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1. Introduction

D. Coram and P. Duvall in [CD1] introduced approximate fibrations as a generalization of both
Hurewicz fibrations and cell-like maps. A proper map $p:M-B$ between locally compact ANRs is
called an $\mathrm{a}_{\mathrm{f}\Psi^{t}}vxt\prime jD\mathrm{a}te$ fibration if its map has the following $\mathrm{a}\mathrm{p}\mathrm{p}\iota \mathrm{D}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{o}\mathrm{e}$ homotopy lifting $\mathrm{f}\mathrm{f}^{\mathrm{O}}\mathrm{P}^{\mathrm{e}\mathrm{r}\mathrm{t}}\mathrm{y}$ :
Given an open cover $\Xi 0\dot{\mathrm{f}}B$ , an arbitrary space $\wedge\lambda_{\backslash }^{r}$ and two maps $\mu$ : $Xarrow M$ and $\mathrm{I}l’$ : $X\rangle\langle Iarrow B$

such that $\iota\rho_{0}=p,L\mathrm{f}$ , there exists a map $\iota\#:X\rangle\langle$ $I-\mathrm{A}\prime I$ such that {$p_{0}=\mu$ and $p\Phi$ is $\Xi$
. -close to $1l’$ .

$\wedge^{\prime 1R}\mathit{1}$ $\neg$ $D$

$l\mathit{1}^{l}$

The following results of D. Coram and P. Duvall motived our work.

Fact. 1. 1 [CD1]. Let $p:Marrow B$ be an $apF^{OX^{\tau_{2}}}\prime ff2\mathrm{a}t\epsilon$ fibratiot2. Then
(i) a path $\mathfrak{o}_{\mathrm{J}}$

’ : $I-\dot{\mathrm{r}}B$ \’ilIduces a shape $\infty u\mathit{1}\mathrm{v}d\prime e\mathit{1}lce$ from $p^{-1}(\{\downarrow\lrcorner’(..0))$ to $p^{-1}(..\mathrm{m}(1))_{\vee}$

(\"u) each fiber is $a_{P^{O\mathit{1}\mathit{1}ffedfJ}\perp}\prime \mathrm{u}2d\partial \mathit{1}2IeJ2td\mathrm{A}\mathrm{v}R$ (a pointed $F_{\perp}4fi\mathrm{R}$ ).

An FANR is the shape analog of an ANR. It is known that a space $S$ is a $\mathrm{p}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}||\mathrm{d}$ FANR if and
only if Shas the shape of a CW complex. The term is defined along with the term shape $||$ in [MS].
Our purpose in this paper is to examine a converse to the part (ii), that is, given a compact ANR $N$ and
an upper semicontinuous decomposition $G$ of alocally compact ANR $M$ satisfying that each element of
Gis shape equivalent to $N$, is the decomposition map $p:Marrow$. $kf_{1}/G$ an approximate fibration ?
Because of the following fact, we would like to focus attention on that both Mand Nave manifolds.

Fact. 1.2 [ $\mathrm{D}\mathrm{H}$ , Theorem 3. 1.]. Letp: $Marrow Bbe\ovalbox{\tt\small REJECT} 2$ approximate fiboetion of a connected $m- JB\ovalbox{\tt\small REJECT} u\acute{t}’ old$

( $\mathrm{w}^{7}\mathrm{j}thont$ boundary2onto $aos4l\backslash R$ B. Then $B$ is a $k$-dimensionwl $ge\mathit{1}l\epsilon \mathrm{r}a\mathit{1}\iota’Zed\mathit{1}IIBl2i\tau \mathit{0}\mathit{1}d_{\backslash }\mathrm{r}\mathrm{z}oreo\mathrm{v}\theta 4$ if $M$

is $oa’e\mathit{1}\mathrm{z}\mathrm{r}Bb\mathit{1}e_{4}$ then the fiber of$p$ has the shape of a $P\alpha’j\mathrm{z}oered1lalit,V\varphi_{BC}\mathrm{e}$ of $f\alpha \mathrm{f}\mathrm{f}\mathrm{l}zdd’’\mathit{1}ffie\mathit{1}2s\mathrm{z}o\mathit{1}2$ $m$ -k.

A closed conmected manifold $N^{l}$ is called a $codz\acute{\mathit{1}}neJ\mathit{1}\theta \mathit{0}\mathit{1}2- \mathit{2}$

’

fbrator (respectively, codinension-2
$O\Omega\alpha 2t\partial b\prime \mathit{1}efi’br\ovalbox{\tt\small REJECT}\alpha\cdot)$ if whenever $G\mathrm{i}\mathrm{s}$ an upper semicontinuous decomposition of an arbitrary $($

respectively, orientable) $(n+2)$-mannifold $M$ satisfying that each element of $G$ is shape equivalent to $N$,

then the decomposition map $p:M-B$ is an approximate fibration.

Main Question 1.3. What is a manifold which is a codimension-2 fibrator or $cod’\mathit{1}jBe\mathit{1}2\theta O\mathit{1}\mathrm{z}-\underline{2}$

’
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$O\mathit{1}2e\mathit{1}\iota t\prime blefi’\epsilon br\theta t\alpha\cdot$ .

In [D1], Davernan showed that all simply conmected manifolds, closed surfaces with nonzero
Euler characteristic, and real projective $Jl$ -spaces $(\mathrm{n}>1)$ are codimension-2 fibrators. Nonfibrators in
codimension-2 include all closed mamifolds admitting a fixed point free cyclic action having a orbit space
homotopy equivalent to itself. Therefore $S^{1}$ , the torus and the Klein bottle are nonfibrators. For
example, there exists a map $p$ from $S^{3}$ to $S^{2}$ that every fiber of $p$ has the shape of $s^{1}$ and $p$ is not an
approximate fibration. See [CD3].

Since all simply connected mamifolds and real projective 12-spaces $(p>1)$ are codimension-2
fibrators, it is quite natural to ask the following :

Question 1.4 [Dl, Question 6.3]. Is $\epsilon \mathrm{v}er\prime V$ closedn-manifold $\mathrm{W}\mathit{1}tf\prime \mathrm{J}fi\prime\prime 2ltte$ fundamental group a
codimen\’{s}on-2 $fi’br\ovalbox{\tt\small REJECT} or.$?

Question 1.5[ $\mathrm{D}3_{\mathrm{I}}$ Question 8.2]. $\wedge 4re$ Lens spaces codimension-2 fibrators 9

2. Closed hopfian manifolds and continuity sets

Throughout this paper, ffi spaces are locally compact, $\mathrm{m}\mathrm{e}\mathrm{t}\iota \mathrm{i}\mathrm{z}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ ANRs, and $\mathrm{a}\mathrm{U}$ manifolds are
finite dimensional, connected, and boundaryless. Whenever we allow boundary, the object will be
called a mamifold with boundary. Homology is computed with integer coefficients unless another
coefficient module is mentioned.

By the degree of a map between closed $J\mathit{1}$ -manifolds, we mean more $\mathrm{f}\mathrm{f}^{\mathrm{e}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{l}\mathrm{y}}\mathrm{S}$ the absolute
degree ; namely the nonnegative integer determining the induced $\mathrm{h}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{m}\mathrm{o}\varphi \mathrm{h}\mathrm{i}_{\mathrm{S}\mathrm{m}^{\}}}\mathrm{S}$ effect on nth (integral
or $\mathrm{Z}_{2}$ ) homology, up to sign.

Recall that a group $H$is $\Lambda\varphi fi’\ovalbox{\tt\small REJECT} 2\mathrm{i}\mathrm{f}$ every epimorphism $H-H\mathrm{i}\mathrm{s}$ an isomorphism and that a
manifold $M\mathrm{i}\mathrm{s}\mathrm{a}\varphi\Lambda e\mathrm{r}1Cal$

’ if $\pi_{\mathrm{i}}(M)$ is the trivial group for all $\mathrm{i}>1$ . Call a closed manifold $Nho_{P^{\mathrm{p}_{\grave{\mathit{1}}}’}\iota}\mathrm{a}2$ if

it is orientable and every degree one map $Narrow N$ is a homotopy equivalence.

Theorem 2. 1 [D4. Theorem 2.2]. A closed, $\alpha\iota e\prime b\mathit{1}efl- tn\mathrm{f}\mathrm{l}\Omega t\prime t\mathit{1}\mathrm{r}a\mathit{1}\mathit{0}\mathit{1}dNis$ a $hopf\mathrm{z}a\mathit{1}2\mathit{1}\mathrm{z}2Ba\mathrm{I}f’\vee \mathit{0}\mathit{1}d\acute{\mathrm{z}}fRn,\ddagger^{\gamma}$of the
following $co\mathit{1}\mathit{1}dz\acute{t}\mathit{1}o\mathrm{n}\mathrm{s}$

’ holds:

(1) $\mathit{1}2\leqq 4$ Rad $\pi 1(N)$ is $\Lambda opf\mathrm{z}’\ovalbox{\tt\small REJECT} 2$ ,

(2) $\pi_{1}(N)$ is hopfian and $\mathit{1}tS\acute{\mathit{1}}\prime \mathit{1}\mathrm{z}tegr\ovalbox{\tt\small REJECT}$ group n’ng, $ZE_{1}(N)$ , is $Noetp_{\epsilon t}t\prime Bai$

(3) $\pi_{1}(N)CO\mathit{1}2mns$
’ a $\dot{\mathrm{m}}lp_{\mathit{0}}te\mathrm{n}t$ subgroup offinite index ; $or$

(4) $\pi_{i}(N)\mathit{1}^{r_{S}}t\mathit{1}t\mathrm{V}\mathit{1}d\prime\prime,$
$1<_{\mathit{1}}.’<_{\mathit{1}\mathrm{z}- 1}$ , an$d\pi_{1}(N)\mathit{1}Sp\prime opt\grave{\acute{z}}Ba$.

All closed, onientable $n$ -maniflods $N$with $\pi_{1}\langle N\rangle$ finite and asperical 11-manifold $N$ ‘ with $\pi_{1}(N‘)$

hopfian are hopfian manifolds.
Given a orientable closed $\mathit{1}2-\mathrm{m}\mathrm{a}\dot{\mathrm{m}}\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{d}N^{E}$ , an upper semicontinuous decomposition $G$ of a

orientable manifold $M^{\mathrm{n}}$ is N-l4e if each element of $G\mathrm{i}\mathrm{s}$ shape equivalent to $N$. For simplicity or
familiarity, we shall assume that each element of an $N^{R}$-like upper semicontinuous decomposition $G$ is
an $\mathrm{A}\mathrm{R}$ having the homotopy type of $N^{1}$ ; experts can easily modify the proofs to treat the more
general $\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{u}\mathrm{a}\dot{\mathrm{u}}_{\mathrm{O}}\mathrm{n}$ . See [D1].

Let $N^{R}$ be a closed n-manifold, $h\mathrm{r}^{1+}2$ be an $(\mathit{1}2+2)$-manifold and $G\mathrm{b}\mathrm{e}$ an $N^{R}$-like upper
semicontinuous decomposition of $kf$ . For each $g\in G\mathrm{t}\mathrm{h}\mathrm{a};\mathrm{e}$ exist a neighborhood $\epsilon_{\mathrm{f}}^{-}/$ of $g\cdot \mathrm{i}\mathrm{n}M$ and a
retraction $\mathrm{q}:U_{\zeta}arrow g$ . We $\mathrm{w}\mathrm{i}\mathrm{U}$ define the $c\alpha 2t\mathit{1}\Omega V\prime \mathit{1}\prime t,VS\alpha C\subset kI_{\mathrm{t}}/G$ of the decomposition map $p:Marrow$
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$\mathit{1}\nu I/G$ :

$(_{J}^{\neg}=\{P(g)\in NI/G$ : there exist a neighborhood $L_{\mathrm{f}}^{-}/$ of $g$ in $M$ and a retraction $R_{\mathrm{P}}$ : $L_{\mathrm{f}}’arrow g$ such
$\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}\not\in|g’$ : $garrow g$

( is a degree one map for all $g^{l}\in G$with $g’\underline{\Gamma}\epsilon_{\mathrm{g}}^{\mathrm{r}_{\Gamma}}’$ }.

D. Coram and P. Duvall in [CD3] have shown that $C$ is a dense, open subset of $\Lambda/I_{}/G$. The following
result comes from [CD2]. See [D4, Theorem 2.1].

Proposition 2.2. Suppose $N^{2}$ is a ctased $ot\mathit{1}\prime\prime eJxab\mathit{1}e\mathrm{A}opf\mathrm{z}\ovalbox{\tt\small REJECT} \mathrm{z}$ n-m$\mathrm{a}\mathit{1}2lf\prime \mathit{0}\mathit{1}d$alld $M^{\mathrm{n}d}$ is $\partial \mathit{1}2(\mathit{1}2+\mathit{2})-$

$t\mathrm{n}m’\mathit{1}$Old. Then $theN-p’\mathrm{A}edeCO\mathrm{J}\mathrm{z}2poS\mathit{1}t\mathit{1}\mathit{0}\prime\prime \mathit{1}l$ mapp: $Marrow B$ is $\ovalbox{\tt\small REJECT} 2a_{P\mu e}oX\mathit{1}\acute{t}n\mathit{3}x$ fibration overits continuit.$v$

set $C$ .

The following results of the decomposition spaces is found in [D1].

Theorem 2.3. $LetN^{l}$ be a closedn-manifold, $\mathrm{A}\prime I^{R}*\xi$ be an ($n+\mathit{2},\}_{-}\mathrm{n}2\partial ntf\prime oldand$ $G$ be an $N^{\mathrm{I}}$ -like
upper semicontinuous decomposu’tion of $kI$ . If both $N$ and $M$ are $\alpha \mathit{1}^{\wedge}\epsilon \mathit{1}2teb\mathit{1}e$, then the decomposition
space $B=\mathrm{A}\prime I’,\prime c_{\mathit{1}S}$

’ a 2-maaifold and $D=B\backslash _{\backslash }C\mathit{1}S\mathit{1}oc\mathrm{a}\iota\prime \mathit{1},v$fi’nute in $Nf_{1}/G$, where Crepresents the
continuit.vsec ofthe decompositi’on map$p:Marrow B$. If $e\mathit{1}t\mathit{1}\mathrm{i}\prime e\mathrm{J}^{\cdot}N$or $M’\mathit{1}S\mathit{1}2oJ\mathrm{z}o\ell 1\prime e\mathit{1}\mathrm{z}c\mathit{8}ble,$ $BL\mathrm{S}$

’ a
2-maafold with $bou\mathit{1}\mathit{1}d\theta f,V(p_{\mathit{0}}Sstb\prime l^{\gamma e:},npt,\gamma)$ and $D^{(}=(I\mathit{1}2tB)\backslash (_{-\mathrm{J}s}^{\urcorner\prime}l\prime oc\mathrm{a}l\mathit{1},vt\grave{\mathit{1}}\mathit{1}vce’$in $B$ , where $C^{(}$

$le_{F^{reS}}ejxs$ the mod 2 conffinuit,$V$ set.

3. Closed hopfian manifolds with finite first homology group

The setting throughout this section is that $N^{2}$ is a closed hopfian $t\mathit{1}$ -manifold, $G$ is an N-like
upper semicontinuous decomposition of an orientable $(n+\mathit{2})$-manifold $M^{l+}\xi$ , the decomposition
space $kI_{\mathfrak{l}}/c\mathrm{i}\mathrm{s}$ denoted by $B$ and the induced quotient map is denoted by $p:Marrow B$.

Proposition 3. 1 [Im2, Lemma 3.2]. Let $g$ be an element of $Gs\ovalbox{\tt\small REJECT} \mathit{1}\prime d,\backslash zV\prime oeg\neq g0$ and $g\subset[^{-}/\mathrm{f}\mathrm{l}$). If the
$resr\mathrm{z}ct\iota\prime\prime\alpha \mathit{1}R\Re|g:garrow g_{1]}$ of $R\mathrm{g}_{0}$ : [$\overline{/}\%arrow g_{0}$ induces an $H_{1}$ -isomorphism $(R\mathrm{f}\mathrm{l}\mathrm{j}|g))\mathrm{K}$ : $H_{1}(_{\mathrm{J}e})arrow$

$H_{1}(g\mathfrak{o}\dot{i}$ , then $R_{\phi}|g’$ : $g^{\mathrm{f}}arrow g_{0}$ is a dgree one map for all $g^{\mathrm{r}}\in G$ vvith $g\downarrow\subset[r\mathrm{f}\mathrm{l}$ .

It is obtained from the above propositions and Theorem 2.3 that every closed hopfian manifold $N$

satisfying $H_{1}(..N)=0$ is a codimension-2 orientable fibrator. One may notice that every simply conmected

closed manifold is a codimension-2 fibrator. For $\mathrm{f}\mathrm{u}\iota \mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}$ details, see Theorem 2.3 and Corollary 2.4 of
[D1]. The proof of Theorem 2.5 in [C] leads to the following conclusion.

Theorem 3.2. Ever,$v$ closedhopfian $\mathit{1}22\mathrm{a}1u\acute{f}oldN^{\mathrm{z}}Sat\mathrm{z}’st^{\gamma}’\backslash \acute{\mathrm{z}}oeH_{1^{(}}N$) is $fi\acute{\mathrm{n}}1t\epsilon$

’ is a $Cod’\mathit{1}me\mathit{1}2\theta of2^{-\mathit{2}}$

’

$\alpha le\mathrm{n}\prime c\theta b\mathit{1}ef\mathrm{J}b’\alpha rgt$ .

Corollary 3.3 [cf. D2]. La $N^{R}$ be a closed $ori\epsilon \mathit{1}2t\epsilon b\mathit{1}et2$-manifold. $\mathrm{b}\mathrm{f}^{\Gamma}e$ considerthe following two
$CO\mathit{1}\mathrm{z}d\mathit{1}\acute{t}\mathit{1}\mathit{0}\prime \mathit{1}\mathit{1}s$ :

(a) $\pi_{1}(N)$ is $f’\mathrm{J}\mathit{1}\mathrm{Z}\acute{t}e$ ;

(b) $\pi\prime 1(N)$ is hopfian, $H_{1}(N)$ is finite an$dN$ is $aephe\Omega Cd’$.

Then $N_{\mathit{1}S}’$ a $cdz”\mathit{1}2l\epsilon D\theta oB- \mathit{2}$ o\’aentable fiboetor.
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Let $S^{\mathit{1}\mathit{1}},$ $P^{n}$ and $L(\mathrm{p},\mathrm{q})$ denote the 12-sphere, real projective 12-space and Lens space of type
$(\mathrm{p},\mathrm{q})$ , respectively.

Corollary 3.4. Form, $r\mathrm{z}>1,$ $\mathrm{a}n,v$ fint’te product of $S^{m_{J}}P^{\mathit{2}}\mathit{1}2- l$ and $L(\mathrm{p},\mathrm{q})$ is a $cod1\mathrm{m}\prime\prime e\mathit{1}2s1\mathit{0}\mathit{1}\mathrm{z}-\mathit{2}$

$O\Omega e\mathit{1}2t\prime \mathit{3}b\mathit{1}ef\mathit{1}’brgt\alpha\cdot$ .

4. Products of codimension-2 orientable fibrators

In [Iml] , ${\rm Im} \mathrm{f}\mathrm{f}^{\mathrm{o}\mathrm{V}}\mathrm{e}\mathrm{d}$ that any finite product of closed, $\propto \mathrm{i}\mathrm{e}\mathrm{n}\mathrm{C}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ surfaces with negative Euler
characteristic is a codimension-2 orientable fibrator. It is quite natural to ask the following:

Question 4. 1. Is a product of codimension-2 orientable fibrators a codimension-2 orientable fibrator ?

In this section, we will state that aproduct of most known $\mathrm{c}\mathrm{o}\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{S}\mathrm{i}\mathrm{o}\mathrm{n}_{\sim}^{\gamma}-$ orientable fibrators is a
codimension-2 orientable fibrator, that is, a product of any closed manifold with finite fundamental group
and any closed orientable surface Fwith nonzero Euler characteristic is a codimension-2 orientable
fibrator.

Definition 4.2. A group $G$ is said to be $re\theta d\prime \mathrm{t}al\mathit{1},\gamma f\mathrm{z}_{\mathit{1}2tt\mathit{3}}’$

’

if for each $g\in G\backslash _{\backslash }\{1\}$ , there exist afinite
group $H$and a homomorphism $\mathrm{F}:Garrow H$with $\mathrm{F}(g)\neq 1$ .

Hempel [H2] showed that for each surface $F,$ $E_{1}(F)$ is residually finite.

Lemma 4.3 [H2, Lemma 15. 17]. $B’ G’\mathit{1}S$ a finitel.vgenerated, residvdl,$vf’1\mathit{1}2\iota tegro\mathrm{U}\prime P$ , then $G_{\mathit{1}S}’$

$hopfi’\ovalbox{\tt\small REJECT} 2$ .

It is clear that every finite group is residually finite and hopfian.

Corollary 4.4. An.r $fip\mathit{1}teprod\prime\prime\eta a$ of $fi’\mathit{1}u\acute{t}\epsilon \mathit{1}vgenm"\acute{\iota}ted,$$res\acute{d}ual\mathit{1}V\mathit{1}\mathrm{i}\prime \mathit{1}uegroupS$ is hopfian.

Lemma 4.5. If $N^{R}$ is a closed $\mathit{0}\Omega etX’\phi \mathit{1}e\mathit{1}\mathrm{z}I- tnm^{\prime\backslash }lold7V\mathit{1}t\mathrm{A}$

’ fim’te fundamental group an$d_{\mathit{1}}’fFb\epsilon$ a
closed on’entable $su\mathit{1}q_{\grave{\theta}}$ce with negative $Ev\mathit{1}erCh\ovalbox{\tt\small REJECT} a\alpha en\hslash \mathit{1}cX^{(}\prime\prime F$ ), $N\mathrm{X}F$ is a hopfian $(\mathit{1}2+2)-$

$mmB^{\prime\backslash }o\mathit{1}d$.

As in the proof of [${\rm Im} 2$ , Theorem 3.4], the following theorem can be proved.

Theorem 4.6. $S_{\mathfrak{M}^{oSe}}$ a closed $orfeBtab\prime \mathit{1}\epsilon \mathit{1}2- \mathit{1}\mathrm{z}\mathrm{I}\mathrm{a}al\prime fo\mathit{1}dN^{\mathrm{I}}\mathrm{a}\mathrm{e}c\mathit{1}S\mathit{1}^{\vee}\mathit{1}\epsilon s$

’ that $E_{1}(N)$ is $fi’\mathit{1}\mathrm{z}\iota te$

’

and $F$ be a
closed oa’entable sud\‘ece wtth negative Euler charactaisa’c. Then an $(\mathit{4}\mathit{1}+\mathit{2})- \mathrm{z}22Ba\mathit{1}f\prime \mathit{0}\mathit{1}dN\rangle\langle F$ is a
cd\’unension-2 orientable $fi’bra\mathrm{f}\alpha\cdot$.

5. Applications

When $p:M-B$ is an $\mathrm{a}_{\mathrm{P}\mathrm{f}\mathrm{f}^{\mathrm{o}\mathrm{x}\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{e}}}\mathrm{m}$ fibration, for $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{n}_{i}$ just as with Hurewicz fibrations, there is
a homotopy exact sequence

$...arrow\pi_{i+1^{(B)}}arrow\pi_{i^{(}P^{-1}}(b))arrow\pi_{\mathrm{i}^{(M)arrow}}\cdot\pi_{i(B)}-\cdot$ ...
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Theorem 5. 1. Let $N^{R}$ be a closed hopfian $tl-mao\mathit{1}\prime fo\mathit{1}d$ with finrte first homolq,$V$ group, $G$ be an N-
like $vfflersm\mathit{1}COo\mathcal{L}\mathit{1}xnovS\prime\prime$ decomposition ofan $o\mathrm{n}e\prime \mathit{1}1t\mathit{8}b\mathit{1}e(\mathit{1}2+\mathit{2})- \mathrm{m}\mathit{8}\mathit{1}u^{\prime\backslash }Io\mathit{1}d$ MA $\star s$

and$p:Marrow B=$

$\mathrm{A}I_{1}/cbe$ the $decm\mu S\mathrm{i}tz’o\mathit{1}\mathit{1}$ map. If $X_{1}(M)=1=X_{2}(M)$ , th$e$ inclusion map $P^{-1}(b)arrow\Lambda^{J}IiSB$

homotop.$v$ equivalence for each $b\in B$ .

Proof. From Theorem 3.2, $p:Marrow B$ is an approximate fibration. Thus there is a homotopy exact
sequence

$...-\dot{\#}\pi_{0}(\mathrm{b})arrow\pi 2NI\cdot(B)-\cdot\pi 1(P^{-}1_{(}b))\neg$
.

$\pi_{11}(\mathrm{A}\prime \mathrm{r})-\dot{r}\pi(B)-;1$ .

It follows from $\pi_{1}(\mathrm{A}’f)=1=\pi_{\Xi}(M)$ that $\pi_{1}(B)=1$ and $X_{2}(B)\approx\pi_{1}(P^{-}1_{(b}))$ . We see $H_{2}(B)\approx$

$\pi_{2}(B)\approx\pi_{1}(P^{-}1_{(b}))\approx H_{1(P^{-1}}(b))$ , therefore, $H_{2}(B)\approx\pi_{2}(B)$ is a finite abelian group. Since $B$ is

a 2-manifold, $H_{2}(B)$ is either $0$ or $Z$, thus $H_{2}(B)\approx\pi_{2}(B)\approx 0$ . Thus $B$ is homeomorphic to $E^{\dot{\grave{t}}}$ . We

recognize from the above homotopy exact sequence that the inclusion map $P^{-1}(bjarrow Nf\mathrm{i}\mathrm{s}$ a homotopy
equivalence.

Corollary 5.2. Let $N^{R}$ be a closedhopfian n-m$\mathrm{a}l2tf\prime \mathit{0}\mathit{1}d$ with fia’te first homolog,$\mathfrak{s}^{\gamma}$ group and an
$(p+\mathit{2})$-mamfold $M^{R+d}SBt\acute{\mathit{1}}g,\backslash V\mathrm{z}\prime \mathfrak{B}\pi_{1}(M)=1=E_{2}(M)$. If Nt’snothomotop,$V$ equivalent to $kf$,

then there is no $N$ -like upper semicontinuous decompasition ofM. Particularl,$v,$ $there\mathrm{z}’s\mathit{1}\mathit{1}oN$-like
upper semicontinuous decomposhion $of\backslash E^{R+2}$ or $S^{l+2}$ .

We call a closed $J\mathit{1}$ -manifold $N$ a $cod”\mathit{1}jp\epsilon J\mathit{1}s\mathit{1}O\mathit{1}2kPL$ fibrator if, for all orientable PL $(\mathit{1}2+k)-$

manifold $\mathrm{A}^{\mathit{1}}I,$ $B$ is a polyhedron, and PL maps $p:Marrow B$ satisfying that each $p^{-1}b$ collapses to an tl-

$\mathrm{c}$mlplex homotopy equivalent to $N,$ $p$ is an approximate fibration. The following result stems from [D5,
Theorem 2. 10].

Theorem 5. 3. It’ the closed oienxable $\ell 2$ -manifoldNhas a closed (k- $\mathit{1}$) $-$ connected universal cover,
then $N\mathrm{z}’s$ a codimension-k $PL$ fibrator.
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