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1. Introduction

We investigate the Cauchy problem for the following nonlinear diffusion equation,

(1.1) $\frac{\partial}{\circ_{\Delta}}$(1.1) $\overline{\partial}t^{(|u|^{\beta 1}u)}-=\mathrm{d}\mathrm{i}\mathrm{v}(|\nabla u|^{P}-2\nabla u)$ in $S_{T}$ , $\beta>0,$ $p>1$ ,

(1.2) $|u|^{\beta-1}u(\cdot, \mathrm{o})=\mu(\cdot)$ in $\mathrm{R}^{N}$ .

Here $S_{T}=\mathrm{R}^{N}\cross(0, T),$ $0<T<\infty$ , and $\mu$ is an $L_{1\mathrm{o}\mathrm{c}}^{1}(\mathrm{R}^{N})$ -function or a a-finite Borel

measure.

The equation (1.1) is called the doubly nonlinear parabolic equation, which contains
the heat equation $(i.e. \beta=1,p=2)$ , the porous medium equation $(i.e. \beta>0,p=2)$ , and
the p–Laplacian equation $(i.e. \beta=1,p>1)$ , and the equation (1.1) has been studied by

several authors, for example, see [7], [8], [10], [11], and [13]. We distinguish the Cauchy

problem (1.1) with (1.2) into three cases:

(I) $(p-1)/\beta>1$ , (II) $(p-1)/\beta=1$ , (III) $0<(p-1)/\beta<1$ ,

and study the existence of the solution, respectively. For each case of (I), (II) and (III),

the behavior of solutions of (1.1) is completely different from one another, and so we need
this separation. The case of (I) contains the so-called degenerate case of porous medium
equation and $p$-Laplacian equation, and the case of (III) contains the singular case of them.
In what follows, we call (I) the degenerate case and (III) the singular case, respectively.

A classical result of $\mathrm{A}.\mathrm{N}$.Tychonov [12] states that the Cauchy problem for the heat

equation, $u_{t}=\Delta u$ , has a unique classical solution in the strip $S_{T}$ for continuous initial
data $\mu(x)$ satisfying

(1.3) $|\mu(x)|\leq c_{\exp}(|x|2/4T)$ as $|x|arrow\infty$ .
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Moreover $\mathrm{D}.\mathrm{G}$ .Aronson [1] generalized them for parabolic operator with variable coeffi-

cients:

(1.4) $cu \equiv\frac{\partial}{\partial t}u-\frac{\partial}{\partial x_{j}}\{Aij(X,t)\frac{\partial}{\partial x_{i}}u+A_{j(x},$ $t)u\}$

with suitable conditions imposed on coefficients $A_{ij}(x, t)$ and $A_{j}(x, t)$ . For the Cauchy

problem for the equation $\mathcal{L}u=0$ with the initial data $\mu(x)$ satisfying

(1.5) $\int_{\mathrm{R}^{N}}\mu(X)\exp(-\Lambda|x|^{2})dx<\infty$ , $\Lambda>0$ ,

he proves that it has a unique classical solution in some strip $S_{T’}$ , where $T’$ is a constant

dependent on A. Furthermore he proved the solution $u$ is written by the form in the strip

$S_{T’}$

$u(x, t)= \int_{\mathrm{R}^{N}}\Gamma(X,t;\xi, \mathrm{o})u_{\mathrm{o}(}\xi)d\xi$ ,

where $\Gamma$ is the fundamental solution of $\mathcal{L}u=0$ . See also [9] and [14].

For the degenerate case of porous medium equation

(1.6) $u_{t}=\triangle(u^{m})$ , $m>1$ ,

Ph.Benilan, $\mathrm{M}.\mathrm{G}$ .Crandall and M.Pierre [2] proved that the Cauchy problem is uniquely

solvable in the sense of weak solutions for the initial data satisfying

(1.7) $\lim_{\rhoarrow}\sup_{\infty}\rho^{-N2/(1)}-m-\int_{B_{\rho}}d|\mu|<\infty$ ,

where $B_{\rho}$ is a ball of radius $\rho>0$ with center $0$ . On the other hand, for the degenerate

case of the p–Laplacian equation,

(1.8) $u_{t}=\mathrm{d}\mathrm{i}_{\mathrm{V}(|\nabla u|)}p-2\nabla u$ , $p.>2$ ,

E.DiBenedetto and $\mathrm{M}.\mathrm{A}$ .Herrero [4] proved the similar result for the initial data satisfying

(1.9) $\lim_{\rhoarrow}\sup_{\infty}\rho-N-p/(p-2)\int_{B_{\rho}}d|\mu|<\infty$ .

Furthermore E.DiBenedetto and $\mathrm{M}.\mathrm{A}$ .Herrero [5] and E.DiBenedetto and $\mathrm{T}.\mathrm{C}$ .Kwong [6]

studied the Cauchy problem for singular cases of the porous medium equation $((N-$

$2)^{+}/2<m<1)$ and the $p$-Laplacian equation $(2N/(N+1)<p<2)$ , and obtained the

$L_{1\mathrm{o}\mathrm{c}}^{\infty}(\mathrm{R}^{N})$-estimate of the solution for the $L_{1\mathrm{o}\mathrm{C}}^{1}(\mathrm{R}^{N})$ initial data.
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Our purpose of this paper is to extend the earlier results on the existence of solutions
to the doubly nonlinear parabolic equation (1.1). The main point of this paper is to treat
the case (II).

For the case of (II), if the initial data $\mu$ satisfies

(1.10) $\int_{\mathrm{R}^{N}}\exp(-\Lambda|X|^{p}/(p-1))d|\mu|<\infty$

for some constant $\Lambda>0$ , then we prove that there exists a weak solution of (1.1) with (1.2)

in the strip $S_{T(\Lambda)}$ , where $T(\Lambda)=(p-1)^{2(}p-1)\Lambda^{1-p}/p^{p}$ . Here we remark that there exists
a solution of (1.1) with the initial data satisfying (1.10), which can’t be extended to larger
strip than $S_{T(\Lambda)}$ . The case (II) contains the heat equation, but our proof is completely

different form that of [1] and [12]. In fact, the proof doesn’t use the fundamental solution
of the heat equation, and it depends only on the structure conditions of the equation. So
our proof is applicable to more general equation than that of [1].

For the proof of the case (II), we essentially use the techniques given in $[3]-16]$ .
But it seems difficult to apply them to case (II) directly. To overcome this difficulty, we

introduce a new weight function $\phi_{\Lambda}$ (see (2.8)), and obtain an $L^{1}(\mathrm{R}^{N})$-estimate of $\phi_{\Lambda}$

(see (2.10)). From the estimate of $||\phi\Lambda(\cdot, t)||L^{1}(\mathrm{R}^{N})$ , we can estimate $||u(\cdot, t)||_{L^{\infty}}(B)\rho$ and
$||\nabla u(\cdot,t)||_{L^{\mathrm{p}}}-1(B_{\rho})$ , and prove that the critical growth order of the initial data for this case
is of exponential growth.

For the case of (I), there exists a weak solution of (1.1) under the initial data satisfying

(1.11) $\lim_{\rhoarrow}\sup_{\infty}\rho-N-p/d\int_{B_{p}}d|\mu|<\infty$ ,

where $d=(p-1)/\beta-1$ . Furthermore for the case of (III), such that $Nd+p>0$ , we will

give the $L_{1_{0}\mathrm{c}}^{\infty}(\mathrm{R}^{N})$-estimate of the solution for the $L_{1\circ \mathrm{c}}^{1}(\mathrm{R}^{N})$ initial data. For the cases of (I)

and (III), our proof heavily depend an approach of $[3]-[6]$ . Recently, for the case of (III)

of the equation (1.1), V.Vespri [13] proved several inequalities, by which the existence of

solutions is proved.

Finally, we remark that, to my acknowledgment, there is no results for the uniqueness

of weak solutions of (1.1), though the uniqueness of strong solutions of (1.1) is given in
[11].
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2. The Main Results

In this section, we give the definition of weak solution of (1.1) with (1.2), and state our

results.

Definition 1. A $\mathrm{m}$easurable function $u(x, t)$ defined in $\mathrm{R}^{N}\cross(0, T)$ is a weak solu-

tion of (1.1) and (1.2), if for any $\epsilon\in(0, T)$ and every $bo$un$ded$ open set $\Omega\subset \mathrm{R}^{N}$ ,

$u\in L^{p-}1(0, \tau_{\epsilon};W^{1,-}p1(\Omega)),$ $|u|^{\beta-1}u\in C(0, T_{\epsilon}; L^{1}(\Omega))$ and

(2.1) $\int_{\Omega}|u|^{\rho_{-1}}u\varphi(x, t)dx+\int_{0}^{t}\int_{\Omega}\{-|u|^{\rho-1}u\varphi_{t}$

$+| \nabla u|^{p-}2\nabla u\cdot\nabla\varphi\}dxd\mathcal{T}=\int_{\Omega}\varphi(_{X,\mathrm{o}})d\mu$,

for all $0<t<T_{\epsilon}$ and all testing functions

(2.2) $\varphi\in W^{1,\infty}(\mathrm{o}, \tau_{\epsilon}; L^{\infty}(\Omega))\cap L^{\infty}(0, T\epsilon;W_{0}1,\infty(\Omega))$ .

Here $T_{\epsilon}=T-\epsilon$ .

Throughout this paper, we set

$m=1/\beta$ , $d=(p-1)/\beta-1=m(p-1)-1$ , $\kappa_{r}=Nd+rp$ .

In particular, we set

$\kappa=\kappa_{1}=Nd+p$ , $\kappa^{*}=\kappa_{m_{P}}=Nd+mp2$

for simplicity. Furthermore by $C=C(A_{1}, A_{2}, \cdots)$ we denote positive constant which

depends only $\beta,p,$ $A_{1},$ $A_{2},$ $\cdots$ .

Case I: The Degenerate Case $(d>0)$

In order to represent the growth order of the initial data $\mu(x)$ , we define $|||f|||_{r}$ by

(2.3) $|||f|||_{\Gamma}= \sup_{\rho\geq f}\rho-\kappa/d\int_{B_{\rho}}|f|dx$,

for $f\in L_{1_{\mathrm{o}\mathrm{C}}}^{1}(\mathrm{R}^{N})$ . This norm is a modification of the norm introduced in [6].
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Theorem 1. Let $d>0$ and $\mu$ be a $\sigma$-finite Borel measure in $\mathrm{R}^{N}$ satisfying

$|||\mu|||_{r}<\infty$ for some $r>0$ .

Then there exists $a$ weak solution $u$ of (1.1) and (1.2) in the strip $S_{T(\mu)},$ $\iota vhere$

(2.4) $T(\mu)=\{$
$C_{1}[ \lim_{rarrow\infty}|||\mu|||_{r}]-d$ if $\lim_{rarrow\infty}|||\mu|||_{r}>0$

$+\infty$ if $\lim_{rarrow\infty}|||\mu|||_{\Gamma}=0$

and $C_{1}=C_{1}(N, \beta,p)$ .
Let $T_{r}(\mu)=C_{1}|||\mu|||_{r}^{-d}$ . Then for any $t\in(\mathrm{O}, T_{r}(\mu))$ and $\rho>0$ ,

(2.5) $||||u|^{\beta}(\cdot, t)|||r\leq c_{2}|||\mu|||_{r}$ ,

(2.6) $||u($ ., $t)||_{L^{\infty}(B,})\leq c_{3}t^{-N/}\rho_{\kappa}\rho|p/\beta d||\mu|||p/\beta\kappa r$
’

and

(2.7) $\int_{0}^{t}\int_{B_{p}}|\nabla u|p-1dXd\mathcal{T}\leq C4t^{1/\kappa}\kappa\rho|1+/d||\mu|||_{\Gamma}^{1}+d/\kappa$,

where $C:=C_{i}(N, \beta,p),$ $i=2,3,4$.

Case II: The Critical Case $(d=0)$

For any $\lambda>0$ and $\delta>0$ , let $\phi_{\lambda}(t)$ be a function defined by

(2.8) $\phi_{\lambda}(t)=\sup_{\tau\in(0,t)}\int_{\mathrm{R}^{N}}\eta(|x|)F(eu-1)g\lambda pdX$ ,

where

$F(s)=\{$
$|s|^{1+\delta}/(1+\delta)$ , if $|s|\leq 1$ ,
$|s|-\delta/(1+\delta)$ , if $|s|\geq 1$ ,

$\eta(s)=\{$
1, if $s\leq 1$ ,
$s^{(p)}N+/(p-1)$ , if $s\geq 1$ ,

and

(2.9) $g_{\lambda}(X, t)=- \lambda(\frac{|x|^{p}}{1-t})^{1/(}\mathrm{P}-1)1(+t^{l})$ , $0<l<1/2$ .

Then our result for the case of (II) is as follows.
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Theorem 2. Let $d=0$ and $\mu$ be a $\sigma$-finite Borel measure satisfying

(2.10) $\int_{\mathrm{R}^{N}}\exp(-\Lambda|X|p/(p-1))d|\mu(X)|<\infty$

for some $\Lambda>0$ . Then there exists a weak solution $u$ of (1.1) and (1.2) in the strip $S_{T(\Lambda)}$ ,

where $T(\Lambda)$ is a constant such that

(2.11) $T( \Lambda)=\frac{(p-1)^{2(}p-1)}{p^{p}}\Lambda^{1-p}$ .

Furthermore let $\delta>0$ be a sufficiently small constant. Then for any $\lambda>\Lambda$ there exists a

constant $T_{0}<1$ such that $u$ satisfies the followin$g$ inequalities,

(2.12) $\phi_{\lambda}(t)\leq C_{1}\phi_{\lambda}(0)\leq C\int_{\mathrm{R}^{N}}\exp(-\Lambda|X\}^{P}/(p-1))d|\mu(X)|$

(2.13) $||e^{g\lambda(}’ t)p-1u||_{L\infty(\mathrm{R})}N\leq C_{2}(1+t^{-N/p})\phi\lambda(t)$

for all $t\in(\mathrm{O}, T_{0})$ , where $C=C(p, N, \Lambda, \lambda, \delta)$ and $C_{i}=C_{i}(p, N, \delta),$ $i=1,2$ .

The estimate of $T(\Lambda)$ in (2.11) is optimal in the sense that there exists a solution

blowing up at $T(\Lambda)$ . In fact, let $u(x,t)$ be a function such that

$u(x, t)=(1- \sigma t)^{-}N/p(p-1)\exp[\gamma(\frac{|x|^{p}}{1-\sigma t})^{1}/(p-1)]$ , $\gamma=\frac{p-1}{p}(\frac{\sigma}{p})^{1/(1)}p-$ ,

where $\sigma$ is any positive constant. Then $u(x, t)$ is a solution of (1.1) in the strip $S_{1/\sigma}$ , and

$u^{p-1}(x, \mathrm{O})=\exp((p-1)\gamma|x|p/(p-1))$ .

Then $T((p-1)\Lambda)=1/\sigma$ and $u(x, t)$ blows up at $t=1/\sigma$ .

Case III: The Singular Case $(d<0)$

We only treat the result for the case of $\kappa>0$ .

Theorem 3. Let $d<0$ be a positive constant such that $\kappa>0$ and let $\mu$ be a $\sigma$ -finite Borel

measure in $\mathrm{R}^{N}$ . Then there exists a weak solution $u$ of (1.1) and (1.2) in $\mathrm{R}^{N}\cross(0, \infty)$ .
Furthermore the solution $u(x, t)$ sati.sfies the following inequalities,

$|||u|^{\beta}( \cdot,t)||_{L^{\infty(B)}}p\leq C_{1}t^{-N/\kappa}(\sup_{0<\tau<t}\int_{B}2’|u|^{\rho}(X, \tau)dX)^{P/\kappa}+C_{2}(\frac{t}{\rho^{p}})^{p/\kappa}$

and
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$\sup_{0<\tau<t}\int_{B_{\rho}}|u|\rho(x, \mathcal{T})dX\leq c\mathrm{a}\int_{B_{2\rho}}d|\mu(x)|+c_{4}(\frac{t}{\rho^{\kappa}})^{1/d}-$ ,

for any $t>0$ and $\rho>0$ , where $C_{\dot{*}}=C_{i}(N, m,p),$ $i=1,2,3,4$ .

The essential part of Theorem 3 was proved by V.Vespri. See Theorem 2-1 and
Theorem 2-2 in [13].

We remark that the estimates of solutions given in Theorem 1-Theorem 3 may be
extended to nonnegative strong subsolutions of

(2.14) $\frac{\partial}{\partial t}(|u|^{\rho}-1u)-\mathrm{d}\mathrm{i}\mathrm{v}A$( $x,t,$ $u$ , Vu) $\leq B(x, t, u,\nabla u)$ .

Here the structure conditions given below are satisfied:

$\{$

$C_{1}|q|^{p}-g1(x, t)\leq A(x, t, u, q)\cdot q\leq C_{2}|q|^{p}+g_{2}(x,t)$ ,
$[A(X, t, u, q)-A(X,t, u,\tilde{q})]\cdot(q-\tilde{q})\geq 0$,
$|B(X,t, u, q)|\leq C_{3}|q|^{p1}-+g_{3}(x, t)$

for any $(x, t, u)\in \mathrm{R}^{N}\cross \mathrm{R}_{+}\cross \mathrm{R}$ and $q,\tilde{q}\in \mathrm{R}^{N}$ , where $C_{\dot{*}},$ $i=1,2,3$ , are given constants
and $g:,$ $i=1,2$ are given bounded functions in $\mathrm{R}^{N+1}$ .

Furthermore, from Lemma 1-2 in [3], $u_{+}= \max\{u, 0\}$ and $u_{-}=- \min\{u, 0\}$ are
nonnegative weak subsolutions of (1.1), and the estimates of Theorem 1-Theorem 3 holds
for nonnegative weak subsolutions of (2.14). Therefore throughout this paper, we treat
only nonnegative solutions of (1.1).

In the following section, we give the proof of Theorem 2 for the heat equation. The
proof for the heat equation contains an essential part of Theorem 2 for the equation (1.1).
For the cases (I) and (III), we may complete the proofs of Theorem 1 and Theorem 3 by
modifying the proof of the results of $[3]-[6]$ .

$\blacksquare$

3. Proof of Theorem 2 for the Heat Equation
In this section, we consider the Cauchy problem of the heat equation,

(3.1) $\{$

$u_{t}=\Delta u$ in $\mathrm{R}^{N}\cross(0,T)$ ,
$u(x,0)=\mu(x)\geq 0$ in $\mathrm{R}^{N}$ ,

where $\mu\in L_{1\mathrm{o}\mathrm{c}}^{1}(\mathrm{R}^{N})$ satisfying the condition (2.10). In order to prove Theorem 2 for the
heat equation, we need the following two propositions.
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Proposition 3-1. (See [1]) Let $\mu$ be a nonnegative $L_{1_{\mathrm{o}\mathrm{C}}}^{2}(\mathrm{R}^{N})$ -function such that

(3.2) $\mu(x)\exp(-\Lambda|x|2)\in L^{2}(\mathrm{R}^{N})$ .

Then there exists a weak solution $u(x, t)$ of (3.1) in $S_{T(\Lambda)}$ , where $T(\Lambda)$ is a constant given

in (1.11). Furthermore for any $\epsilon\in(0, T(\Lambda))$ there exist constants $C_{1}^{\epsilon}$ and $C_{2}^{\epsilon}$ such that the

solution $u(x, t)$ satisfies

(3.3) $0< \tau<\tau\sup_{\epsilon}\int_{\mathrm{R}^{N}}\exp(-c1\epsilon|x|^{2})u2(X, \tau)dx+\iint_{s_{\tau_{\epsilon}}}\exp(-c\epsilon|_{X|^{2}}1)|\nabla u|2d_{X}d\mathcal{T}$

$\leq C_{2}^{\epsilon}||\mu\exp(-\Lambda|\cdot|^{2})||L^{2}(\mathrm{R}^{N})$
’

where $T_{\epsilon}=T(\Lambda)-\epsilon$ .

The following proposition is proved by the arguments similar to those of $[3]-[6]$ .

Proposition 3-2. Let $\eta$ and $g_{\lambda}$ be functions appearing in (2.8) and $r$ be a constant with

$r>1$ . For any $\lambda>0$ , there exist constants $C=C(r, \lambda)$ and $T_{\lambda}^{*}<1$ such that

(3.4) $||\eta(|X|)eg\lambda u||_{L^{\infty(B(t}}R1^{\cross}t\iota,))$

$\leq CM^{(N2)/2r}+(\int_{t}^{t}2\int_{B}R2[\eta(|x|)eug\lambda]^{r}d_{X}d\mathcal{T})1/r$ ,

for any $R_{1},$ $R_{2}$ with $0<R_{1}<R_{2}$ and any $t,$ $t_{1},$ $t_{2}$ with $0<t_{2}<t_{1}<t\leq T_{\lambda}^{*}$ , where

(3.5) $M=|\nabla g_{\lambda}|2(R_{2}, t)+(R2-R_{1})-2+(t1-t_{2})^{-1}$ .

Now we begin with proving Theorem 2 for the heat equation. From Proposition 3-2,

we have the following proposition.

Proposition 3-3. Let $u$ be a solution of (3.1). Then for $0<T_{0}<T_{\lambda}^{*}$ , there exists a

constant $C=C(N,$ $\delta,\tau_{0)}$ such that

(3.6) $||e^{gx}u||L\infty(B)p(t)\leq C+^{c-N/2}t\phi_{\lambda}(t)$

for $0<t<\tau 0$ .

Proof of Proposition 3-3: For any $\rho>0$ and $t>0$ , let $Q_{s}$ be a cylinder defined

by $B_{\rho_{*}}\cross(t_{s}, t)$ , where $p_{s}= \sum_{i=1}^{s}(2^{-}i-1)\rho$ and $t_{s}=(1- \sum_{i}^{s}(2-i-1))t$ . Then applying

Proposition 3-2 to the pair of cylinders $Q_{s}\subset Q_{s+1}$ , we have

(3.7) $|| \eta e^{g_{\lambda}}u||_{L(Q_{s})}\infty\leq C\frac{M^{(N+2)}/2(1+\delta)}{b^{s/(+\delta}1)}(\int\int_{Q_{s+}1}[\eta e^{g}u]\lambda 1+\delta dXd_{\mathcal{T}})^{1/(\delta)}1+$ ,

91



where $M=|\nabla g_{\lambda}|2(2\rho,t)+\rho^{-2}+t^{-1}$ and $b=2^{-N-2}$ .
For any measurable set $E$ in $\mathrm{R}^{N}$ , we denote by $\chi_{E}$ the characteristic function of $E$ ,

and set

(3.8) $\chi_{1}(X)=\chi \mathrm{t}^{\mathrm{e}^{g}}\lambda u\leq 1\}(X)$ , $\chi_{2}(x)=\chi_{\mathrm{t}^{\mathrm{e}^{\mathit{9}}\lambda}\geq 1}u\}(X)$.
Then from (2.8) we have

$\int\int_{Q_{\iota+1}}[\eta(|x|)eu]g\lambda 1+\delta dxd_{\mathcal{T}\leq}\eta^{\delta}(2p)\int\int_{Q_{*+1}}\eta(|X|)[e^{gx}u]1+\delta\chi_{1}(_{X})dXd\mathcal{T}$

$+|| \eta e^{g}u|\lambda|^{\delta}L\infty(Q_{\delta}+1)\int\int_{Q_{*+1}}\eta(|X|)e^{g\mathrm{x}}udXd\tau$

$\leq C[\eta(\delta 2\rho)+||\eta e^{\mathit{9}\lambda}u||_{L^{\infty}}\delta](Q_{s+1})\int_{0}^{t}\phi_{\lambda}(\tau)d_{\mathcal{T}}$ .
So combining (3.7), we have

$|| \eta e^{g_{\lambda}}u||_{\infty},Q_{*}\leq C\frac{M^{(N+2)/2(1+}\delta)}{b^{S}/(1+\delta)}$

$\cross([\eta(\delta 2\rho)+||\eta eu|g\lambda|L\infty(Q_{S}+1)]\delta\int_{0}^{t}\phi_{\lambda}(\mathcal{T})d\tau)1/(1+\delta)$

Then from the Young inequality, for any $\nu>0$ there exists a constant $C=C(\nu, \delta)$ such
that

$||\eta e^{g_{\lambda}}u||L\infty(Q\iota)\leq\nu||\eta eg\lambda u||_{L(}\infty Q_{S+1})$

$+C( \nu, \delta)2(N+2)S[\eta(2\rho)+M(N+2)/2\int_{0}^{t}\phi_{\lambda}(\mathcal{T})d\mathcal{T}]$ .
Therefore iteration of these inequalities yields

$||\eta e^{g\lambda}u||L\infty(Q0)\leq\nu^{s}||\eta e^{g_{\lambda}}u||_{L^{\infty}}(Q_{\epsilon})$

$+C( \nu, \delta)[\eta(2\rho)+M^{(2}N+)/2t\phi\lambda(t)]\sum(\nu 2N+2):i=1\iota$ .

Therefore we set $\nu=2^{-()}N+3$ , take the limit as $sarrow\infty$ , and obtain

(3.9) $||\eta e^{g_{\lambda}}u||_{L}\infty(B,)\leq C(\delta)\eta(2\rho)+C(\delta)[|\nabla g\lambda|2+t^{-1}](N+2)/2t\phi\lambda(t)$ .
Therefore from (3.9), we have the inequality (3.6) for the case of $\rho\leq 1$ .

For any $0<T_{0}<1$ there exists a constant $C=C(T_{0})$ such that $|\nabla g_{\lambda}|^{2}(x, t)\leq C|x|^{2}$ .
For the case of $p\geq 1$ , from (3.9) and the definition of $\eta$ we obtain

$||e^{g}u-\dot{1}|\lambda P|L\infty(B\backslash ’\rho/2B)\leq c+c_{t}-N/2\phi_{\lambda}(t)$ ,

where $C=C$( $N,$ $\delta,$ To). Therefore we obtain the inequality (3.6) for the case of $\rho\geq 1$ . I
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Proposition 3-4. Let $\zeta(x)$ is a piecewise smooth cutoff function such that $\zeta\equiv 1$ on $B_{\rho}$ ,
$|\nabla\zeta|\leq 1/\rho$ and $supp\zeta\subset B_{2p}$ . Then there exists a constant $T_{0}<1$ dependent only on $p$

such that

(3.10) $\lim_{\epsilonarrow}\sup_{0}\int_{0}^{t}\int_{B_{2\rho}}\tau^{1}\eta/2(|X|)e\frac{|\nabla u|^{2}}{u+\epsilon}g_{\lambda}[e(g\lambda u+\epsilon)]^{\delta}\zeta^{2}(X)dXd\mathcal{T}$

$\leq C[\int_{0}^{t}\tau^{-1}\phi/2(\lambda\tau)d_{\mathcal{T}}+\int_{0}^{t}\tau^{\sigma-1}\phi^{1+}\lambda(\delta]\mathcal{T})d\tau$ ,

for $0<t<T_{0}$ and $\rho\geq 1$ , where $C=C(N, \delta)$ and $\sigma=(1-\delta N)/2$ .

Proof of Proposition 3-4: Let

$\varphi_{\epsilon}(x, t)=t^{1/2}\eta(|x|)egx[e^{g_{\lambda}}(u+\epsilon)]^{\delta}\zeta^{2}(x)$ .

Then we have

$\lim_{\epsilonarrow}\inf_{0}\int_{0}^{t}\int_{B_{2\rho}}u_{t\varphi_{\epsilon}dXd\tau}\geq-\frac{1}{2(1+\delta)}\int_{0}^{t}\int_{B_{2\rho}}\tau^{-1/}\eta[e^{g_{\lambda}}u]1+\delta d2dx\tau$

$- \frac{1}{1+\delta}\int_{0}^{t}\int_{B_{2\rho}}\tau^{1/2}\eta[eu]g\lambda 1+\delta\frac{\partial}{\partial t}g\lambda dxd\tau$,

and

$\int_{0}^{t}\int_{B_{2}},$ $\nabla u\cdot\nabla\varphi_{\epsilon}d_{X}d\mathcal{T}\geq\frac{\delta}{2}\int_{0}^{t}\int_{B_{2p}}\tau e1/2gx\frac{|\nabla u|^{2}}{u+\epsilon}[e^{g\lambda}(u+\epsilon)]\delta d_{X}d\mathcal{T}$

$-C( \delta)\int_{0}^{t}\int_{B_{2\rho}}\tau^{1/}\eta[e(g\lambda+u\epsilon)2]1+\delta|\nabla g\lambda|^{2}d_{X}d\mathcal{T}$

$- \frac{C(\delta)}{\rho^{2}}\int_{0}^{t}\int_{B_{2p}}\tau^{1/}\eta[2e^{g\lambda}(u+\epsilon)]1+\delta dXd\mathcal{T}$ .

Taking a sufficiently small $T_{0}$ , we obtain

(3.11) $\lim_{\epsilonarrow}\sup_{0}\int_{0}^{t}\int_{B_{2\rho}}\tau\eta(1/2|x|)eg\lambda_{\frac{|\nabla u|^{2}}{u+\epsilon}}[e^{g\lambda}(u+\epsilon)]^{\delta}\zeta 2dxd\mathcal{T}$

$\leq C\int_{0}^{t}\int_{B_{2p}}\tau^{-1/}\eta(|x|)(e^{g}u)\lambda\delta+1d2xd\mathcal{T}$ .

Here we used the relation that $t^{1/2}/\rho^{2}\leq t^{-1/2}$ for $0<t<T_{0}$ . So we have

(3.12) $\int_{0}^{t}\int_{B_{2p}}\tau-1/2(|X|\eta)(eu\mathit{9}\lambda)^{\delta}+1d_{X}d\tau\leq\int_{0}^{t}\tau^{-1}\phi_{\lambda}(\mathcal{T})/2d_{\mathcal{T}}$

$+ \int_{0}^{t}\int_{B_{2\rho}}\tau^{-1/}\eta(|X|)eu|2g\lambda|eu|g\lambda|_{L^{\infty}(}^{\delta}B_{2p})(\tau)x2dXd\tau$ .
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Furthermore from Proposition 3-3 we have

(3.13) $\int_{0}^{t}\int_{B_{2p}}\tau^{-1/}\eta(|x|)e^{g}ux2||e^{g\lambda}u||\delta)L\infty(B2\prime d_{X}2\lambda(\tau)d\mathcal{T}$

$\leq\int_{0}^{t}\int_{B_{2\rho}}\tau^{-1/}\eta(|X|)eu\chi 2[2g\lambda 1+\tau^{-\delta N/2}\phi\delta\lambda(\mathcal{T})]d_{Xd}\mathcal{T}$

$\leq C\int_{0}^{t}\tau^{-1}\phi\lambda(\tau/2)d\tau+c\int_{0}^{t}\tau^{-1/N}-/2\phi_{\lambda}^{1}+\delta(_{\mathcal{T}})d2\delta\tau$

for any $0<t<T_{0}$ . By combining $(3.11)-(3.12)$ , we obtain the inequality (3.10). 1

Proposition 3-5. There exists a constant $T_{0}=\tau_{0}(\delta, l, \phi\lambda(\mathrm{o}))$ such that

(3.14) $\phi_{\lambda}(t)\leq C\phi_{\lambda}(\mathrm{O})$

for $0<t<T_{0}$ , where $C=C(\delta)$ . Furthermore

(3.15) $||e^{g_{\lambda}(\cdot,t)}u||L^{\infty}(B_{\rho})\leq C(1+t^{-N/2})\phi\lambda(0)$

for any $\rho>0$ and $0<t<T_{0}$ .

Proof of Proposition 3-5: We set

$\varphi_{\epsilon}(x, t)=\eta(|x|)e^{g_{\lambda}}F’(e^{g}\lambda(u+\epsilon))\zeta^{2}(x)$,

where (is a function given in Proposition 3-4, and we have

$\lim_{\epsilonarrow 0}\int_{0}^{t}\int_{B_{2p}}u_{t\varphi_{\epsilon}}dXd_{\mathcal{T}}=\int_{B_{2\rho}}\eta(|X|)F(eu)\mathit{9}\lambda\zeta^{2}d_{X1}r\mathcal{T}=0=\ell$

$- \int_{0}^{t}\int_{B_{2\rho}}\eta(|X|)[(e^{g}u)\lambda 1+\delta\chi_{1}+e^{g_{\lambda}}u\chi_{2}]\zeta^{2}\frac{\partial}{\partial t}g\lambda dxd\tau$

and

$\int_{0}^{t}\int_{B_{2}},$ $\nabla u\cdot\nabla\varphi_{\epsilon}dxd\tau\geq\delta\int_{0}^{t}\int_{B_{2\rho}}\eta e^{\mathit{9}\lambda}\frac{|\nabla u|^{2}}{u+\epsilon}[e^{g_{\lambda}}(u+\epsilon)]^{\delta}\zeta^{2}\chi 1dxd\mathcal{T}$

$-C( \delta)\int_{0}^{t}\int_{B_{2\rho}}\eta e^{g_{\lambda}}|\nabla u|(|\nabla g\lambda|\zeta 2+\zeta|\nabla\zeta|)[e^{gx}(u+\epsilon)]^{\delta}\chi_{1}dxd\mathcal{T}$

$- \int_{0}^{t}\int_{B_{2\rho}}\eta e^{gx}|\nabla u|(|\nabla g\lambda|\zeta 2+\zeta|\nabla\zeta|)x_{2}d_{X}d\mathcal{T}$,
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where $\chi_{\dot{*}},$ $i=1,2$ is given in (3.8). The Young inequality yields

$\int_{0}^{t}\int_{B_{2\rho}}\eta e^{g}\lambda|\nabla u||\nabla g\lambda|\zeta 2[e^{g\lambda}(u+\epsilon)]^{\delta}x_{1}dxd\mathcal{T}$

$\leq\int_{0}^{t}\int_{B_{2p}}\tau^{1/2}\eta e\frac{|\nabla u|^{2}}{u+\epsilon}g\lambda[e^{gx}(u+\epsilon)]\delta\zeta 21\chi dxd\mathcal{T}$

$+ \int_{0}^{t}\int_{B_{2\rho}}\eta[e^{g_{\lambda}}(u+\epsilon)]1+\delta\tau^{-}|1/2\nabla g_{\lambda}|2\zeta^{2}x1dXd\tau$ .

and

$\int_{0}^{t}\int_{B_{2p}}\eta e^{g\lambda}|\nabla u||\nabla g_{\lambda}|\zeta 2d\chi_{2}Xd\tau\leq\int_{0}^{t}\int_{B_{2p}}\tau^{1/}2\eta eg_{\lambda}\frac{|\nabla u|^{2}}{u+\epsilon}\zeta 2\chi_{2}dxd\mathcal{T}$

$+ \int_{0}^{t}\int_{B_{2\rho}}\eta e^{g\lambda}(u+\epsilon)_{T}-1/2|\nabla g_{\lambda}|2\zeta^{2}\chi 2dxd\mathcal{T}$.

Therefore from (2.9) and the Young inequality, there exists a constant $C=C(N, \delta, l)$ such

that

(3.16) $\int_{B_{\rho}}\eta(|x|)F(e^{g}u)xdX|r=t\leq\int_{B_{2p}}\eta(|x|)F(exgu)dX|r=0$

$+ \lim_{\epsilonarrow}\sup_{0}\int_{0}^{t}\int_{B_{2\rho}}\tau^{1/}\eta(2|x|)e^{g\lambda_{\frac{|\nabla u|^{2}}{u+\epsilon}}}[e^{g\lambda}(u+\epsilon)]\delta\zeta 2dXdT$

$+ \frac{C}{p^{2}}\int_{0}^{t}\int_{B_{2\rho}}\eta(|X|)(e^{g_{\lambda}}u)\delta+1x_{1}dxd\mathcal{T}$

$+ \frac{C}{\rho^{2}}\int_{0}^{t}\int_{B_{2p}}\tau^{-1}\eta(/2|x|)eu\chi 2dg\lambda xd\tau$.

Therefore taking the limit $parrow\infty$ , from Proposition 3-4, we have

$\phi_{\lambda}(t)\leq\phi\lambda(0)+c\int_{0}^{\ell}[(\tau-1/2+\mathcal{T}^{-}/12)\phi\lambda(_{\mathcal{T}})+\mathcal{T}-1\sigma\phi 1(\lambda^{+\delta}\tau)]d_{\mathcal{T}}$

$\leq\phi_{\lambda}(\mathrm{o})+C(t/2+t)11/2\phi\lambda(t)+C\int_{0}^{t}\tau\phi^{1+}\lambda(\delta)\mathcal{T}d\sigma-1\tau$,

where $\sigma$ is a constant given in Proposition 3-4. Here we take a sufficiently small $\delta>0$

such that $\sigma>0$ , and fix $\delta$ . Taking a sufficiently small $t$ such that $Ct^{1/2}\leq 1/4$ , we have

(3.17) $\phi_{\lambda}(t)\leq 2\phi\lambda(0)+C\int_{0}^{t}\tau\sigma-1\phi 1+\delta(\lambda\tau)d_{\mathcal{T}}$.
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It follows from (3.17) that $\phi_{\lambda}(t)$ is majorized by the solution of

$H’(t)=Ct\sigma-1H1+\delta(t)$ , $H(\mathrm{O})=2\phi_{\lambda}(0)$ ,

and so we obtain

$\phi_{\lambda}(t)\leq H(t)=2[1-\frac{C\delta 2^{\delta}}{1-\sigma}t^{-}\sigma+1\phi_{\lambda}\delta(\mathrm{o})]^{-1}/\delta\phi\lambda(0)$ ,

provided the bracket is positive for any $0<t<T_{0}$ . Therefore taking sufficiently small
$T_{0}>0$ such that $[\cdots]>0$ , we complete the proof of Proposition 3-5. 1

Proposition 3-6. Under the $\mathrm{a}ss$umption of Proposition 3-5, there holds

(3.18) $\int_{0}^{t}\int_{B_{\rho}}\eta(|x|)egx|\nabla u|dxd\tau\leq Ct^{\sigma}(\rho^{N}+\phi_{\lambda}(\mathrm{o}))$

for any $0<t<T_{0}$ .

Proof of Proposition 3-6: By the Young inequality, we have

$\int_{0}^{t}\int_{B_{p}}\eta(|x|)e^{g\lambda}|\nabla u|dxd\tau\leq\int_{0}^{t}\int_{B_{\rho}}\mathcal{T}^{1/2g\lambda}e\frac{|\nabla u|^{2}}{u+\epsilon}[e^{g\lambda}(u+\epsilon)]^{\delta}dxd\tau$

$+ \int_{0}^{t}\int_{B_{\rho}}\tau^{-1/}[e^{g}(u+\epsilon)2\lambda]^{1-\delta}d_{Xd}\mathcal{T}$

$\equiv I_{1}(\epsilon)+I2(\epsilon)$ .

From Propositions 3-4 and 3-5, we have $\lim\sup_{\epsilonarrow 0^{I_{1}}}(\epsilon)\leq Ct^{\sigma}\phi_{\lambda}(\mathrm{O})$ . For the second

term $I_{2}(\epsilon)$ , we have

$\lim_{\epsilonarrow 0}I_{2}(\epsilon)\leq\int_{0}^{t}\int_{B_{p}}\tau^{-1/}(2ue^{g_{\lambda}})1-\delta[x1+\chi_{2}]d_{X}d\tau$

$\leq Ct^{1/N}(2\rho+\phi\lambda(t))$ ,

and so we obtain (3.18). 1

Now we complete the proof of Theorem 2 for the heat equation.

Proof of Theorem 2: Let $\lambda$ be any constant such that $\lambda>$ A. From the definition of
$\phi_{\lambda}$ , we have

$\phi_{\lambda}(0)\leq\int_{\mathrm{R}^{N}}\eta(|x|)\exp(-\lambda|X|2)\mu(X)dX$ .
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Therefore from Proposition 4-3 and $\lambda>\Lambda$ , we obtain the inequalities (2.12) and (2.13).

for the initial data $\mu\in C_{0}^{\infty}(\mathrm{R}^{N})$ .
For any $\mu\in L_{1\mathrm{o}\mathrm{c}}^{1}(\mathrm{R}^{N})$ satisfying (2.10), let $\mu_{n}$ be a function in $C_{0}^{\infty}(\mathrm{R}^{N})$ such that

$\lim_{narrow\infty}\int_{\mathrm{R}^{N}}\mu_{n}\exp(-\lambda|x|^{2})dx=\int_{\mathrm{R}^{N}}\exp(-\lambda|_{X1)d\mu}2(x)$ .

From Proposition 3-1, there exists a solution $u_{n}$ of (3.1) for $u(x,0)=\mu_{n}(x)$ in $s_{\infty}\equiv$

$\mathrm{R}^{N}\cross(0, \infty)$ . Furthermore Proposition 3-1 and (3.15) yield

$\int_{r}^{T_{0}}\int_{B_{\rho}}|\nabla u_{n}|^{2}dXdt\leq C(\rho, \tau)$

for any $0<\tau<T_{0}$ and $p\geq 1$ , where $C(p, \tau)$ is a constant independent of $n$ . If necessary,

taking a subsequence of $\{u_{n}\}$ , we see that

$\lim_{narrow\infty}\int_{\mathcal{T}}^{T}0\int B,$ $\nabla u_{n}\cdot\nabla\varphi d_{X}dt=\int_{\tau}^{T0}\int_{B_{\rho}}\nabla u\cdot\nabla\varphi dXdt$

for any $\varphi\in L^{\infty}(\mathrm{O}, T_{0}; W_{10}^{1,\infty}(\mathrm{C})\mathrm{R}^{N})$ . Therefore the function $u$ is a solution of (1.1) and (1.2)

in $S_{T_{0}}$ .
On the other hand, from (3.15) we have

$||\exp(-\lambda(t)|X|^{2})u(_{X},t)||L\infty(\mathrm{R}N)<\infty$

for $0<t<T_{0}$ , where $\lambda(t)=g_{\lambda}(\mathrm{O}, t)=\lambda(1+t^{1/2})$ . Therefore from Proposition 3-1,

there exists a solution of (1.1) and (1.2) in $S_{T(\Lambda)}$ , and the proof of Theorem 2 for the heat

equation is completed. 1
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