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\S 1. I $\mathrm{n}\mathrm{t}$ roduc $\mathrm{t}\mathrm{i}$ on

In this talk we treat quasilinear elliptic equations of

the form

$\mathrm{d}\mathrm{i}\mathrm{v}$ $( |Du|^{m-2}Du)$ $+$ $a(x)|u|^{m-2}u$ $=$ $0$ (E)

in an exterior domain $\Omega\subset \mathrm{R}^{N}$ . Such equations are often called

half-linear equations. We always assume that $N\geq 2$ . $m>1$ , and

$a$ is continuous in $\Omega$ .

Dc $\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{i}$ on. (i) A nontrivial solut ion $u$ of (E) ( $\mathrm{d}\mathrm{e}\mathrm{f}$ined

near $\infty$ ) $\mathrm{i}\mathrm{s}$ called $oscill$ $a$ $to\tau \mathrm{y}$ if the set { $x\in\Omega\cap$ dom $u$ : $u(x)$

$=$ $0$ $\}$ is unbounded.

(\"u) Equation (E) $\mathrm{i}\mathrm{s}$ called $oscill$ $a$ $t_{Or}y$ if every nontr ivial

solution (defined near $\infty$ ) of (E) is oscillatory.

The aim of the talk is to establish sufficient conditions

for (E) to be oscillatory. We are interested in especially the

case where $a$ may take on negative values for arbitrarily large

$|x|$ .
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\S 2. Reduc $\mathrm{t}\mathrm{i}$ on to one-d imens $\mathrm{i}$ onal problems

We employ the notation

$\overline{a}(r)$

$= \frac{1}{\omega_{N}r^{N-1}}\int_{|x|=_{T}}a(x)dS$ for large $r$ ,

where $\omega_{N}=$ $I_{|x|1}dS=$ . Thi $\mathrm{s}$ function $\mathrm{i}\mathrm{s}$ called the spher ical

mean of $a$ .

Lemma. Le $tu$ be a $positive$ so $luti$ on of (E) de$fined$ for
$|x|$ $\geq R$ , $suffici$ en $tl\mathrm{y}$ $l$ arge.

(i) The $vec$ tor-val $ued$ func $ti$ on

$w(x)$ $=- \frac{|Du|Dum-2}{u^{m-1}}$

sa $tisfi$ es the iden $tity$

$\mathrm{d}\mathrm{i}\mathrm{v}w=a(X)$ $+$ $(m-1)|w|^{m/(m-1)}$ , $|x|$ $\geq$ R. (1)

$(\ddot{\mathfrak{U}})$ The func $ti$ on

$z(r)$ $= \int_{1x1=}(w(_{X})r’\frac{x}{r})dS$ , $T\geq R$ ,

sa $tisfi$ es the genera $lizedRiccati$ $i$ nequa $lit\mathrm{y}$

$z$
.

$(\Gamma)$

$\geq\frac{m-1}{(\omega_{N^{T)}}N-11/(m-1)}|_{Z(_{T}})|^{m/(m-1)}$
$+\omega_{N}r^{N-1_{\overline{a}()}}r$ , (2)

where $( , )$ deno $t$ es the usua $l$ $i$ nner produc $t$ .

Proo $\mathrm{f}$ . Since the proof of (i) $\mathrm{i}\mathrm{s}$ easy, it $\mathrm{i}\mathrm{s}$ omitted.

Only (ii) will be proved.

Integrating (1) over the sphere $|x|$ $=$ $r$ , we obtain
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$\int_{1x1=_{\Gamma}}\mathrm{d}$ iv $wdS=\omega_{N}r^{N-1}\overline{a}(r)$ $+$ $(m-1) \int_{1x}|w|^{m}/(m^{-}1)d1=rs$ . (3)

On the other hand, the divergence theorem shows that

$z’(r)$ $= \frac{d}{dr}\int_{1x}(w|=T(_{\mathcal{I})}, \frac{x}{T})dS=\int_{|x|=r}\mathrm{d}\mathrm{i}\mathrm{V}wdS,$
(4)

and Holder ’
$s$ inequali ty shows that

$|_{Z(_{T}})|$ $\leq\int_{|x|r}|w|=\cdot 1dS$

$\leq$ $( \int_{|_{X}|=_{T}}|w|^{m}/(m-1)ds)(m-1)/m(\int_{1|=\tau}ds)1/\mathcal{I}m$

This is equivalent to

$( \int_{1x\mathrm{I}=r}|w|m/(m-1)ds)(m-1)/m\geq$ $(\omega_{N}r)^{-}N-11/m|z(r)|$ . (5)

By virtue of (4) and (5) , we can $\mathrm{v}\mathrm{e}\mathrm{r}$ ify the validi ty of (2)

from (3). The Proof $\mathrm{i}\mathrm{s}$ complete.

Lemma immediately gives the following important result on

which our oscillation theory is heavily based.

Propos $\mathrm{i}\mathrm{t}\mathrm{i}$ on 1. Equat $i$ on (E) $isoscillator\mathcal{Y}if$ the

genera $l$ ized $Ri$ ccat $i$ $i$ nequal $ity$ (2) has no so $lutionS$ near $+\infty$ .

\S 3. General $\mathrm{i}$ zed Ri ccat $\mathrm{i}$ I nequal $\mathrm{i}\mathrm{t}\mathrm{i}$ es

By Proposition1, we $\mathrm{f}$ ind that to establish oscillation

criteria for (E). it suffices to analyze inequality (2). But ,

instead of treating inequality (2) directly, we may well

consider the inequality
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$|h|^{\alpha}$

$h$ ’
$\geq\overline{p(r)}+$

$q(r)$ , (6)

whi ch presents more simple form than (2). For thi $\mathrm{s}$ inequali ty

we assume that $\alpha>1$ , $P$ is a positive continuous function, and

$q$ is a continuous function defined near $+\infty$ . We emphasize that

$q$
$\mathrm{i}\mathrm{s}$ not assumed to be nonnegative. All infinite integrals

appearing in the sequel should be taken in the sense of

improper integrals: $\int^{\infty}=$ $\mathrm{l}\mathrm{i}\mathrm{m}_{Rarrow\infty}\int^{R}$

Propos $\mathrm{i}\mathrm{t}\mathrm{i}$ on 2. $f$ nequal $ity$ (6) has no so $lutionSdefined$

near $+\infty if$ there $is$ a $positiveC^{1}$ -func $ti$ on $\varphi$ sa $t$ $isfying$

$\int^{\infty}(\frac{\rho(r)|\psi|(T)|}{\varphi(r)})\alpha 1/(\alpha-1)\gamma d<\infty$ ,

$\int^{\infty}\frac{dr}{p(r)[\varphi(_{T})]\alpha}-1=\infty$ , (7)

and

$\int^{\infty}\varphi(r)q(T)dr=\infty$ . (8)

Proof. Suppose to the contrary that (6) admits a solution

$h\in C^{1}[R, \infty)$ . We may assume that $\varphi \mathrm{i}\mathrm{s}\mathrm{d}\mathrm{e}\mathrm{f}$ ined for $r\geq R$ .

Multiplying (6) by $\varphi(\tau)$ , and integrating the resulting

inequality on [ $R,$ $r1$ , we have

$h \varphi\geq c_{1}+\int_{R}^{r_{h\varphi}}’ ds+\int_{R}^{T}\frac{\{\rho|/_{l}|}{p}d\alpha S+\int_{R}^{\gamma}\varphi qdS$ (9)

for $r\geq R$ , where $c_{1}$
$\mathrm{i}\mathrm{s}$ a constant. By $\mathrm{H}\mathrm{o}$ lder ’

$\mathrm{s}$ inequali ty we

have

$\int_{R}^{T}|h\varphi$

,
$|ds= \int_{R}^{\gamma}$ $|h|\cdot|\varphi$ ,

$|ds$
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$\leq$

$c_{2}$
$( \int_{R}r\frac{\varphi 1h1^{\alpha}}{p}dS\mathrm{I}1/\alpha\equiv c_{2}[H(\tau)1^{1}/\alpha$

for $r\geq R$ , where

$c_{2}=$
$( \int_{R}^{\infty}1/(\alpha-1)|\varphi$

, $|^{\alpha/(\alpha-1)}dS)(\alpha-1)/\alpha$

Hence we find from (9) that

$h(r)\varphi(r)$ $\geq c_{1}-$
$c_{2}[H(r)]^{1/} \alpha+\frac{1}{2}H(r)$

$+ \frac{1}{2}\int_{R}^{T}\frac{\varphi 1h1^{\alpha}}{p}ds+\int_{R}^{T}\varphi qdS$ , $r\geq$ R. (10)

$\mathrm{S}$ ince the function $-c_{2}\xi 1/\alpha+$ $\xi/2$ $\mathrm{i}\mathrm{s}$ bounded from below on $[0 , \infty)$

by the fact $\alpha>$ $1$ , assumption (8) shows that the right hand

side of (10) tends to $+\infty$ as $rarrow+\infty$ . It follows therefore that

$h(r)$ $>0$ , $r\geq r_{0}\geq R$ for $s$ ome sufficiently large $r_{0}$ . Again

from (10) we have

$h(r)\varphi(r)$ $\geq\frac{1}{2}\int_{R}^{r}\frac{\varphi h^{\alpha}}{p}ds$ , $r\geq r_{1}\geq r_{0}$ (11)

for some sufficiently large $r_{1}\geq$ $r_{0}$ . Differentiating $H$ , we

obtain by (11)

$H’(r)$
$=\ovalbox{\tt\small REJECT}^{\alpha}hrr$

$\geq$

$2-\alpha_{[H()1}\alpha r$

$T\geq\gamma$

$p(r)[\varphi(r)]\alpha-1$ $p(r)[\varphi(r)]\alpha-1$ 1

Dividing the both sides by $[H(r)]^{\alpha}$ and integrating, we have

$\frac{1}{\alpha-1}[H(r_{1})]1-\alpha\geq 2^{-\alpha}\int^{r}\frac{ds}{\alpha-}1$
’ $r\geq\tau_{1}$ ,

$r_{1}p\varphi$

whi ch contradicts (7). The proof $\mathrm{i}\mathrm{s}$ complete.

\S 4. Results

We are now in a position to state our main results.
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Theorem. Eq. (E) $isosci\iota l$ atory $if$ there $exist_{S}$ a

$P^{oSiti}veC^{1}$ -func $ti$ on $\rho$ sa $tisf_{\mathcal{Y}}ing$

$\int^{\infty}\frac{r^{N-1_{1_{\mathit{0}}()}m}|r|}{[\mathrm{P}^{(\gamma})]^{m-}1}dr<\infty$ , $\int^{\infty}\frac{dr}{[\tau^{N-1}\rho(r)]^{1}/(m-1)}=\infty$ ; and

$\int^{\infty}r^{N-1}\rho(\gamma)\overline{a}(r)dr=\infty$ .

Coro llary. (i) Eq. (E) $isoscil\ell_{a}tOry$ $if$

$\int^{\infty}\mathrm{r}^{m^{-}1\epsilon}-\overline{a}(r)dr=\infty$ for some $\epsilon>0$ .

(ii) Le $tN\geq m$ . Then, Eq. (E) $isoscill$ $a$ $toryif$

$\int^{\infty}r^{N-1}\overline{a}(r)dr=\infty$ .

(iii) Le $tN=m$ . Then , Eq. (E) $isoscill$ atory $if$

$\int^{\infty}r^{m-1}(\log r)^{m-1-\epsilon}\overline{a}(r)dr=\infty$ $f$ or some $\epsilon>0$ .

Since these results can be easily proved by combining

Propositions1 and 2, the proofs are left to the readers.

Remark 1. Generally, the $\mathrm{a}ss$umption $\epsilon$ $>0$ in the

statement of Corollary can not be weakened to $\epsilon$ $\geq 0$ . In fact,

if $N+$ $1$ – $2m>0$ , then the equation

$\mathrm{d}\mathrm{i}\mathrm{v}$ $( |Du|^{m-2}Du)$ $+$ $(N+1-2m)|x|^{-m}|u|^{m-2}u=0$ ,

has a nonoscillatory solution $u(x)$ $|x|^{-1}$ and for thi $\mathrm{s}$

equation, obviously $\int^{\infty m-1}\gamma\overline{a}(T)dr=\infty$ .
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Remark 2. Let us consider the case where $a$ has radial

symmetry: $a(x)$ $\equiv a_{0}(|x|)$ . In thi $\mathrm{s}$ case , obviously $\overline{a}\equiv a_{0}$ .

Suppose moreover that $a_{0}(r)$ $\geq 0$ near $+\infty$ . Then, it has been

shown $[1, 2]$ that:

(i) Eq. (E) has positive radial solutions $\mathrm{d}\mathrm{e}\mathrm{f}$ ined near $\infty$

if

$\int^{\infty}r^{m-1}a_{\mathrm{o}}(\gamma)dT<\infty$ .

(\"u) Let $N=m$ . Eq. (E) has positive radial solutions

defined near $\infty$ if

$\int^{\infty}r^{m-1}(\log r)^{m-1}a_{0}(r)dr<\infty$ .

Comparing Remarks 1 and 2 with Corollary, we find that our

results are optimal in some sense.
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