)) and 7 € Gal(Q/Q(n)) imply [o,7] €
Gal(Q/Q(m + n)). This implies that Gal(Q(m + 1)/Q(m)) is abelian for m > 1
and the graded quotient

G = Om>16™ = Bmy1Gal(Q(m + 1)/Q(m))

has a Lie-algebra structure[3].

This object seems very fruitful, since: (i) we know some nontrivial facts on
this Lie algebra which imply something on the structure of Gal(Q/Q), (ii) there
i1s a very concrete conjecture on the structure of this Lie algebra coming from
the motivic philosophy.

For example, the following are known:

(1) Q(1) is the cyclotomic field obtained by adding all l-power-th roots of
unity to Q. Q(m) is a pro-l extension of Q unramified outside { [5].

(i) G(™) is a free Zi-module of finite rank (denoted by r&) = 7, which may
depend on ). gV =g = 0.

(iii) For each odd integer m > 3, there exists a nonzero element o, € G{™)
(called a Soulé element) such that xm(om) # 1, where xp, is the Soulé
Character [5, 13], hence r,, > 1 for odd m > 3.

(iv) [om,0n] € G{™*7) is nonzero if m # n, hence ry, > 1 for m > 8. [5]
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(V) UmenQ(m) is generated by the “higher circular l~units” [1].
Yet, these results are far from reaching the following conjecture proposed by
Deligne through his motivic philosophy [4, 6].

Conjecture. Let F = @mzlf(m) be the free graded Z;-Lie algebra with
generators 73 € .7-'(3), 5 € FO), ooy Tok41 € .’F(Zk‘*‘l), .... Then,

G5, U =2F Rz Qy

holds. In particular, although G depends on the choice of I, its Lie-algebra
structure is obtained by the scalar extension from a Lie algebra independent of

l.

By using the theory of the stable derivation algebra [7], with an aid of a
computer, we could check that this conjecture is true for low grades; namely, by
calculation we could show

(2.1) G/(®m>116™™) @z, Q1 = F/(@m>11F ™) @z Qi

(see Section 3).
The author proved the following nonvanishing theorem generalizing a result
of [6]. This gives some affirmative flavor to the above conjecture.

THEOREM 2.1. Let my,mo,... ,my be the odd integers not less than three.
Let 0y, ... ,0m, be Soulé elements. Then

[ llomys Oma)s Oms], - -], 0m, ] # 0 holds if my # ma.
COROLLARY 2.1.
rm = rankg, G(™ > |(m —2)/6].
This implies that if » < |[(m — 2)/6] there exist two fields L, K,
Q> LD>KD>DQ1),

Galois over Q and unramified outside [, such that L/K/Q(1) is a central exten-
sion and Gal(L/K) = Z®" (m) (m-times Tate twist) as Gal(Q(1)/Q)-module.

We shall briefly sketch the proof of the above theorem. The references to the
concepts used here are [5, 6, 7]. Let

L= @32:1£(m) = Opm=1m(m)/m1(m + 1)

be the graded Lie algebra obtained from the lower central series. This is known[9]
to be the free graded Z;-Lie algebra generated by two elements z,y € £. We
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define
Der(£) := {D:L — L| Z;-linear morphisms such that
D([u,v]) = [D(u),v] + [u, D(v)] holds for any u,v € L},
Inn(L) := {D € Der(L)| there exists some u € £ such that

D(v) = [v,u] holds for any v € L}.
Now we have a Lie algebra version pg of g defined by

wg:G — Der(L)/Inn(L)
c — (u—d&(@) -a ) mod m(m+n+1)

for ¢ € ™) and u € L™, where & is a lift to Gal(Q/Q(m)) and  is a lift to
m1(n).
We also define for f € £(™) a unique derivation

Dy € Der(£)
that satisfies
Ds(x) =0, Ds(y) =1y, fl
It 1s easy to check that
[Dy, Dg] = Dy for h = Dy(g) — Dy(f) +[f, 9]

Thus, by defining a new Lie product <,> on £ by

< f,9>=Dy(g) — Dy(f) +[f, 9],

we have a Lie algebra homomorphism

D:(L£,<,>) — Der(ﬁ)‘

Because the centralizer of y in £ is spanned by y, D is injective for grade more
than one. By Ihara[6, 7], ¢g splits as follows:

Ds = &35 D5™

/
g = ®;1.$=36(m) i
N
Der(£)/Inn(L),

where _
D™ = {D; € Der(L)| fe€ L™ f(z,y)+ f(y,z)=0,
ly, f(z,y)] + [z, f(z,2)] =0 for z = -z — y}.

We denote the mapping G — Dy — L by 0+ D+ f,.
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PRrOPOSITION 2.1. (lhara)
Let

(m’ m—1 q(i,m-1
L(m) — 691'-]_-1 L(z v—~12)
be the direct sum where L™= s the sub Zj-module of LU™) consisting of el-

ements whose x-degree is i and whose y-degree is m — i. Then, the £(m~11)
component of f;, is nonzero for odd integer m > 3.

Proor. In [5], the following was proved. One can take a unique derivation
D' € Der(L) which coincides with D, modulo Inn(£), such that

D': z — [so2]
y = [ty
r+y +— 0.

Then, the LAm=1) component of s, is nonzero.
An easy computation shows that for m > 3 we have

fo =8, —to and [z + y,5,] = [y, fo)-

By comparing the £{1™) components of the both sides in the right identity, we
see that £(1™=1) component of f, is nonzero, and since 'f,(z,y) = —f,(y,2),
the £m=1L1) component is also nonzero. [J

Let us denote by h,, the element
hem = [x’ [17, ) [:L', [a:,y] o ] = rm—ly S £(m—1,1)

(we use the right associative notation; thus, for example, zyzy = [z, [y, [z, y]]]
and (zyz)y = [[z, [y, z]], y]). Clearly {h,,} is a basis of the one-dimensional free
Z;-module £(m=1.1), :

The next combinatorial proposition is the key in proving the theorem.

PROPOSITION 2.2.
(22) < <hmhmy, > hm, >, > ke, ># 0 if my # my.

This proposition can be proved by using a new filtration on £ and some
combinatorics of Hall basis of the free Lie algebra. It is a bit complicated, so we
omit it here. (See [11]).

PROOF OF THEOREM 2.1. Since f ~— Dj is injective for f € G(™) m > 2, it
is enough to prove that

(2.3) <LK fomps Jomy >0 >y fom, >F 01 my # ma.

Put » := my +-- -+ my —k. Then, by Proposition 2.1, the image of the left hand
side of (2.3) by the projection £ — L£¥) is a nonzero constant multiple of the
left hand side of (2.2). O

43



MAKOTO MATSUMOTO

PROOF OF COROLLARY 2.1. Put m = 3¢ + s, where ¢ > 0 and s = 5,7,9
according to m = 2,1,0 mod 3. Consider the sequence of elements

q

< << hg hg> hz>:-- hg> € clm-a-Latl)
9-2 ,
<o << hgyo hg > hg >, -+ hg> € Limmatbe-l)
1112]'
<o << hyyej hs > hs >, hg > € LMTIm1+20+1-2))

These elements are clearly linearly independent. Thus, by considering the cor-

responding product in G(™)| we can deduce that the rank of G(™) is no less than

the number of these elements from Proposition 2.1. The number of these ele-

ments is [(m — s + 6)/6]. Since [(m — 3)/6] = |[(m —2)/6] if 3 divides m, we

have an inequality -
rankz, 6™ > |(m — 2)/6]

evenif s=9. 0O

REMARK 2.1. Recently H. Tsunogai[14] proved the corresponding statement
in the case of one-punctured elliptic curves instead of P minus three points,
using a more sophisticated filtration on the deriwation algebra.

3. Computation of rankz, G(™) and Deligne’s Conjecture

In this section we report that we checked by computation the equality

(3.1) G/(®m>116"™) @z, Q = F/(Sm>11F™) @7 Qi

where G is the graded lie algebra obtained from Gg and F = EBlef(m) is the
free graded Z;-Lie algebra with generators 73 € FO e FO Tok+1 €
FEEHD O (see §1).

This was done as follows. There is a graded Lie algebra Dy called stable
derivation algebra, which is defined as the sub Lie algebra of the solutions of
three equations in the derivation algebra of the free @Q-Lie algebra with two
generators[7]. This Dy is independent of I, and Ds @ Q; contains G ® Q; as a
sub Lie algebra. By computer calculation we obtained the rank d,,, of the m-th
degree part ’ng) for m < 10 as shown in the following table([5] listed m < 8).

m||112(3}4]|5]617]|8[9]10] 11 12
dp |OJO[1 OO0} |2 |1|[1[|>2]|>2
The rank of G(™) for m < 10
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By the nontriviality of the Soulé elements, those of rank 3, 5, 7, 9 come from
the Soulé elements. Thus we obtained the coordinates of the Soulé elements f,,,
fos, for, and fo, explicitly, upto scalar multiplication. Then d,, with m < 10
coincide with that of F, and ’ng) (m < 10) are spanned by these four Soulé
elements as a Q; Lie-algebra. Thus the equality (3.1) follows. The inequality
d1y > 2 is a consequence of the independence of 617 and [o3,[03,05]]. In [5], a
linear dependence of £(1%2)-components of < f,,, f,, > and < f,,, fo, > Was
discovered, and the independece of [0, 07] and [o3,09] was an open problem,
but we had calculated whole coordinates of o9 and checked the independence of
these elements, and hence dj3 > 2. Recently IThara and N. Takao[8] obtained a
general result on the linear relations of LN ~2.2)_components of {< fors Jor >
|m+n = N} for all N. According to the result, the rank-of the space of the linear
relations coincides with the dimension of cusp forms of SL(2;Z) with weight N,
but a geometric interpretation of this fact is still open, The fact r,, — oo also
follows from their result, but only for even m.
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