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1. INTRODUCTION AND RESULT

We consider here the stability of solitary waves for the Zakharov equa-

tions:

$i \frac{\partial}{\partial t}u+\frac{\partial^{\mathit{2}}}{\partial x^{\underline{y}}}.u=nu$ , $t>0$ , $x\in \mathbb{R}$ , (1.1)

$\frac{\partial}{\partial t}n+\frac{\partial}{\partial x}v=0$ . $t>0$ , $x\in \mathbb{R}$ , (1.2)

$\frac{\partial}{\partial t}v+\frac{\partial}{\partial x}n=-\frac{\partial}{\partial x}|u|^{2}$ , $t>0$ , $x\in \mathbb{R}$ , (1.3)

where $u,$ $n$ and $v$ are functions $011$ the time-space $\mathbb{R}\cross \mathbb{R}$ with values in
$\mathbb{C},$

$\mathbb{R}$ and $\mathbb{R}$ , respectively. From (1.2) and (1..3), we have

$\frac{\partial\underline{)}}{\partial\dagger^{2}}.n-\frac{\partial^{2}}{\partial x^{2}}n=\frac{\partial^{2}}{\partial x^{\underline{y}}}.|u|^{2}$ (1.4)

The system of equations (1.1) and (1.4) was first, obtained by Zakharov

[20] as a model which describes the propagation of Langrnuir turbulence

in a plasma. $\ln$ this system, $u$ denotes the envelope of the electric field

and $n$ is the deviation of the ioll $\mathrm{d}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{S}\mathrm{i}\mathrm{t}_{\mathrm{c}}\mathrm{y}$ from its equilibrium. On the

other hand, $(1.1)-(1.3)$ was given by Gibbons, Thornhill, Wardrop and

ter Haar [4] from a Lagrangian formalism.
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It is well known that $(1.1)^{-}(1.3)$ has a two parameter family of solitary

wave solutions:

$u_{\omega,c}(t, x)=\sqrt{2\omega(1-C^{2})}$ sech $\sqrt{\omega}(x-ct)\cdot\exp i(\frac{c}{2}\vee x-\vee\frac{c^{2}}{4}t+\omega t)$ , (1.5)

$n_{\omega,c}(t, x)=-2\omega$ sech2 $\sqrt{\omega}(x-Ct)$ , (1.6)

$v_{\omega,c}(t, x)=-2c\omega \mathrm{s}\mathrm{e}\mathrm{c}\mathrm{h}\underline{y}\sqrt{\omega}(X-Ct)$ , (1.7)

where $\omega>0$ and $-1<c<1$ . Our purpose in this paper is to show the

stability of the solitary wave solutioll given by $(1.5)^{-}(1.7)$ of $(1.1)-(1.3)$

for any $\omega>0$ and -I $<c<1$ .

There are a large amount of papers collcerlling the stability and in-

stability of solitary waves for the nolllinear Schr\"odillger equations (see,

e.g., [2, 3, 7, 14, 15, 16, 18, 19] $)$ . However, to our knowledge, there are

only a few results concerning the stability of solitary waves for coupled

systems of Schr\"odinger equations and other wave equations, except the

abstract theory $\mathrm{b}.\mathrm{v}$ Grillakis, Shat,ah and Strauss [8] and our recent re-

sults for the coupled nonlinear Schr\"odinger equations [10] and for the

coupled $\mathrm{K}\mathrm{l}\mathrm{e}\mathrm{i}\mathrm{n}^{-}\mathrm{G}_{\mathrm{o}\mathrm{r}}\mathrm{d}\mathrm{o}\mathrm{n}-\mathrm{S}\mathrm{C}\mathrm{h}\mathrm{r}\ddot{\mathrm{o}}\mathrm{d}\mathrm{i}_{\mathrm{I}1}\mathrm{g}\mathrm{e}\mathrm{r}$ equations [11].

We now state our main result.

Theorem 1.1. For an.$Y\omega>$ $()$ and $-1<c<1$ . the solit $\mathrm{a}\mathrm{r}y$ wave

solution $(u_{\omega,c}(t), n_{\omega,C}(t),$ $v_{\omega.c}(t))$ of $(\mathit{1}.\mathit{1})-(\mathit{1}.\mathit{3})$ is lstable in the followin$g$

sense: for $any\in>0\mathrm{t}l_{\mathit{1}}ere$ exists a $\delta>0$ such that if $(u_{0}.n_{0}, v\mathrm{o})\in X$

verifies
$||(u_{0}, n_{0}, v0)-(u_{\omega,C}(()), n_{\omega,c}(0),$ $v_{\omega,C}(0))||X<\delta$ ,

then th $\mathrm{e}sol\mathrm{u}$ tion $(u(t), n,(\tau \mathrm{I}\cdot \mathit{1})(t))$ of $(\mathit{1}.\mathit{1})-(\mathit{1}.\mathit{3})$ with $(u(()), n(\mathrm{o}),$ $v(\mathrm{O}))=$

$(u_{0,0}n, v_{0})$ satisfies

$\inf_{\theta,?/\in \mathbb{R}}||(u(t), n(t),$
$v(t))-(e^{i\theta}u_{\omega},c(t, \cdot+y), n_{\omega},c(t, \cdot+y).v"’.,c(t, \cdot+y))||x<\in$
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for any $t\geq 0$ , where $X=H^{1}(\mathbb{R})\cross L^{2}(\mathbb{R})\cross L^{\underline{)}}‘(\mathbb{R})$ .

Remark 1.2. For any ( $u_{0},$ no, $U_{0}$ ) $\in X$ , there exist, $\mathrm{s}$ a weak solution
$(u(\cdot), n(\cdot),$ $v(\cdot))\in L^{\infty}([0, \infty);X)$ of $(1.1)^{-}(\mathrm{I}.3)$ with $(u(0), n(()),$ $v(\mathrm{O}))=$

$(u_{0}, n_{0,0}v)$ (see C. Sulem and $\mathrm{P}.\mathrm{L}$ . Sulem [17]). We do not necessarily
have the uniqueness and the energy identit,

$\backslash \mathrm{Y}$. However, by using the
method in Ginibre and Velo [5]. we can find a weak solutioll satisfying

$H(u(t), n(t),$ $v(t))\leq H$ ( $n_{(),}$ n $v$ ), $t\geq()$ , (1.8)

$N(u(t))=N(u_{0})$ , $t\geq 0$ , (1.9)

$P(u(\mathrm{t}), n(t),$ $v(\dagger))=P(u_{0}, n_{0,0}v)$ , $t\geq 0$ , (1.10)

where

$H(u, n, v)=./- \propto\infty(|\frac{\partial}{\partial x}u|^{2}+n|u|^{2}+\frac{1}{2}n^{2}+.\frac{1}{2}v)\underline{)}dx$ ,

$N(u)=. \int-\cdot\infty|u|^{-}.\prime dX\infty$ ,

$P( \mathrm{e}\iota, ’, v)=\int_{-\infty}^{\infty}(i\overline{u}\frac{\partial}{\partial x}n-nT’)$ cl.x.

For the Cauchy problem of the Zalcharov equations, see also [1], [12] and

[13].

Remark 1.3. Recelltly, Glallgetas alld Merle [6] proved the strong in-

stability (instability by blow-up) of $\mathrm{s}\mathrm{t}\mathrm{a}11\mathrm{d}\mathrm{i}_{\mathrm{l}\mathrm{l}}\mathrm{g}$ waves of the Zakharov equa-

tions in two space dimensions.

In the next section, we give the proof of Theorem 1.1. We apply the

variational method introduced by $\mathrm{C}\mathrm{a}\mathrm{z}\mathrm{e}\mathrm{l}\mathrm{l}\dot{\epsilon}\mathrm{l}\mathrm{V}\mathrm{e}$ and Liollc‘,, [3] to the coupled
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system of the Schr\"odillger $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}_{\downarrow}\mathrm{i}\mathrm{o}\mathrm{n}$ and the wave equations as well as

in our previous papers [10] and [11]. $\ln[3]$ they proved the stability of

standing waves for some nonlinear $\mathrm{S}\mathrm{t}^{\mathrm{z}},\mathrm{h}\mathrm{r}\ddot{\mathrm{o}}\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{e}\mathrm{r}$ equations. By a simple

inequality in Lemma 2.3 below, we reduce our problem for the Zakharov

equations to the case of the $\mathrm{s}\mathrm{i}_{\mathrm{l}1}\mathrm{g}\mathrm{l}\mathrm{e}$ nolllinear Schr\"odinger equation.

2. PROOF OF THEOREM 1.1

In what follows, we fix the parameter $c\in(-1,1)$ . First, we briefly re-

call the proof by Cazenave $.\mathrm{a}$lld Lions [3] for the stability of standing wave

solution $u(t, x)=e^{i\omega t}\varphi_{\omega}.C(x)$ of the nonlinear $\mathrm{S}\mathrm{c}_{J}\mathrm{h}\mathrm{r}\ddot{\mathrm{o}}\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{e}\mathrm{r}$ equation:

$i \frac{\partial}{\partial t}u+\frac{\partial^{2}}{\partial.\iota^{\underline{\prime}}}.\cdot\tau\iota+\frac{1}{1-carrow\rangle}.\cdot|u|^{\underline{y}}T\iota=$ { $)$ , $t>()$ , $x\in \mathbb{R}$ , (2.1)

where $\varphi_{\omega,c}(x)=\sqrt{2\omega(1-c^{z})}$ sech $\sqrt{\omega}x$ . We consider the minimization

problem:
$I^{\perp}( \mu)=\inf\{E^{\perp}(u) : u\in H^{1}(\mathbb{R}). N(u)=\mu\}$ , (2.2)

$E^{1}(u)=. \int-\cdot\infty\infty(|\frac{\partial}{\partial x}u|^{\underline{9}}-\frac{1}{2(1-c^{\underline{y}})}.|u|^{4})dx$ ,

$\Sigma^{1}(\mu)=\{u\in H^{1}(\mathbb{R})$ : $E^{1}(u)=I^{1}(\mu),$ $N(u)=_{f^{\iota\}}}$ .

We note that $E^{1}(t\iota)$ and $N(\tau\iota)$ are the conserved quantit,ies of (2.1).

The following two lemmas are crucial parts to prove the stability of the

standing wave of (2.1). We use tllem in the proof of Theorenl 1.1 later.

Lemma 2.1. For any $\omega>$ ($\}$ . we 11a$ve$

$\Sigma^{\perp}(\mu’(\omega))=\{e’(i\theta.\cdot y\hat{\Psi}rightarrow.\mathrm{r}\cdot+) : \theta, y\in \mathbb{R}\}$ .

where $\varphi_{\omega,c}(x)=\sqrt{2\omega(1-c^{\underline{)}})}\mathrm{s}\mathrm{e}\mathrm{t}\cdot \mathrm{h}\sqrt{\omega}X$ and
$\mu(\omega)=N(\varphi_{\omega,C})=4(1-\Gamma^{arrow)\sqrt{\omega}}.’$ .
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Lemma 2.2. Let $\mu>0$ . If $\{u_{j}\}\subset H^{1}(\mathbb{R})$ satisfies $E^{\perp}(u_{\dot{J}})arrow I^{1}(\mu)$

and $N(u_{j})arrow\mu$ , then there exists $\{y_{j}\}\subset \mathbb{R}$ such that $\{u_{j}(\cdot+y_{j})\}$ is
relatively compact in $H^{1}(\mathbb{R})$ .

Lemma 2.2 is proved by using the concentration compactness method
introduced by Lions [9]. For the proofs of Lemmas 2.1 and 2.2, see [3].
From the conservation laws of (2.1) and the compactness of any mini-
mizing sequence of (2.2), Lemma 2.2, one can easily show the stability
of the set of minimizers $\Sigma^{\perp}(\mu)$ for $\mathrm{a}\mathrm{n}\mathrm{y}/l>0$ . Moreover, the character-
ization of the set of lnillimmizers, Lemma 2.1, concludes the stability of
the standing wave of (2.1) (for details, see [3]).

Following Cazellave alld Liolls [3], we collsider the followillg minimiza-
tion problem:

$I( \mu)=\inf\{E(u, n, v) : (u, n, v)\in X, N(u)=\mu\}$ , (2.3)

$E(u, n, v)– \int_{-\infty}^{\infty}(|\frac{\partial}{\partial x}u|^{\underline{J}}+n|u|^{2}+\frac{1}{2}n^{\underline{y}}+\frac{1}{2}\tau)\underline{)}-Cn\tau f)d_{X}$ ,

$\Sigma(\mu)=\{(u.n.\uparrow))\in X : E(u, n, v)=I(\mu), N(u)=\mu\}$ ,

where $X=H^{1}(\mathbb{R})\cross L^{2}(\mathbb{R})\cross L’arrow(\mathbb{R})$ . We note that,

$E(e^{-i_{Cx}/}u, n, v)2=H(u, n, v)+cP(u, n, v)+ \frac{c^{\mathit{2}}}{4}N(u)$ . (2.4)

The following lemma plavs all esselltial role in the proof of Theorem
1.1.

Lemma 2.3. For any $(u, n, v)\in X$ . we have $E^{1}(u)\leq E(u, n, v)$ . More-

over, the equali $\mathrm{t}y$ holds if and only if $7?=-(1/(1-c^{2}))|u|^{\mathit{2}}$ and $v=cn$ .
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Proof. Since

$0\leq||u|^{\mathit{2}}+(1-c^{\underline{y}}.)n|^{arrow)}.=|u|^{4}+$

.
$2(\mathrm{I}-c^{2})n|\mathit{1}l|^{\mathit{2}}+(1-c^{\mathit{2}})^{2}n2$ , (2.5)

we have

$E(u, n, v) \geq\int_{-\infty}^{\infty}.(|\frac{\partial}{\partial x}u|^{2}-\frac{1}{2(1-C^{2})}|u|^{4}+.\frac{C^{arrow)}}{2}.n^{\underline{>}\underline{)})}.+\frac{1}{2}v.-Cn\mathit{1}fd_{X}$

$= \int_{-\infty}^{\infty}.(|\frac{\partial}{\partial x}u|.arrow)-‘\frac{1}{2(1-C^{\underline{J}})}.|u|^{4}+\frac{1}{2}(Cn-v)^{\underline{\prime}}.)d_{X}$

$\geq E^{1}(u)$ . (2.6)

From (2.5) and (2.6), we see that the equality llolds if alld only if
$n=-(1/(1-C^{2}))|u|^{\mathit{2}}$ and $\iota’=\mathrm{c}\cdot n$ . $\square$

The following lemma follows immediately from Lenlma 2.3.

Lemma 2.4. $F_{ola\mathrm{n}}.\gamma\mu>()$ . we $li\dot{c}\mathrm{i}\mathrm{t}\prime \mathrm{p}I(\mu)=I^{1}(\mu,)$ annd
$l$

$\Sigma(\mu)=\{(u, n, \tau’)$ : $u\in\Sigma^{1}(\mu),$ $n=- \frac{1}{1-(\underline{)}}.\cdot|u|^{2},$ $v=Cn\}\tau$

Proof. We set

$\Sigma^{0}(\mu)=\{(u, n, v)$ : $u\in\Sigma^{1}(\mu),$ $n=- \frac{1}{1-c^{2}}|u|.arrow’,\}v=Cn$ .

For $u\in\Sigma^{1}(\mu)$ , we have from Lermna 2.3

$I(\mu)\leq E(u,$ $- \frac{1}{1-c\underline{)}}.|u|\underline{.\prime},$ $- \frac{c}{1-c^{2}}.|u|\underline{.\prime})=E^{1}(u)=I^{1}(\mu)\leq I(\mu)$ .

Thus, we have $I(\mu)=I^{1}(\mu)$ and $\Sigma^{0}(\mu)\subset\Sigma(\mu)$ .
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Moreover, for $(u, n, v)\in\Sigma(\mu)$ , we have

$I(\mu)=I^{1}(\mu)\leq E^{\perp}(u)\leq E(u, n, v)=I(\mu)$ ,

which implies that $u\in\Sigma^{\perp}(\mu)$ dlld $E(u, n, v)=E^{\rfloor}(u)$ . Thus, it follows
from Lemma 2.3 that $\Sigma(\mu)\subset\Sigma^{0}(\mu)$ . Hellce, we have $\Sigma(l^{\iota)}=\Sigma^{0}(\mu).$ $\square$

We note that from $(1.5)^{-}(1.7)$ alld Lemma 2.1, we have

$e^{-i_{C\mathrm{T}}}./2u_{\omega,C}(t)\in\Sigma^{1}(\mu(\omega))$ ,

$n_{\omega,c}(t)=- \frac{1}{1-c^{\underline{J}}}.|u_{\omega,c}(t)|^{2}$ $v_{\omega,C}(t)=cn(\omega,\gamma\cdot)\dagger$

for any $t\in \mathbb{R}$ . Therefore, from Lemma 2.4, ill order to show Theorem
1.1, we have only to prove the $\mathrm{f}\mathrm{o}\mathrm{l}1_{\mathrm{o}\mathrm{W}\mathrm{i}_{\mathrm{l}\mathrm{l}}\mathrm{i}\mathrm{t},\mathrm{i}_{0}}\mathrm{g}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{P}^{\mathrm{o}}\mathrm{s}11$ .

Proposition 2.5. For any $\mathit{1}^{\iota}>()$ . the set

$A=\{(e^{i}u(x/2, n, v) : (u. n, n)\in\Sigma(\mu)\}$

is $\mathrm{s}ta\mathrm{b}le$ in the following sense: for an.$v\epsilon/>$ $()$ $\mathrm{t}hel\cdot\theta$ exist,s a $\delta>$ $()$ such
that if $(u_{0}, n_{0,0}v)\in X$ verifies dist $((u_{0}, 00, v0), A)<\delta$ . then the $sol$u-
tion $(u(t), n(t),$ $v(t))$ of $(\mathit{1}.1)-(\mathit{1}.s)$ with $(\tau\iota(\mathrm{o}), n(\circ),$ $\mathrm{t}’(\mathrm{o}))=(\{0, n0,\mathit{1}f0)$

satisfies dist $((u(t), n(t),$ $\mathrm{t}(t)),$ $A)<\epsilon f_{oran_{Y}}.t\geq().$ wlleTp

dist $((u, n, v), A)=\mathrm{i}11\mathrm{f}\{||(u, ’?, v)-(u^{0}, n^{00}, v)||x : (u^{0}, n^{00}, \mathrm{C}^{f})\in A\}$ .

In order to prove $\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\prime \mathrm{i}_{\mathrm{o}\mathrm{n}}2.5$ , we need olle lelmna $\mathrm{c}\mathrm{t}\mathrm{l}\perp\langle i\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{i}\mathrm{l}$ the
compactness of any millimizing sequen( $\mathrm{e}$ of (2.3).

Lemma 2.6. Let $\mu>()$ . If $\{(u_{j}. n_{j}, v_{j})\}\subset X$ satisfies $E(u_{j}, n_{j}, v_{j})arrow$

$I(\mu)$ and $N(u_{j})arrow\mu$ . then th $\theta l\cdot\theta$ exists $\{y_{j}\}\subset \mathbb{R}$ snch tlldt,

$\{(u_{j}(\cdot+y_{j}), n_{j}(\cdot+y_{j}), v_{j}\cdot(\cdot+.y_{j}))\}$ is relatively compa$c\theta$ in $X$ .
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Proof. From Lemma 2.3 and our assumption, we have $E^{1}(u_{j})arrow I(\mu)=$

$I^{1}(\mu)$ . Thus, from Lemma 2.2, there exists $\{y_{j}\}\subset \mathbb{R}$ such that
$\{u_{j}(\cdot+y_{j})\}$ is relatively (ompa( $\mathrm{t}$ in $H^{1}(\mathbb{R})$ . Moreover, if we put $u_{j}^{0}=$

$u_{j}(\cdot+y_{j}),$ $n_{j}^{0}=n_{j}(\cdot+y_{j}),$ $v_{j}^{0}=\mathit{1}_{j(}^{)}\cdot+y_{j})$ , then $\{(u_{j}, n_{j}, vj)000\}$ is bounded

in $X$ . Therefore. for some subsequence (still $\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{o}\mathrm{t}_{}\mathrm{e}\mathrm{d}$ by the same letter),

we have

$(u_{j}^{0}, n_{j}^{0}.v^{0}j)-(\mathrm{t}^{0.0.0}\gamma?t))$ weakly in $X$ .

$u_{j}^{0}arrow u^{0}$ in $H^{1}(\mathbb{R})$ .

Since $n^{2}+v^{2}-2cnv=(\mathrm{I}-|\mathrm{r}\cdot|)(n^{2}+v^{2})+|\mathrm{c}\cdot|(n-(c/|c_{\vee}|)U)^{\underline{\prime}}$ and $|c|<1$ ,

we obtain

$I( \mu)\leq E(u^{0}, n^{00},1^{)})\leq\lim$ inf $E(u_{j}^{0}, n_{j}^{0}, v^{0}j)=I(\mu)$ ,
$j-\infty$

from which it follows $\mathrm{t}_{}\mathrm{h}\mathrm{a}\mathrm{t}$

$(u_{j}^{0}, n_{j}^{0}, v^{0}j)arrow(u^{000}, n, \iota’)$ $\mathrm{i}_{\mathrm{l}1}X$ ,

and $(u^{0}, n^{0}, v^{0})\in\Sigma(\mu)$ . $\square$

Proof of $\mathrm{P}$ roposition 2.5. In what follows, we often extract subse-

quences without $\mathrm{e}\mathrm{x}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{t}\cdot \mathrm{i}\mathrm{t}1_{\mathrm{V}}.$ melltioning $\mathrm{t}1_{1}\mathrm{i}\mathrm{s}$ fact. We $\mathrm{p}_{1}\cdot \mathrm{o}\mathrm{v}\mathrm{e}$ by contra-

diction. If $A$ is $\mathrm{n}\mathrm{o}\mathrm{t}_{1}$ stable, then there exist, a positive const( $\mathrm{a}\mathrm{n}\mathrm{t}\in 0$ and

sequences $\{(u0j, n0j, v0j)\}\subset X$ and $\{t_{j}\}\subset \mathbb{R}$ such that

dist $((u0_{\dot{J}}\cdot n0j, v_{0}j).A)arrow 0$ , (2.7)

dist $((u_{j}(t_{j}), n_{j}(t_{j}),$ $\mathrm{t}_{j}^{)}(t_{\dot{J}})),$ $A)\geq\epsilon_{0}$ , (2.8)
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where $(u_{j}(t), n_{j}(t),$ $v_{j}(t))$ is a solution of $(1.1)^{-}(1.3)$ with
$(u_{j}(\mathrm{O}), n_{j}(\mathrm{o}),$ $v_{j}(\mathrm{o}))=(u_{0j}, rx0_{j}, v0j)$ . From the conservation laws $(1.8)-$

(1.10), (2.4) and (2.7), we have

$E(e^{-i_{Cx}/}u2j(tj), n_{j}(t\dot{j}),$ $vj(t_{j}))\leq E(e^{-icx/}u0j, n0\dot{j},01\prime j2)arrow I(\mu)$ , (2.9)

$N(e^{-i_{C}}ux/2j(tj))=N(uj(\dagger_{j}\cdot))=N(u0_{\dot{J}})=N(e^{-i_{Cx}/\underline{\rangle}}u0_{\dot{j}})arrow\mu$ . (2.10)

From (2.9), (2.10) and the definition of $I(\mu)$ , we have

$E(e^{-icx/}‘ u\mathit{2}j(tj), n_{j}(tj),$ $vj(t_{j}))arrow I(\mu)$ . (2.11)

If we put $u_{j}^{1}(x)=e^{-icx/\underline{9}}\mathrm{t}j(\dagger_{\dot{j}}.f),$ $n_{j}^{1}(_{\mathrm{L}}\iota\cdot)=n_{\dot{j}}(t_{\dot{j}}, x),$ $u_{j}^{\perp}(x)=n_{j}(t_{j}, X)$ ,

then from (2.10), (2.11) and Lemma 2.6. $\mathrm{t}_{1}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}$ exists $\{y_{j}\}\subset \mathbb{R}$ such that

$(u_{j}^{1}(\cdot+y_{j}), n_{j}^{1}(\cdot+y_{\dot{j}}),$ $v_{j}^{1}(\cdot+y_{j}))arrow(u^{1}, n^{1}, v^{1})$ in $X$ (2.12)

for some $(u^{1}, n^{1}, v^{1})\in\Sigma(\mu).$ Sillt $\mathrm{e}$ we have

$u_{j}^{\perp}(x+y_{j})=e^{-i_{C}x}e-icy_{j}/\underline{\prime}u_{j(X}/2t_{j},+/\iota_{j})$ .

it follows from (2.12) that

dist $((u_{j}(t_{\dot{j}}), n_{J}\cdot(fj),$ $\mathrm{t}_{j(t_{\dot{j}})}’),$ $A)arrow()$ ,

which contradicts (2.8).

Hence, $A$ is stable. This conlpletes the proof. $\square$

3. $\mathrm{i}\underline{\mathrm{B}}_{\mathrm{D}}^{\equiv_{\mathrm{E}}}-$

$arrow\emptyset\vee \mathrm{f}\mathrm{f}\mathrm{l}_{J}\pi_{\ovalbox{\tt\small REJECT}_{\mathrm{Z}}^{\mathrm{A}}T}\mathrm{L}\mathrm{s}\mathfrak{F}arrow\ovalbox{\tt\small REJECT}arrow \mathrm{b}frightarrow.\not\in’\sqrt \mathrm{b}\}\mathrm{f}^{\backslash }\downarrow_{\tilde{\mathcal{D}}}$ $\langle$ $\mathrm{b}T_{\backslash }\mathrm{J}\mathrm{b}\Phi \mathrm{J}^{\backslash }\underline{\mathrm{g}}\mathrm{x}\Leftrightarrow\ovalbox{\tt\small REJECT}^{rightarrow\#}\neq-\beta \mathfrak{F}^{\mathrm{r}}\mp \mathfrak{F}\subsetneqq\circ$

$J \rfloor\backslash \mathfrak{F}\int’\ovalbox{\tt\small REJECT} i\mathrm{e}\mathrm{g}_{\mathrm{i}\mathrm{C}}\mathrm{k}o$ Zakharov $\pi \mathrm{E}_{\mathrm{i}}^{\mathrm{D}}\mathrm{J}\mathrm{i}\pi\emptyset \mathfrak{N}\underline{-\backslash \lrcorner 7}_{\grave{\mathrm{t}}R}^{\backslash }.\Phi\emptyset \mathrm{x}\not\inrightarrow \mathrm{f}\mathrm{f}l\iota^{\vee}arrow\ovalbox{\tt\small REJECT} \mathrm{b}T\mathfrak{F}\mathrm{t}\psi\backslash A\emptyset \mathfrak{F}$

$\ovalbox{\tt\small REJECT} h\backslash ^{\backslash ^{\backslash }}\mathrm{T}\tau^{\backslash }\#\vee$. Y. Wu [21] $\iota_{\mathrm{c}\subset}^{arrow}\mathrm{k}\mathfrak{v}$ F @\mbox{\boldmath $\gamma$}l\tau $\mathfrak{b}$ ) $\delta^{-}|-$ A $\not\in \mathfrak{F}\overline{\mathrm{x}}T$ IR $\mathrm{s}\ovalbox{\tt\small REJECT}\iota f’.0$

$arrowarrow\iota\vee\veearrow_{\wedge}.-arrow \mathrm{E}\hat{\mathfrak{o}}\mathrm{L},\tau_{\backslash }\int \mathrm{J}\backslash \mathfrak{F}\pi*\iota^{\vee}.\ovalbox{\tt\small REJECT}^{arrow}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\backslash f’.\mathrm{b}\ovalbox{\tt\small REJECT}?_{0}-$ $X\$ &b $\vee \mathrm{C}l\mathrm{f}_{\backslash }\ovalbox{\tt\small REJECT}\#\mathrm{t}\mathrm{b}\{Tf\mathfrak{F}\not\equiv\backslash$

$\emptyset 7_{\backslash }^{J\backslash ^{\circ}}$クト)gF H\epsilon \tau \nearrow -T[ $)$

‘ Grillakis, Shatah and $\mathrm{s}_{\mathrm{t}_{1\mathrm{r}}\mathrm{a}\mathrm{u}\mathrm{s}\mathrm{S}}[8]$ ec A 6 $\mathrm{f}\mathrm{f}\mathrm{i}\ovalbox{\tt\small REJECT} \mathrm{E}\backslash 0$

$\ovalbox{\tt\small REJECT}_{\overline{\mathrm{r}}}arrow\ovalbox{\tt\small REJECT} 1\epsilon$ Zakharov $7j\mathfrak{F}\mathrm{f}\mathrm{i}\#^{\vee}arrow\Phi,\Gamma\llcorner\backslash \mathrm{b}\tau\ovalbox{\tt\small REJECT}\backslash 8_{0}\overline{\hat{\mathrm{D}}-}\wedge \mathrm{i}\mathrm{B}\mathrm{B}fl\not\in\lrcorner;\mathrm{b}\Phi\backslash 9-\delta\ ^{\bigwedge_{\urcorner}}$) $1$

$\mathrm{b}f’$.A $o^{\gamma}’\overline{\mathrm{A}}\mathfrak{F}gn\backslash x_{l^{\backslash }}\#\emptyset Xp\backslash ^{\backslash }\mathrm{E}\backslash \llcorner \mathrm{J}\not\equiv \mathrm{f}\mathrm{f}\mathrm{i}\backslash \tau\backslash b\mathfrak{v}_{\backslash }\ovalbox{\tt\small REJECT} \mathrm{E}^{\backslash }T\hslash\epsilon \mathrm{c}\mathrm{k}_{\mathcal{D}l^{\vee}\backslash \mathrm{b}}’arrow d\mathrm{f}\mathrm{f}\mathrm{l}\mathrm{L}\backslash \mathrm{n}\delta 0$
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