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SU(2,2) DEERFIEHRD MULTIPLICITY 122V,

FEH  (The Hivaga)

FEAE

§0 INTRODUCTION

G % SLy(R) £ L. T % SLy(R) @ cocompact 7>2 torsion free 7% discrete subgroup
LF2, 20 E, BEE k ORBEER Si(T) DRITIZOVT, ROZ EHFHHN TV,

- (VOIT\G) %, k23
(0.1) dim Sy(T) = vir
VO](F\G) m +1 5 k=2

EXNF20L AL, EX 3 ULEDLDEHRTRIEA 1 WML TW5, AL TY
% X 912 SLy(R) 1 discrete series DF, Dy (k > 2) b2, ¥72, G DBHERI « IZ
ML, m. & G D LAT\G) ~DEERIRBRICBIT S 7 OEFEELTH L, mp- < 400
THY, Lbd dim Si(T) = mp- dWYLoT %0 G RN il (M N L
5E,

mp- = Vol(T\G) &% k>3
(0.2) { D vin

sz— — MTrivial = VOI(F\G) ﬁ s k=2

BT B ED DD B0 Mrrivial BIADLHRIZ1 ZDT, (0.1) DRICBITHEL 2 OBE
D +1 DZEALIX. mrmvial ICE BT EDONS, &I T, Dy i Harish-Chandra parameter
A3 b wall 1235V discrete series representaion THbo (DF bFETH Y, DY 1L T
b, (0.2) LFABORMBILT S, ) 72, trivial representaion 1& Dy & [F U infinitesimal
character % 2 non-tempered % unitary representaion T o7z 2 ), discrete series
@ Harish-Chandra parameter %% wall {232 & 12, non-tempered 7% representaion DEF
E¥HbDTH %,
G = 8U(2,2) DBAI, ULEFABROBZ AL LD, HADBETHS,
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*FH #B

§1. ADMISSIBLE REPRESENTATIONS OF SU(2,2)

1.1 Discrete Series Representations of SU(2,2).
G 7* discrete series d D72ODFHIIRDERICL VEZ SN,

Theorem 1.1. (Harish-Chandra)

G % connected semi-simple Lie group ¥ $5, SN & X, G 7F discrete series ¥ D=
& &, G IZ compact Cartan subgroup T HFEFET 5 2 & LIZFMETH 5,

W&, G A discrete series X b DL Th, TDEE, K ¥ G ® maximal compact sub-
group £ 35 &, G D compact Cartan subgroup T % K @ subgroup 325 & 2% Z L ASTH
5og, t, t ZENENG, T, K D Lie algebra £ 35, A€ (tC) B, &5 T D character A

@ﬁﬁk% LwekE, A li analytically integral T 5 &V29)o F72, A Aregular D& X,

(8, = {a € A(g, O] Re(A, &) > 0}

PA=% Z a

aEA}r(Q,f)

‘ P/\,c=% Z «

a€AT (g,t)NA(L,¢)

EB<o

Theorem 1.2. (Harish-Chandra)

G %% discrete series T b2 T 5o A € (1O »° regular THD A + py — 2pxc BF
analytically integral 7% 51X discrete series representaion Dy, AFEEET 5o 2. G D discrete
series 1¥, CTDEIBRDDTRLENSG, 7=,

Dy = Dy < Jwe W(K,T) st. N =w)

A D,

Remark.

(1) X iZ Harish-Chandra parameter & FEiEiL5,

(2) Dy @ infinitesimal character 13 x) TH 5,

(3) Dy 13X highest weight A + py — 2px . ? minimal K-type % multiplicity 1 TH 2,
(4) X+ px — 2pyc 1 Blattner parameter EFEN S
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SU(2,2) DEEECRFIFRHE D MULTIPLICITY 22V To

SU(2,2) DEE.

G={g € SL(C)|'glg=T}

1
1
J= -1
-1

Kz{(ul u ) uiEU(Z),detul-detuzzl}

2 .

ei91 : . ‘

eif2 4 0

T = e,ioa kIIl e =1

e'i04

T 12 5412, G D compact Cartan subgroup 2 DT, theorem 1.1 I2& Y, SU(2,2)
i discrete series b D Z &b Pb, TI T, ‘

10, - .
_ 0y . _
t= 303 D> 0k=0
. k=1
104
EL. A=(n1,n9,n3,n4) € (t°)* (n1 + n2 + n3 +n4 =0) *
16,

i0 E“ ,
2 .
A ‘i03 =1 2 nka,f,

104
Ik EHT D, COLE, BRI
A 7% analytically integral <= Vi,j n; —n; € Z

THbHI edbhb,
/.. W(K,T) &

wl('nhnz,ns,m) = (nz,nl,naam)
wz(nl,nz,ns,m) = (nl,n2,n4,n3)

WX VEREINDEZ L bR b,
Thorem 1.2 12& V), SU(2,2) @ discrete series 13XD & 91282 %,
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PR A

Dy :{Di|n;i—n; €Z,ny >ns >n3z >ns}
Dy :{Dx|n; —n; € Z,ny >n3z > ny > ng}
Dy :{Dx|n; —n; € Z,n1 > n3 > ng > ny}
Dy :{Dx|n; —n; € Z, n3 > ny > ny > ny}
Dy :{Dx|n; —n; € Z, n3 > ny > ng > ny}
Dvi :{Dx|n; —nj € Z, n3 > ng >ny > ny}

1.2 Standard Representations of SU(2,2).
SU(2,2) @ Borel subgroup Py % Z® Lie algebra #°

ST

E%bbDTAHE, Py &L G ? cuspidal parabolic subgroup (& Py &, long root (2%}

Jt& 3 % parabolic subgroup P, & G HEF TH 5, F/-FNFND Langlands 7#iZ. XD
A s

OO O *
OO * ¥
* K K *
* O ¥ *

e*? A 1
e~ +1
M, = ¢ 1
e~ l:i:l
ay
_ 1 Iz i 12 a9
A()——Ad [—2 (Iz —Iz)] a{.]_ G,,ER
| ay’
e'f 1
—if
M, = e o T {eg) e SUL)
e % T21 T22
a

_ 1 I, I 1

Al—Ad[_—é(Iz —Iz)] a‘l GER
1
1 ei0
- > R _]- e_"-'o nif &
ST, [H] 1 = £1, Xn ¢ =e EEL
-1 o—i0

X, My D character 1% [+] ® x, £FEVF, Ay D quasi-character 1X, v = (v1,12) £ LT,
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e’(A) = aal? EE;T B, T/, My @ (Limit of) discrete series representaion 13 Xn® D,
A; O quasi-character 13 e¥(A) = a¥ LFHIT S, TOLE, FEHEH Indgo(([:l:] ® Xn) ®
e’ ® 1), Ind§, ((x» ® D) ® e” ® 1) ? Langlands quotient AFFFET UL, The, ThE
L J(Po; ,m; v1,v2), J(Pr; n,Dki; v) EELZ LTS, .

FH Ind§ (] ®xn)®€” ®1), Ind§, ((x» ® D) ® e” ® 1), discrete series representaion
Dy R U, Limit of discrete series (A 7f singular DA 1242 T % tempered representaion
) A% SU(2,2) @ standard representaion T&H 5o

§3. MULTIPLICITY OF DISCRETE SERIES REPRESENTATION

C>®(G,K) Wl K-finite % G Lt smooth T compact support ZEEOEE LTS,
T C G % cocompact %% discrete subgroup &%, TNDE X, p € CX(G,K) O L*(T\G)
~OERIX, trace b B, ROXDHY LD,

(3.1) S metra(e) = Y VeTNGy) [ A0 ds

«: irreducible unitary {7}r

72721, B, T @ conjugacy class {22V THI1% & 5TV %, Discrete series representaion
Dy XL, ZE3B% mp, & LT, RO & ) 2EESH TR |

Problem 3.1.
B3 o € C°(G, K) CROGMKZiHITHDRIFET 55?7

tr Da(p) =1
trm(p) =0, = % Dy, 7: irreducible unitary

BALHES, —RENIE, TOX I BRBEEEEELEVY. RDIZ, XD ) LBEEZ
5o
Definition 3.2.

B ¢ € C2(G, K) PROEM 27T L &, Dy O pseudo-coefficient THbH L V> 9,

{ trDa(p) =1
trw(p) =0, =% Dy : standard representaion

Pseudo-coefficient 122V Tid, ROFEIEELNTH 5,

Theorem 3.3. (Clozel-Delorme [C-D2])

G % R LEFEE N7 connected reductive algebraic group & L. G = G(R) #* discrete
series ¥ b DL T B, TDEE, G DHEED discrete series representaion Dy 1272\ L,
pseudo-coeflicient @y DHET 5,

Pseudo-coefficient ¢y 1% Dy LIS} standard representaion \Z¢f LTI, tra(p) =0 72
A5, Fr4d, BEIFE o 1095 trw(py) DERHTY 72V, £1UTIE, standard representaion
@ composition factor VO DIUTE VY,
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Theorem 3.4. (Vogan [V1])

G 7F infinitesimal character x, DHRRICEI 2% H1L, infinitesimal character X,
D¥5E D Kazhdan-Lusztig conjecture 1E1E L V3,

Z @ theorem 2 & V), standard representaion @ composition factor ZFIE T2 Z L A%
T&5, 7. SU(2,2) @ unitary representaion 7%, Knapp-Speh ([K-S]) i2& V. RE
ENTwD, PRI, BARD spectral side 2FHETE 5, BHARD geometric side
12DV T3, Harish-Chandra IZ& 2R ([H-Cl]) 2EoTRIETAH I LA TE B, 7.
p=(3%-1-2) £ L. infinitesimal character x, DHEDFER%EZHB%, Infinitesimal
character x, O discrete series representaion IZZNENDRFNIZUEDOTOT, TNk, Dy,

oo ,Dy1 £ 5, T2, ENLUHD infinitesimal character x,, @ irreducible representaion
=

F{f = J(P;; 4, DF; 1)
Ff = J(P; 2, DE; 2)
FE = J(Py; 0, D55 3)
Ff = J(Py; -4, DF; 1)
F§ = J(Py; -2, D§; 2)
F& = J(Py; 0, Df; 1)
PE = J(Py; +,0; 3, 1)
PE = J(Py; £,-4; 1, 1)
Pi = J(Py; £,-2;2,2)

T&1Y . infinitesimal character x, @ irreducible representaion I& 24 FHET 5, (J(---)
ML, BLRBDT, LT Ff R EDRF %Mo ) DA, unitarizable TRV D
V&, F, P[, Py, P Td b, %7z, trivial representaion & P} T b,

At % simple root %% {(1, —1,0,0), (0,1,-1,0), (0,0,1,~1)} T35 positive root system
&L, SRS S Weyl denominator % D(t) = £,(t) [I,en+ (1—€a(t)™?) EFT 50 F72,
g L real symmetric bilinear form B % B(X,Y) = Re[tr XY] & L. [H-C1] pp.114-115
WPV, G D measure 2D 5,

Theorem 3.5.

mp; — Mg~ +mF2— +mF5— +mP1+
Mpy —Mp= —Mp- —Mp— + Mp- + Mp- + Mp+ + Mp+
Zm,,tr'lr((p)\) .y MDy — Mp+ — Mp- +mF2+ +mF5~ +mP2+ +mP1+

MDy — Mp- —~ Mg+ +mF2_ +mF5+ +mP2+ +mP1+

MDy — Mp+ — Mp+ — Mp+ +mF2+ +mF5+ +mP2+ +mP1+

\ MDy; — Mp+ + Mp+ +Mp+ + Mp+
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if:‘ A= (nl,nz,n3,n4) bl L.

Al =w1)‘ =(n2an17'n’37n4)
)‘2 ='w2A =(n17n27n47n3)

A12‘= wl’IDz)\ = (nz,nl,n4,n3)
EB<o

{ 1 if Dy, Du, Dy, Dwi
€=

-1 if Dy, Dy
ei01
ei92
7[011 027 03’ 04] = ei03
' RN

Semisimple T elliptic %% G ? conjugacy class DRFEITIX

(61,03, 03, 04]

(6,0, 03, 04]

7(61,0,0,84)

7[61,062,9, 6]

7[0,0,0,-30] € #1,4,—1,—i
7[-36,0,0,0] € #1,i,—1,—i
7(6,8,—6,—0] e? £1,-1
7[0,0,—0 + 7, —0 + 7] ° #i,—i
7[0,-6,—0,0] €® #1,-1
7[0,—0 + w,—0 + 7, 6] e £i,—i
L, ily, —I,, —ily

Yhdo 727501, eif # e e £ % (j#£k) Thdo
¥, ThEND 7 1T L,
~ D
D, = ~
Ha€A+,a(T)=1(1 _6011)
=¢ JI a-&h

a€At,a(T)#1

LEFET Do

130
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Theorem 3.6.

> Vol(I,\G-) / ex(97'79) dg

{7}r
= Z VOI(F‘Y\G'y) [ﬁ_,\( ) & (T) f__)‘z(T) +£ ,\12(7-)]
{7}r~7[61,02,03,04] ( )
4 Z VOI(F'r\G’y) ——(n1 = na)[€on(T) + € xa(T) — € x2(7) — E_naz(7)]
{¥}r~7[0,6,63,64] ( )

+ Z Vol(T,\Gy) —=
{7} ~1(01,0.6,64] 2\/— 2D ( )

X [(n3 — m2)E-x(7) + (n1 — n3)é—xa(7) + (2 — na)é_xa(7) + (ng — m1)é_xa2(7)]
Y VNG S (s = m)Ea(r) — Exa(7) + ora(7) = orin(7)

{7}PNT[0139299 0] T( )

+ Y VoT,\Gy)
{7}r~(6,6,6,—36] 16ﬁ 2 D (,r)

X [~2(n1 — na)(ng — ng)(ny — ns)s A(T) +2(ny — n)(n1 — na)(nz — ng)éora(r)]

+ Y VoUT,\Gy)
{v}r~7[—36,6,6,6] . 16\/5 2P, (7‘)

X [~2(ng ~ n3)(ns — n4)(n2 - n4)£—,\(7) +2(n1 — n3)(n3 — ng)(n1 — ng)é_x2(7)]
+ > Vol(I‘A,\GA,) =——[4(n1 — n2)(n3 — ny )\ (7)]

{v}r~7[6,8,—8,—6] 4D ( )
¥ 2 VOI(F7\G"’) =——[4(n1 — n2)(n3 = n4)§—,\('r)]
{7}r‘~T[9,€’_0+ﬂ' —0+7r] 7—( )

€
b VG
{7}r~7[0,—6,-06,6]

X [(n1 — ng)(ng — n3)(€-a(7) + € Alz(T)) — (1 —n3)(ng — ng)(f—xr(7) + €_xe (”'))]
+ Vol(T,\G) =g =
{v}rw[e,—zo;r«,—ew 0 87 D, (r) «
X [(ny — n4)(ng — na)(§ MT) + € ai2(T)) — (n1 — n3)(n2 — ng)(€-nr(T) + €_x2(7))]
+ Vol(T\G)—— ¢
y= ;;;;Lh 128

X [(n1 — n2)(n1 — n3)(n1 — ng)(ny — n3)(n2 — n4)(ng — na)é_r(7)]

—#%® infinitesimal character x,, p = (11, 2, s, pta) (X pr = 0, wi—pn €Z, g1 >
po > pz > pg) W2V T theorem 3.5 DFNDOHF T, ROFEAH bbivsd,
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SU(2,2) DEEECRFIFEIE D MULTIPLICITY 22V T,

( FE if g —pe =1
F§ if pp —ps =1
Ff if pg — pg = 1

§ Fif FEFE ifp —pa=py—ps =1
FE, FEFE fpo—ps=ps—pa=1
Py FEFE i —pa=ps—pa=1

\a‘n lfﬂ" ga;a %a_%)

F1 =J(Py; 2p1 + 22, Dua—u4+1’ 1)
Fg =J(Py; 2p2 +2p3, DX _, 115 1)
Fif =J(Py; 2ps +2pa, DE_, 115 1)
Ff =J(Py; 2m +2ps, DE_, 115 2)
FE =J(Py; 2p2 +2p4, DE _, 115 2)
Py =J(Po; (—1)"27%4, 203 + 2145 1, 1)
WwE, p=p+6 &35, F72. D) % infinitesimal character x,, @ discrete series

representaion & L, At @ positive compact root 45 AT = {a € A| Re(), &) > 0} IZ8F
NBESIT. A £ E Do Dy IV wall KO X S T 5o

Wall(Dy) = { o € A i.) oz non-compact
A M 1ii) Re( A —px, &) <0

F7-. Dy @ minimal K-type Ay & L.

i.) € =0,1
TA={A=A,\— Z €alt ..) ) : . }

ii.) A: dominant for positive compact roots.
a€Wall(D,)

EEHET Do
W¥ | 7 % infinitesimal character Xp @ irreducible unitary representaion & L, F5 %
highest weight § O FRRRILEHLTH &L,

HpsQ(g, K; TR F&) = HomK(/\piqp R Fb‘, 71-)
Thbo

Theorem 3.7. ([V-Z])

T % APIp® F5 O K-type £ 3§56, DL X, infinitesimal character x,, ® irreducible
unitary representaion m, T, ROFEM{ZHA/-THDIX, FELTH, FMEZEHRWT1 T
H5o

(1) H»%(g,K;7 ® F5) #0
(2) T AP Q Fs & 7 D@D K-type.
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FH AP
T\ T K-type DEESELAT,
T5°" = {7 € T»| theorem 3.7 DEH %W/ F n, HFFET 50}

tl. 7€ T,f""’ 2oV, d, = HaEWall(D,\)(_l)ea EB <,
BARHHNIRDERI O D,
Theorem 3.8.
Z d;m,, = orbital integral of theorem 3.6

TET;OII

CDEHIZ—ME D discrete series representaion % b2 semisimple algebraic group 22

W zl)ﬁk—jj-é t%ﬁ‘é néo

List of irreducible unitary representations with infinitesimal character Xa-

T HP(g, K;m) # 0 K-type Length
Dy H*Y (2,2,-2,-2) 0
Dy H31 (2,0,0,—2) 0
Dy H?? (2,-2,0,0) 0
Dy H?? (0,0,2,-2) 0
Dy H3 , (0,-2,2,0) 0
Dvi HO* (-2,-2,2,2) 0
Ff HY? H?3 (1,-2,1,0) 1
FT H?' H3? (1,0,1,-2) 1
FFf H'2 H?3 (0,-1,2,-1) 1
Fy H?1 H3:2 (2,-1,0,~1) 1
Ff HO3 H14 (-1,-2,2,1) 1
Fy H30 g1 (2,1,-1,-2) 1
Ft H%? g3 H** (0,-2,1,1) 2
Fy H?0, H31 H4? (1,1,0,-2) 2
F H%? H13 H** (-1,-1,2,0) 2
Fo H?O H31 H4? (2,0,-1,-1) 2
Pt HY' H?2(dim H?? = 2), H33 (1,-1,1,-1) 2
Pt H%Y HV! H%%(dim H?? = 2), H33 H** (0,0,0,0) 4
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The Kazhdan-Lusztig polynomials (infinitesimal character x,).

Cp+ = F{f + Du + Dy

Cp- = F; + Dy + Dy

CF;+=F,;"+DN+DV

Cp- =F, +Di+ Dn

CF;" =F2'+DV.+DVI

Cp- =Fg + D1+ Dy

Cp+ = Ff + F{f + Ff + Du+ Dy + Dy

Cp- =F; +F{ +Fg + D1+ Di+ Dy

Cpr = Ff + Ff + F§ + Dy + Dy + Dw

Cp- =F; +F +F; + D1+ Dr+ D

Cpy =P + F{f + F{ + Ff + F + Dn+ Du + Dy + Dv

Crt =Ff + Pf + Ff + Ff + Ff + Fy + Ff + Fy + Fff
+ Dy + Du + D + Dv + (¢ +1)Dwr

CFS_=F3‘+P2++F;+F{+F{"+F{+FI+F{+F{
+(¢+1)Dy+ Dy + Du + Dwv + Dy

CPS_=P;+F2‘"+F2‘+F5++F5_+PZ"’+F1++F1—+FI+F4_+FQ'+F6_
+ D1+ Dyp+(¢g+1)Dy +(¢+1)Dw + Dy + Dyi

CP1+=P1++P3—+F;+F;+P;+F;’+F;+F;+F;
+Ff + Ff + Ff + F{ + Ff + F + Di+ Di+ Du + Dy + Dv + Dy

CP;:PZ_’

Cpy =P + Py

Cp- =P + P
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