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BLOW ANALYTIC MODU‘LI OF ANALYTIC FUNCTIONS
OF TWO VARIABLES

MASAHIKO SUZUKI
Dedicated to the Memory of Profe.s.‘sori Etsuo Yoshinaga

1. INTRODUCTION - |
Let fi, f2 : (R?,0) — (R,0) be germs of real aﬁalytic functions. We say that fi, fo
are blow analytic equivalent if there exist maps ®, ¢, /4, f2 such that the diagram is

commute:
(M, 571(0)) SRNG
(M2, 571(0)) \(R”vo)ﬁ

where ¢ isa homeomorphls ® is an analytic 1somorphlsm and 4(1 = 1,2) are ccmp081t10ns
of blowmg ups with smooth centers. T.C.Kuo proved the following theorem in [1].

Theorem 1.1. Let F (z,p) : (R” X P,O X P) - ,O) be real analytzc and let P be a
subanalytic set. Suppose that for p € P fized, F, : (R*,0) — (R,0), F,(x) = F(z,p)
has an isolated smgular point. Then there exists a ﬁnzte filtraton of P by subanalytzc sets
PO =0,...1) :

P:P(O) DP(I) BDREEE DP(I):é

such that

(1) dimP > dimP+D  PE — pU+D g smooth,
(2) forp,p' € P — P(’“) F, and F, are blow analytic equwalent

Let A, = {f|f : (R",O) — (R,0); analytic}. If f € An has an isolated singularity,
then f is finitely determined, that is, there exists an integer » € N such that the analytic
type of f is determined by the Taylor polynomial of f with degree r. Let J'(n,1) be
the set of r-jets of the element of A, and L"(n,n) be the set of r-jets of isomorphisms
of (R™,0). Then the Lie group L"(n,n) acts on J"(n,1). Since codimOrb(;"f) < +o0,
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There exists an analytic map F : (R® x R*~!,0x 0) — (R, 0) such that F is transeversal
to Orb(j7(f)). We call F the transeversal family of f. It is well known that we have

Fa,p) = f(2) + 5 pies(z).

of of )
oz 1 ’ ’ al’n )

Let Sy := {p € R*7!|f is blow analytic equivalent to F,} as a germ at the origin. By
Kuo’s theorem above mentioned, it follows that S; consists of finitely union of smooth
manifolds. We propose the following problems:

where aj,...q, are a basis of 92/9(

Problems.

(1) Estimate the dimension of Sj.

(2) Sy is smooth?

(3) Classify A, by the dimension of S;.

(4) Prove that the upper semi-comtinuity of the dimS;.

2. COMPLEX CASE

Let f:(G0) — (C0) be a germ of an analytic function with isolated singularity and
let F:(C* x C*~1,0 x 0) = (C0) be the traseversal family of f. Let

S; = {p € C*71|(C*, f71(0)) is relatively topological equivalent to (C,FP"I(O))}

Let f:(C%,0) — (G0) be a germ of an analytic function and let f(z,y) = ¥ a;;jz'y’ be
the Taylor expansion of f with respect to a coordinate system (z,y) of C. The Newton
polygon T(f;(z,y)) with respect to the coordinate system (z,y) is the set | J {(¢,7) +
ij#E0
Ri} Newton boundary I'( f; (z,y)) of f is the union of caompact faces of the boundary of
the Newton polygon of f. For a compact face v of I'(f; (z,y)), we define f, by f,(z,y) =
2(i ey G T Y
The author prove the following result in [2].

Theorem 2.1. Let f(x,y) be a germ of a quasihomogeneous function of two complex
variables with isolated singularity. Then we have Sy= a linear space in C*~' genarated

af o
by a basis of Jz y,... ,mn}/(-a—i,fgy‘) n Ty(fi(z,y))-

M.Oka proved the following result in [3].

Theorem 2.2. Let F(z,t) : (C? x GO x 0) — (CO0) be analytic and suppose that f , =
F|c2x{oy has an isolated singularty. If the Milnor number of f, is constant independent
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of Vt and fy is convenient, then there erists a coordianate system ¢ (x,y) = (z(t), y(t))
which is analytic in t and satisfies the following conditons:

(1) #:(0) = 0, ¢o(,y) = (z,y)
(2) F(ft§¢t) = F(f0§¢0)

M.Oka and Kushnirenko provéd the following result in [4],[5].

Theorem 2.3. Suppose that f : (C*,0) — (CO0) has an isolated singularity and has a
non-degenerate Newton boundary. Then the Milnor number of f is the number of a basis

0 0
ofQzq,... ,J,n}/(a—lfl, , 3:5,,) in T (f).

Lé Diing Trang and C.P.Ramanujan proved the following result in [6)].

Theorem 2.4. Let F : (C" x R,0 x 0) — (G0) be analytic and F; = Flcnxqp has an
isolated singularity for Vt € R. If the Milnor numbers of F, are independent of t, then the
relative topological types of (C*, F'(0)) are independent of t.

From the above three results, it follows that

Theorem 2.5. Let f be a germ of complex andlytic function with isolated singularity at
the origin, f(0) = 0 and suppose that f has the non-degenarate Newton boundary. Then
we have Sy =a linear space in the moduli space of the transversal family of f genarated

o .
by a basis of xq,... ,xn}/(%, 55—) n To(f;(x,y)).

We will draw an analogy in case of real analytic functions in what follows.

3. REAL CASE

In what follows, suppose that f € A, has an isolated singularity. Let F : (]R" x 1,0 x
I) — (R,0) be analytic and Fy = f, where I is the open interval (-1,1).

Definition 3.1. We say that F admits a blow analytic trivialization along I if there
exist a local homeomorphism ¢, an analytic isomorphism ® and succeswe blowing ups
Bi(i =1,...7) such that the following diagram commutes:

(My, 870 x I) =2 =2 (R % 1,0 x ) —L— (R,0)

proj
’ 4 /J [f
(My, 5o x 1)) 2o 2 (R x 1,0 xT) L (R™,0),

where 3; : M; — M;_; 1is the blowing up with a smooth center S;_; C M;(M, =

.. inclusi Bi B ;
R™ x I) and the composition map S; &5 M, DB Me=R"xI—1I isa
submersion.
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We have the following result.

Theorem 3.1. Suppose that F : (R? x 1,0 x I) — (R,0) admits a blow analytic triv-
ialization along I and Fy(z,y) = f(z,y) is convenient. Then there erists a coordinate
system (2',y') Of R? (which is a small perturbation of the original coordinate (z,y)) and a
real analytic family of local coordinates ¢ (x';y') = (x(t), y(t))(|t| << 1) such that

(1) »:(0,0) = (0,0) and po(',y') = (2',y')

- (2) F(Fu‘ﬂt) =I(f;(z',¥'))-

In Kuo’s theorem, we can replace the condition (ii) to

(1) For P —Pi+D) 5 vp, p (close enough) F, and Fy are Jomted by a blow analytlcally

trivial homotopy.

In fact, he have proved Theorem 1.1 under the above condition in [1]. From our result
and Kuo’s result, we have

Assertion 3.1. dim(the topological component of PP — PG+ yhich contains f) < the

6f8 ,
S5 in D)

The followmg result is deduced as the spec1al case from the result in- T Fukui and
E.Yoshinaga [6].

Theorem 3.2. Let F : (R2 x 1,0 x I) — (R, 0) be analytzc Suppose that the Newton
boundary of F, is independent of t and non-degenerate. Then F admits a blow analytic
trivialization along I.

numbe’r of a basis of .Az/

From this result and the above Assertion, we have

Assertion 3.2. Let f;(R?,0) — (R,0) be a germ of analytic function with isolated sin-
gularity. If f has a non- degcnemte Newton boundary, then dim(the topological component

of P — PU+Y) which contains f = the number of a basis of .Az/ gf af) in Ty (f).

In addition to the problems mentioned in the section 1, we propose the following prob-

lem:

Problem

(5)Blow analytic constancy implies blow analytic triviality?

If this is true, then we have

Conjecture. Let f : (R?,0) — (R,0) be a germ of analytic functions with isolated sin-
gularity. If f has a non-degenerate Newton boundary, then we have dimS;=the number

of a basis of As/( gf g;) nTL(f).
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we expect the conjecture will be true in genaral.

4. OUTLINE OF A PROOF OF THE RESULT

Let F : (R? x 1,0 x I) be analytic and Fy(z,y) = f(z,y). Suppose that F admits a
blow analytic trivialization along I and satisfies the commutative diagram mentioned in
the previous section:

(M., B ox ) -2 . — 2 (R x,0x1)—L—(R,0)

| =N

(R? x 1,0 x1)

(M, B ox I)) 2. 2 (R2,0),

Note that Gy is ¢ X id; : NV x I — R? x I, where o is the blowing up of R? with center the
origin and N = {([¢,n],(z,y))|éy — nz = 0} C RP! x R2. Let (z,y) be the coordinate
system of R? which is obtained by the coordinate transformation \

Tr=2x
|y=y-7lp)

where p € 071(0) = S' is a point which is not contained in the centers of the blowing ups
/31,...,/37and7r=p7‘oj:RP1XRz—éRPI. '

We set (uos, vox) = (Upy, vhy) := (T,Y), 0oz = 0p =the origin of R? and set Ny =
R%(z,y). Next we define inductively real analytic manifold M4, real analytic maps o4 : ,
Niex — N1+ according to the sign +, — respectively as follows. Let R®(ugs,vps)
JR%(u}, v,y ) be copies of R? and set Mz = R¥(up, vpx) UR?(ufy, v}y). Let opi(resp.
0,+) be the origin of the patch R%(ugy,ves) (resp. R%(u}.,v,,)) and let ok : Npp —
Ni-1)+ (resp. ok : Ni— — Ny—1)-) be the blowing up of My_1y4(resp. Ny-1)—) with -
center oy (resp. 0”j_) defined by

Okt (kg Vg ) = (Upg, Upy Vkg ) = (U—1)4, ‘“(k-1)+1’(k—1)+)
= (U Vs Vg ) = Ok (Wi, Vit )
T (U s V) = (Upmy Up—Vp—) = (U(p_1ym s U(m1)— Y h—1)—)
= (Up-Vp— Vp) = O (U, V) ’
and we set ooy = id : R2 — R2.
At first we counsider the analytic map apy : My — ./\/(kﬁwr. We set

my4 = the order of fo gy 0+ -0 0py(Upy, Vet )

it = {(ukr,vey) €D(f o004 0 - - 0 0pys (kg , Uy )it + Vit = Ty }
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Let Ary be the face of I'(f; (z,y)) corresponding to Aj, by the map
() = ().
Ukt Vit

Vk+ = min{y|there exists z such that (z,y) € Ay}

Next we set

Vs = max{y|there exists z such that (z,y) € Apy}

and there exists v € N such that

Vot 20 2 Vy-n+ =0, Yoy 27+ ZV(/‘r~l)-$-

Uk+ Y

7 /

Vi 1y p=--=------ ] Vi vy o=

Wk-1)+ [~-""""""-~ e Vk-1)+ f=--"-------

(T R ‘&' T Bet
Vet frommmmmmmmmmmmmmmmmemees -~ Vet |mmmmmmmmmmmmmmmommmmeme e

0 Ukt -—T

We have the following lemmata.

Lemma 4.1. Suppose that F : (R2x1,0x1) — (R,0) admits a blow analytic trivialization
along I and suppose that

‘y . .
on_*.(lE, y) = fayﬁ(z a‘ix‘y—Tyl)a QoG # 0
i=0

as a germ at the origin. Then there exist germs £(t), 6(t) and a;(t) (i = 1,... ,7), at
t = 0, of real analytic functions wich saatisfy the following conditions,

(1) Fea(z,y) = (2 = 8()t)(y — e(t)2)’(To a:i(t)z™y")

(2) €(0) = 6(0) =0 and a;(0) = a; (i =1,...,7)

(3) X ai(t)z?"'y" does not divide by (z — 6(t)y) or (y — <(t)x) in R{z,y},
where A, is the homogeneous face of I'(Fy; (z,y)).
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By Lemma 4.1 we can find germs of real analytic functions & (t), 6;(¢) and a,(t) (i =
1,...,7) as in Lemma 4.1 so that

Foalz,y) = (z = 6()y)°(y — a1 (t)z)’( 721 ai(t)a" y).
=0

We set
©14(2,y,t) = (21(t), 11 (1), ) = (x = 6:1(t)y, y — €1(¢)x,1).
Then (z1(t),y1(t),t) is a real analytic family of coordinates of I and
{(z1,91) € T(Fy;(z1,11))|z1 + y1 = the order of Fy 0 o7y (1, 11)} = Aoy
for Vt (Jt| << 1), where 14, = @14|R2x {1}

We have the following lemma by means of induction.

Lemma 4.2. Suppose that F o (014 X idj) o0 (o4 X idy) : (Mr=1)+,0%k-1)+) —
(R,0) admits a blow analytic trivialization along J, where J = (—¢,¢) and suppose that
L(Fy; (2k=145 Yee-1)+)) N {Vk-114+ < Y1)+ < Vpopys } = Be—ny4 for Vi € J and fa, ),
has no power of x only. Then F o (044 X @dj)o -0 (goy X idy) : (Nit,0e4) — (R, 0)
admits a blow analytic trivialization along J and there exist a positive number & and a
bianalytic map :

P+ ZR2(IL‘, y) X I6k+ _"’RQ(xk+ayk+) X 16k+
(‘Tayat) '—‘*(Ik+(t)7yk+(t)7t)
such that

(1) 99k+($,y7 0) = (x,y,O), (rpk-}-(OaO’t) = (0707t)

(2) T(Fs; (g Yot) N {vky S Ukt S vy} = Dy

(3) T(Fu; (Tpt> Yot ) N {vir < vk} = D(F5 (214, 914)) N {vig S it}
where I5,, is the open interval (—bpy, Ok ).

Lemma 4.3. If F' admits a blow analytic trivialization along I and noncompact face of
T (F;;(z,y)) is independent of t, then we have

D(F;(2,y) =T(f; (z,y))  fort| <<1
We apply Lemma 4.2 for F and then for k=0,... ,7v—1 and [t| << 1,

D(F (T Yt ) O {(Zhpr Yo Wt S Uy S Uy} = Dy

Next for the sign —, we proceed with the same argument as the sign + and then for
I=1,...,f—1and |t| << 1,

D(Fy(z—y-)) 0 {(zm - )G < an <G = A
D(Fy; (zi—,yi-)) N{G- <z} = T(F; (2, y) N {G- < 2},
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where (z'(t),y'(t),t) = ©1- 0 Y(4-1)+ © - - 0 @14(z, y, 1) and
Cr— = min{z|there exists y such that (z,y) € Ax_}
(;_ = max{z|there exists y such that (z,y) € Ax_}
Co+ =+ 2 (e-1+ =0, - C(l)+ 22 C(I{—l)+-

We set 99(’1:7 Y, t) = (Lljt(a:’ y)’ t) = P-1)-0 0PV 0 P(y-1)+ 0" 0 LIQH-(‘T’ Y, t) and then
we have that the noncompact face of T'(F}; ;) is independent of t for |t| << 1. Hence
from Lemmad.3, I'(F;; ;) is independent of ¢ for || << 1. This completes the proof.
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