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Modular varieties associated to
quaternion unitary groups of degree 2
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Graduate School of Science and Technology

Kobe University
Rokkodai, Nada-ku, Kobe 657, Japan

We treat quaternion unitary groups of degree 2, which were studied by Arakawa in [1]. The
purpose of this note is to report that modular varieties associated to those unitary groups with
fully large levels are of general type.

1 Modular varieties

Let B be an indefinite division quaternion algebra over the rational number field Q, and
~:B — B (a+ @) the canonical involution of B. Since B,, = B ®q R = M,(R), we identify
B, and M,(R) by fixing an isomorphism. Let G be the B-unitary group of degree 2. We put

. 01\, (01
GQ-—{geMg(B)lg(l 0) g—(l 0>},
where g = a ¢t forg=|[° b
9=\ 4 9=\ ¢ 4

natural number, and © a maximal order of B. Set

). Then Gq is Q-rational points of G. Let N be a

T'(N) :={ =(Z 3>€Gq|a—1,b,c,d—16N0}.

Let
62:={Z€M2(C)|tZ=Z, Im(Z) >0}

be the Siegel upper half plane of degree 2, and set
-1 0 1
H:={Ze€M(C)|ZJ "€}, J = 10 )

For the group Gr of R-rational points of G, we have

Gna = 5@ = (g e m® 1o % ¢ )a=( 5 §)
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where I := ( (1) (1) ) ,q = ( é 3 ) The group Gr acts on $ by g(Z) = (aZ+b)(cZ+d)~! for

b
9= ( Z d ) € Gr,Z € %. Though pairs (Gr, %) and (Sp,(R), &) are the same essentially,

we here consider the pair (GRr, ).
Since the Q-rank of Gq is 1, I'(N) has only point cusps. Let Y (V) be a toroidal compact-
ification of I'(N) \ %.

2 Modular forms

In this section, we remember modular forms with respect to I'(N). See Arakawa [1] and
Hashimoto [2] for details. For any positive integer k, let My(I'(V)) be the C-vector space of
modular forms of weight k with respect to I'(V). Namely, M (I'(V)) is the space of holomorphic
functions f(Z) on % satisfying

f(9{Z)) = det(cZ +d)*f(Z) forall ¢g= ( Z z ) e I'(N).

An element f(Z) in Mg(T'(N)) is called a cusp form if |f(Z)det(Im(Z))*/?| is bounded on .
We denote by Sk(I'(V)) the C-vector space of cusp forms of weight k with respect to (V).
Let B~ be the set of pure quaternions in B. We put

L:=onB", L*':={yeB |tr(ay)€Z forall ze L}.

Then Arakawa showed the following Proposition and Theorem.

Proposition(Arakawa). Each modular form f(Z) € M(T'\(N)) has the following Fourier
expansion .
£2)=a(0) + ¥ alelx(2)]

teL*
tJ>0

where e[ - | = exp(2mi - ). In particular, f(Z) € Si(T'(N)) is equivalent to a(0) = 0.
Let 9 be the group of units in ©. For any element ¢ € 9% and z € L, we have exe €

L. The lattice L* also has this property. The Fourier coefficients a(t) in Proposition satisfy
a(ete) = (Ne)ka(t) for € € D*.

Theorem(Arakawa). Assume k > 5, N > 3. Then we have

dimeSy(T(N)) = 277375-'[0: T(N)](k — 1)(k — g)(k ~9) IIL. (p—1)(p* +1)
pld(B)

+ 2D TN T (- 1),
pld(B)

where d(B) is the discriminant of B.
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3 The result

Let ( zl zz ) be the coordinates of §. Set w := dz; A dzs A dz;. Arakawa showed
3 —21

that I'(V) is torsion-free if N > 3. We here consider the case N > 3. For any cusp form
f € Ss(I'(N)), we would like to know the extendability of a I'(N)-invariant form fw®* over
the resolution of a point cusp.

We set
Lt :={yel|yJ>0} Li={zeLl|J >0}

Put
Am(o0) :={ye L’ | tr(yz) <m for some z € L, }, A (00) 1= Ap(00)/ ~,

where we write y; ~ y, when y; = €ys€ holds for some norm 1 unit € in ©*. This number
dm(00) shows us the extendability of fw®™.
Put N(L,) := min{ N(z) | z € Ly }. The following is the main result:

Theorem. Assume N > 3. If

3V2N3[D* : (14 NO)XIN(Ly)¥%d(B) [] (* +1) > 275,
pld(B)

then Y (N) is a modular variety of general type.

Sketch of proof : The number of cusps for I'(N) is [['(1) : T(N)]/[9* : (1+ No)*]N3. Hence |
we get

[C(1) : (V)]
[0 : (1 +NOYX]N3 m(00)-

If tr(yz) < m, then we have N(y)N(z) < m?. Now we evaluate the cardinality of

Pu(Y/(N)) 2 dimSsm(T(N)) —

m2

{yeLiIN(y)SN(L+) o~

Here ~ is defined as above. Then we can show that the cardinality is not bigger than
W'EZ(_BYHPW(B)(Z’ — 1)m3 + em?® for fully big m and fully small e. By using this evaluation
and the dimensional formula of Arakawa, we can prove the above theorem.
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